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PART    I. 


ON  THE   DIFFERENTIATION   OF   ALGEBRAICAL 
FUNCTIONS    OF   ONE   VARIABLE. 

Art.  10.  (1).  Let  «=:«a?'  +  6a:*+rj:+^  :  its  diflferen- 
rial,  or  dus2Sax^dX'\'2bxdx+cdx. 

Art.  11-17.    (2).    Let  u=zx  (1  +x). 
du^(l-{-2x)  dx. 

(3).    Let  tt=a:'(a  +  ar)*. 

« 

rf«=:(S«  +  5  2')  («+j:)  X*  dx. 
(4).    Let  «=(«+j?)*(6+^)*. 

(5).     Let  «=(l+f*)*(l+a:)*. 

rftt=  {4+6;v  +  10;r*}(l+r»)Vl+x)«rfa?. 

(e).    Let  w=x  (1  +x)  (1  +  J?*). 
C7).    Let  u =(/»+x)  (*  +  X)  (r+x). 


2 

(8).     Let  tf=:(2-j?)(3-jr)(4.-j:). 

J»=—  {  26-18cr  +  3cr*  }  dx. 

(9).    Let  f/  s=  Jp*  (0+ j:)»  (*  -  J^/. 

duzz  {  9, ab^{6 0-6  b)x-9 ^  ]  31: (fl  +  xf{b- xf  dx. 

(10).    Let  !/=(«  + *j:T  («'+*' ^)"'- 
</«=  {  mniax^-^  +  m't/b'ax^-^  +  imn  +  mfn') 

(11).     Let  M =(fl  +  *  x«r  («'+*'  «^  (^"+*''  ^'r'- 
du=:  {  mna'a" isf^-^  +  m'n'aa" V x^^-^  +  m"n" aa' b" x^''-^ 

+  (iii«  +  w'n')«"**'j^  +  "'-^+(w«  +  m"n")tf'**"cr*+*"~i 

+(i»V  +  iw^'n")  fl*'r;r»'  +  ""-i  +  (»i«  +  m'n'  +  iw"n") 

*y  *"x*  +  *'  +  '^'-i  }    X  (tf  +  iar")**-!  (^I'  +  y^*')'"'-! 


''^  The  difFerentiation  of  complicated  functions  is  sometimes 
rendered  much  easier  by  means  of  the  following  theorems. 

(1).    Let  «=t?",  where  1?  =/(j?)  :  we  readily  find 

V 

(2).    Let  uszv^  ,v^,v^.  .  .  .Vn  :  in  this  case,  we  have 

J             ^dvi   .  dv^  ,   dv^  dv^  7 

du=iu  < -^H '+  Sec.  +  — 2.  J., 

(3).     Let  u  =    1  *   f   ?'*'/*  :  in  this  case  also>  we  find 

I  *-!  ''«  ^    «>.         fl  fj  f'-  5 

These  theorems  were  first  given    by   Maclaurin    in  his 
Fluxions,  Arts.  715.  and  717. 


(12). 


(13). 


(14). 


(15). 


(16). 


(17). 


(18). 


Let 

a 

,              adx 

Let  u 

a . 

'^(a-xf 

du 

_  S  adx 

Let  u 

-.    ^ 
■"  1+j:' 

du 

-(i+i)*- 

Let  u 

—      *' 

^L^\#  %f        %w 

^H-:r*' 

d  u 

(1-:k«)£/^> 

f4     %Mf 

"    (1+0^*)*  • 

Let  u 

^a+x 

du 

_  (b'-a)dx 
{b+xf    • 

Let  u 

_  1+X2 

' 

l-jr^^' 

du 

_   4xdx 

Let  u 

—      ^ 

^^■^^»  •     ■wF 

""(l+a:)»" 

clt^ : 

_  nx^'-^dx 
"■(1+xy  +  i' 

(19). 


du  = 


Let«  =  li±f)! 


_r\4* 


du  = 


(20).  Let«=  /?+f,^j\. 


(21). 


du  as 


(22). 


(2S]t 


(24). 


(85). 


Let  t^  s 

3fi+X 

-  J  x«+4x^ 

t— 4  j;2_-l  J  Jlx 

(:r4_ 

•X2+1)2 

Let  u  zz 

du  = 

2(x2-i)^x 
(a:2+^+l)«  • 

Let  t^  =: 

1 

du  =: 

2arl* 

Let  t^  = 

(a+ar)i. 

duz=: 

2  (tf +^)*  * 

Let  f£  — 

1 

(l-^)*' 

du  ^z 

3  ^x 

2  (1  -x)* 


(£6).  Let  u  =  (a+b  x  +  c  x^. 

7  bdx+2cxdx 

u  u  ^m  , 

S(a+bx+cx^)i 
Leibnitz.  EpisL  ad  Oldenburg.  Jun.  21,  1677. 

(27).  Let  M  =  (df — i  rf  +  r  rf)f . 

^,,-    ^X^cx-bXdx 

(28).  Let  w  =  (l+ic)  V  (1  -a:), 

.  (lj-3^)rf£ 

"2v/(l-^)" 
(29).  Let  M  =:  ( 1  -x)  v/  ( 1  +x«). 

(1+a:*)* 

(30).  Let  tf  =  v/(l  ~^)  \/(l+x»). 

^..-~  {3x^-2jr+lUx 
2v^(l-cr)V(l+*Y 


(31).  Letw  =  ..^_^. 

y  X  dx 

(1— a:*)t 


(32).  Let  1*  =  — ^ . 

2(l-^)» 


(SS).  Let»°^(i1^«)- 

-  dx 

dUZZ— srr» 

(1— J*)i 

(34).         Let  «  =  ^j:::^ . 

Ssi^dx 
du  = — ;  • 

(1-^)7. 
(35).  ^*"°^(1-^)- 

'^"'(l-x)J(l-**)' 

(36).  Lettta^^-— ^ 

—a*  rf  X 


(S7).  Let  tt  = 


x* 


v/(«*+a^) 


'^"'=(^+x*)r 


(38).  Let  «  =  ^^.^(^»_^) • 

,         U-^(a«-j^Pdx 
**""(««* -ay  v^  («*-«*) 

multiplying  numerator  and  denonunator  by  {  x— v^(a'-**)  | 


(39).     Let  M  = 


a'  +  v/(i  +  x'*)' 


^^  ^  (l+^£Vf  _  2xix.      See  Ex.  38. 


(40).    Let  u  = 


Ju 


t 

-2Jy 

V^(l+jr*){v/(l+x*)  +  j:]«' 


(41).  Leti.=:-^(^-^^;"^v^;^-4 


du  ss 


—  rfx 


(42).   Let  «  =  ^^il±^>±i^:(ii:£!> 

^       ^  V(1+X2)^V(1-X«) 


du  ss 


^%dx 


^dx 


r43)      Let  II  -  .^±A£±1£!^ 
(43).     ^tii«  (yH-yx  +  r'^2)r 

^  2(a  +  ix  +  irx«)5(a'  +  *':r  +  ^x«)f 


dtl  SS 


(a  +  b)  (ab-x^)dx 


(a-x)l(6--ar)iv/(^i+x)  v/(A+x) 
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<«>•'-"= S^  n/  (5t5)- 


^        —  {  3A*  +  a;^— 6x~4  +  x(l+3x)v^(l— j:*)  }  jrrfj 
(47).    Let  M=v/1  x-v/(*-v^  (!-«•))}. 

t?„  -  { gy  g-j^)  >/  (X- V  (1  -x»))  -(j+>/  (i-a^))}  rfj 

'■4v'(l-x*)V  {  x-VCl— «')^/(*-V(x-^/(l-»))  |  ' 


(48).*  Let  M=^  J  ^+1^/  {  *  +  v^  i  ^+&c.  in  infinitum  \  . 

dx 


du  =  ± 


v^G  +  i) 


(49).*  Let  u  = 


X* 


x« 


1    +_- 

1  +  &c.  in  infinitum. 


,  X  dx 

du  =:  ±, 


^("-D 


»  See  Wood's  Algebra,  Arts,. 37 4,  375. 


(50) 


I         V(l-x)   +         X       j 


On  successive  Differ entiatums. 

Art.  18.    (I).    Let  «  =  a  x3. 
The  differential  coe£Ecients  are> 

J7  =  S«x';^=S.2.,,    ^--,  =  3.2.1... 
(2).     Let  »  =  *+r  (^— fl)» 

a  1* 

_-  =  /i(«-l)r(jr-fl)"-a; 

&c.  =  &c. 
d*  u 


d  x^ 


s=  w(«-  1)  . .  .  .  3  .2.  1  .r. 


(3).     Let  uzza  x^+ai  x^+a^  x^+a^  ^+^4^ 
ax 

B 
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Jflu 


^*j  s  4  .  S  flX*+3  .  2  jj^^x+2 '  I  •  ^f  i 


=  4.3  .2«x+3  .2.1  .a^; 


i4  .S  .£•  1 .11. 


(4).    Let  M  =  -. . 
d  X 


1 
x« 


£  .  I 

3.2.1 
&c.     « 


—  /       iNn  ^  (^"~  1)  .  .  .  »  3  .  2  .   1 


Jp^+ 


(5).    Let  u  =: 
rfii  ^ 


^  +  x«' 


-2tf^+6g^xg 
(^«  +  x«)*      • 

24<i^x— 24fl^j:^ 


d*w      54fl^— 240^4' x2+ 120^2  X* 
J^-- V+i^« ^ 
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8cc.  =  &c. 

Euler.     Listituthfies  Calcuii  Djferentlalis.    Pars  I.   Cap.  V. 
Art.  177- 

(6).    JLet  tt  s=(a+b  x+c  x^y  :  to  find  an  expression  for 

dx*' 

Assume 

p^a  +  bx  +  cx^,    and  p':rb  +  2,cx: 

it  is  obvious  (Art.£  1  andNoteB)  that  ^ — ,  is  the  coefficient 
of    y  in  the  developement  of 


\p  -{-  p^ dx  +  cdx^  \ ': 
consequently 

»(»—  l)(n  —  2)(ii'^  S)        fp^    , 
1  .  2  .  (r  —  n  +  1)  (r  —  n  +  2)  *  /* 

J.2.3(r-»+l)(r-n+2)(r-.«+S)    ^^        5         ^  ^ 

This  expression  may  be  put  under  a  more  convenient 
form,  in  which  p  will  only  appear  as  a  factor  common  to 
all  its  terms. 

Assume 

e  :z  4i  a  c  —  1^  '=z  ^pc  —  p^^ : 

this  assumption  gives  us 

ip  +p^dx  +cdx^yzz 
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f  \    ^2p  4/>«  5 

The  developement  of  this  expression  will  give  us^ 

g-2r(2r-l)....(2r-n  +  l)(^)>-{l  + 

r    *  n(n-~l)     _£^     r(r— 1)       n(n--l)(n— 2)(n-8)        ^^ 
T'2r(2r-l)/2       1.2     '  2r(2r--  l)(2r— 2)(2r-3)  '7^ 

^^(^,1)(^,2)^      njn^l) (n-5)      ^jL^g^l   (^j 

1.2.3  2r(2r-l) (2r—5)    /«  3    ^ 

This  series  will  terminate  after  — 1-1  or  ^i—   terms. 

2  2  ' 

according  as  n  is  an  even  or  an  odd  number. 

If  2  r  be  a  positive  whole  number  less  than  n^  and  of 

the  form  2inH~l>  the  formula  just  given  becomes  = -> 
_^  _  '  *  ■       vi 

and  is  therefore  not'  applicable  to  the  determination  of  the 

expression  for  — -.,   without   some   previous  modification 

(Art.  52).     In  this  case,  we  shall  find,  when  2r=2  w+1, 

^u_{^\Y.  n{n-- 1) .(iw+2)  (2  m+\)  (2  m-l) 9  .  1 

rfx*  S'  +  w  +  i 

j(r/— 2w— 2)fti— 2  m— 3)       ^ 
€.2  .  (w+2)  /^ 


(y^— 2171— 2)(w— 2>»  — 3) <»— 2ffl  — 5)     j^ 

22  .  2  .  3  .  (w+2)  <»i+S)  p^ 

(n~2;»— 2)(w~2/»— 3) (n~2y»— 7)      ^   ,  g^    7       ,  . 

23.2  .3  .4  .(iw  +  2)(iw+3)(iii+4)        V**  > 
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This  senes  will  terminate  after or   

2  2 

terms^  according  as  n  is  an  even  or  an  odd  number. 

The  formulas  {a)  and  (3),  were  first  given  by  Lagrange 
in  the  Memoires  de  tAcadetnie  de  Berlin  for  1772. 

(7).    Let  «=(fl4-ixy :  by  the  formula  (a),  we  get 
j^^r  (r- 1) (r-n+1)  i»  («+*xy— ,         (1). 

Also,  by  the  second  formula  {b),  we  find 
^  =  2r(2r-l)......(2r-n+l)(|)V+*x)'-» 

5l_!;       »(«-!)    .rCr-l)        n(n-l){n—i)(n~S) 
1        l*2r(2r— 1)       1.2     '  2r(2r-l)(2r-.2)(2r-3) 

-  &c.|  (2). 

From  these  two  results^ .  it  appears  that 
r(r-.l) (r-«+l)=^^<^*'-')--V<^^-"+') 

2 

5l— '^       n(n--l)       r(r^l)         »  (n--l)  (n— 2)(n— 3) 
1        1  *  2r(2r— 1)        1.2*  2r(2r-l)(2r— 2)(2r— 3) 

-&c.|  (S). 

If  n^r,  we  have 

^^_2n(2n~l).,..(n+l)  C  j_     y^C^^-l) 

1.2.3... .«         C        1.2(2  »^1) 

n(n— l)(n~2)(n— 8)    ^       n(»->l) (n-5) 

1  .2.2«.(2w-l)(2w-3)*  1. 2.3.2^.  (2  n  - 1)  (2  n-r  3)  (2  n- 5) 


+  8tc. 


}  (4). 
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Since 

1.2  1.2.3        ^ 


aad 


1  .2  .3....W  V    1  .2    y  "^ 

the  last  result  may  be  put  under  the  following  curious 
fomiy 

1.2  1.2.8 


-      w(w— 1)       V       n(n~l)(n--2)(w—8)     ^ 
1.2.(2n-l)       1.2.2«.(2n~l)(2w— S)"" 

n(n->i)  ..,.  <n— 5) .  ^^       .^ 

1.2.3.^3.^2^^  1)(^^_3)(2„_5)^      •      ^  ^• 

(8).     Let  u={c  x^y :  by  the  formula  (a),  we  find 

*^=r(r-l). . . .  (r-n+  l)2*^r*''-^ 1 1  + 

ft.(w-l)       1  ^    n(n-l)(n-g)(n--3)      jl^ 
4(r-n+l)'  2«     1.2.(r-n+l)r-«+2)*  2^ 

«<n~-i) (n-S)  1     ,  J.     ■> 

i  .  a  . «  ,  (r-n+1)  (r-n+2)  *  fiS  ■^*^*  5         ^  ^" 

Also,  by  die  f onnnia  ((),  we  have 
£^=2rC2r-l)  ....  (2r-n+ 1) <'**'•-«.       <2;. 


1& 

Consequentlyj  by  equating  tkese  two  resuka,  we  get 
2r(2r-l)....(2ir-<n+l)  =  r(r-l)....(r--»+l)2*|l  + 

_»(n^l)       1  n(n-l)(n^2)(n-8)        1^     ,^^    >  .3. 

l(r--«  +  l)*a«     1.2.^— n+l)(r-»-|-2)     2^  > 

If  we  make  r=n,  we  get 

2n(2w  — 1) (n+l)  «(n-i)     1     , 

1.2....n.2»  ^       1*         2«^ 

n.(n-l)(n-2)(n~S)    j^^n(n-l) (n-5)     1    .  ^. 

17725  sr*"*"  I» .  2».  3*  ^"*"*^* 

(9).    Let  w^  -— ; 5-:  by  formula  (b),  we  obtain 

<f*u_1.2 ^'^^i.!.^     n(n—l)^ 

dj^         (l-^r^r  +  i      (.       2'  1.2.^"^ 

1.3    n(n^l)(n-2)(n— 9)     1.3.5     n(n— 1)  .. . .  (w— 5) 
S  .  4  *        1  .2  .  S  .4  .«♦  2.4.6  '  1  .2. 3. 4.5.6. j:^ 


2« 


1     '    n(^-l)(n--g)(n--3)  ,  g^^  1 
.  4«  '  j:*  3 


Euler.  last.  Calc.  JO^.  Pars.  I.  Cap.  V.  Art.  177, 
where  this  expression  is  found  by  induction  r  Lagrange, 
Minunres  de  FAcad.  di  Berlin.  1772:  Lacroix>  TraiU  dm 
CalcuL  Dbf.  a  Integ.   Chap.  L   Art.  37. 
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(10).    Let  uss^(\+x^:  by  formula  (r),  we  get 

J^^_(~iy  .  n(n^l)       ..  2.1  .3^-*$        (n~£)(n-3) 
rfi*"^  £(1  +^2)»-i  1  2  .  2«a:« 

^(n-g)(n-»3)(n-4)(n-5)    (n--2)(n-3).,>,(n-7)^j^^  7 

In  this  case,  n  must  not  be  less  than  2. 

(11).    Let  ws=(l- 3:2)4- •    by  the  same  formula,    we 
find 


u       (-.l)»-i.n(n-l) 4..5.3.1.x*-^Ci  . 

--  _^ . <  1  + 

(n~6)(n--7)        (n-6)(n^7)(n~8)(n--9)  +  &c    1 
2  .  2  .  4  .  x*  •  22  .  2  .  3  .  4  .  5  «4  '  > 

In  this  case,  n  must  not  be  less  than  6^ 

(12).  Let  t(s(2x— x^i:  in  a  similar  manner,  we 
get 

<f  w_(-iy  .  w(w-l) .3.3.1  (1— xy- *  c  .   , 

rfx-  2«(l-x«)"-t  t    "•" 

(»-4)(n-5)     .  (n-4)  (n-5)  (n-6)  (n-7)  > 

2.2.3(l-x)«  2«.2.3.3.4(l-x)*        ^         i 

In  this  case,  n  must  not  be  less  than  4.  The  ex- 
pressions for  the  other  values  of  n  may  be  found  by  formula 
{a)  or  (3> 

(IS).    Let  uag-    ,    •v*  by  formula  (3),  we  obtain 

d^u  _  (-i)*.2.3  ...... (n+Qj:*  C  .  _  n  (n- 1) 

i/jr^"""^  (l+j2y.  +  i  I        2.8'.^'*' 
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w(n— i)(n--2)(n--3)  _  n(n-l)  ....(n-5)   !•,-.> 
2.3.4.5.2^  2.3....  7. x«       "*"  *^-  5 

(See  Example  5). 

(14).    Let  wrs ---:  by  formula  fi)s  we  find 

dru  _  (-iy.3.4 (n  +  g)(g  +  gxy^^    , 

dx»  ""  2*(/i.r  +  j:^  +  *  i 

3  ^  n(n~iy     tf     \^     8j^    w(w— l)(n— 2)(n— 3)  /    a     \^ 
i*     3.4\/i+2x^       2.4'  3. 4. 5.  6  \fl+2x/ 

n~l)....<n>-5)  /    ^     y     g^    7 
2.4.6      3.4.5.6.7.8   V^»+2j:/  '5 


3.5.7     «(n— 1) <n— 5) 


1  +T 
(15).    Let  M=:— ^— :  in  this  case 

-  1— j: 

^  =  (TII?'  and  conse<i«endy~=2._^-,A__j:: 

therefore^  by  formula  (a), 

d^u  _  2.2.3 ft 

^2^  -"         (l-.x)»  +  i 

Since 

dtt  _        1 


we  have 


rf«-i.         ^ 
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and  therefore^  by  formula  (i), 
(f'u  _  8  .4? (n  +  l)r''-i  f  1^^     (w-I)(n-2) 

S^    (n-:-!)  (»~2)  (n-3)  (n^4)  .  ^^    \ 
2.4*  8  .  4  .  5  •  6  X*  3 

(17).    Let„=i?±*£^. 
Assume 

bp 

by  a  process  somewhat  similar  to  that  employed  in  deducing 
formula  {a\  we  shall  get 

d^u  ^rjr-X) (r— n+l)  ^"Z-"  ^^_ 

1    *(r-w+l)'  1.2      '  (r-w+l)(r— w  +  2) 

r(/+l)(r-+2)  n(/^-^l)(n-2)  .V|&cl(^^ 

1.2.3         •  (r-n  +  1)  (r~w+2)  (r— n+3)  J     ^' 

This  series  evidently  terminates  after  (n  + 1)  terms.    " 

This  formula  may  likewise  be  put  under  the  following 
form : 

dx^  y^^+^=^  I 

r  ft  1     r(r-l)  ;i(/i~l)  1^  _ 

l*r'+/i-l*7        1.2     '  (r+/i-.l)(r'+«-2)*  i^ 

r(r- l)(r-2)  « (»--l)(«-2) 


1  •  2  .  3  {rf+ 
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If  r  be   a  positive    whole    number    less  than   «,    the 
formuh  (ji)  will  become 


t         l'(/,-r+l)  1.2     '      («-r+l)(«-r  +  2) 

_r(r~l)(r--2)     (r +« -r)(r +/i~r+l)  (r^-f /i  — r  +  2)      q 
1.2,3        *         («-r+l)(/i-r+2)(/i-r+3) 


r  Vn^r 


+  8cc 


This  series  will  terminate  after  (r-j-l)  terms. 

(18).     Let  u  =  </  ( — —\  :  by  formula  (d),  we  get 

dor       2».(l+x)*-iv/(l-^)      ^        (2«-3)     \l-x/ 


+ 


1  .3  «(«-l)  /l+^\2 


1.2     (2«— 3)(2«-5) 
1.3.5  «(«-!)  (/I— 2) 


(fffX- 


1.2.-3     (2/1- 3)  (2/1- 5)  (2 /I- 7) 


/I- 7)     Vl-x/  > 


(19).    Let  1/  =  (L±f>! :  by  formula  (d),  we  find 

(1— x)t 

^  tf  „(~  iy»  1 '  1 . 3,,..(2  n-5)^        S  n  /1±£\ 

i/a*        2"(l+a:)*-f(l-x)4-     C        1  *  (2w-5)     Vl-o?/ 

,5  .7  w(n^l)  /1+J:y 

1.2*  (2w-5)(2w--7)  *  \l-:r/      * 

5.7.9  w(n-l)(n-2)  /^i±£ V4.  &     ^ 

1  .2.3  '  (2n-5)(2w-7)(2/i-9)     Vl-^/  ^    > 
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(20).    Let  u  = : •  =  ~ r :  the 

same  formula  will  give  us 

"'"1.2    (2«— 1)(2«-3)     Vl-a:/ 

1,3.5  n(n-l)(n~2)  /lj-a:\3 

1  .2  .8*  (2n-l)(2n--8)(2w-5) 


(2 1 ).    Let  u  =z  ^^ ^  :  by  formula  (/),  we  find 

tf*tt_n(y»— l)(n"-Q)  .4.5 n  C  ,  ,  8     n-fl     /l+£\ 

•3^""  (i_j:)«  +  i  I        1*»~2     \l-x/ 

^3.2     (n+l)(n  +  2)     /l+x\«. 
1  .2     (w-2)(n-l)     Vl-x/ 

8.2.1     (n+l)(n  +  2)(n  +  8)     /1_+£\S7 
1.2  •3*       (n-.2)(w-l)n      'Vi-x/5* 

In  this  case  n  must  not  be  less  than  4. 

(22).    Let  u  rs  /^  \    Z,^ :  by  the  same  formula,  we 

get  • 

^^-(~^)"^(^-l^)(^--^)(^-3)lQ'll-»»-»(^  +  5)3^4''-'^ 

5l-.4.^.(!^±?>.(i±l5S  + 
i  3     (w-3)     \3  +  4x/ 

g    /4\*    (n  +  6)(n  +  7)     /£_+S£\^_ 
*  \3/    *  (w-3)(n-.2)  '  \3  +  4a:/ 
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•4y    (n  +  6)(n  +  7)(n  +  8)     /£+££\^. 
*  W    *  (n-3)(n-2)(n— 1)     \8+4jr/ 

/4.\4    (n+6)  (n+7)  (n+S)  (n+9)     /2  +  3xy> 

It  is  evident  that  n  must  not  be  less  than  5. 

It  is  possible  to  construct  formulae  for  the  n^  differential 
coefficients  of  functions  much  more  complicated  than  any  we 
have  yet  given :  of  this  kind  are  the  functions 

(a-^-b  x+c  x^y         ,      (a+b  x+c  x^+d  x^"" 
{i/+b'x  +  c^x^y  ^     (fl'+i'a:  +  r  x^+cfjSf' 

The  preceding  examples,  however,  are  sufficient  for  the 
exercise  of  the  student,  and  it  is  unnecessary  to  embarrass 
him  with  the  investigation  and  application  of  the  formulae 
corresponding  to  these  cases,  which  are  of  great  extent  and 
very  little  simplicity. 

Art.  19.  The  theorem  which  is  deduced  in  this  article, 
was  first  given  by  Maclaurin  in  his  Fluxions,  Art.  751 :  it  is 
of  considerable  use  in  the  developement  of  functions,  though 
it  does  not  always  enable  us  to  discover  the  general  term  of 
the  resulting  series.  The  reader  will  find  other  examples 
under  Arts.  S6.  and  37. 

(1).    Let  u  =^  (a  +  x)^:    In  this  case 
1^0=^^*  Ui=3a^,  1/2=3. 2tf,  I7i=3.2.1.,    17^=0,  &c- 
Consequently  * 

i«=fl34.3^8f +  3.2l£!  +  3.2.l.— ii^. 
1  1.2  i.2.3 

(2).    Let  t^  =  (1  +  x)l :    In  this  case 
See.  therefore 
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"""       2'l     2«'l.2     2^*  1.2.3""  2^    *  1.2  •3.4"*' 

—        ■      •  '  '       ■■•  oCC. 

1.2.3.4.5 


(S).     Let  w  = :  the  same  process  gives  us 

1  — j: 

ti=l  +  -  + 1.2, -1^+1,2. 3 ' +  1.2.3.4.     ^ 


1  1.2  1.2.3  1.2.3.4 

+  &C. 

(4).     Let  u=i{a+b x+c x^^  :  by  means  of  the  formulae 
given  under  the  preceding  articles^  we  get 

,r,^  *       X     (4flr-*2)      x^    .3*(4fl£-*2)        ofl 

'''^r  +  Sl-i       ¥T^'T72^      2Kifi        TX3 

I 

""  2*  .  fl*  '1.2.3.4 

5.3.A(4^i:-*«)(12/»r-7A2)  x'  «       7 

2'  fl»  1.2.3.4.5  > 

the  general  term  being 

_  (-l)"..n(n-l)  ....  2.1  .ft"--^(4^r~^^J> 

5  (n-2)(n->3)     (£^r£-i2) 

(n-  2)  (n— 3)  (-11-4)  (n-5)     (4/>g--3*)* 
^^  2*. 2*.  8*  •  ^ 

(n-2)(n>--3) (n--7)     (4/>^~^^)^  .  ^.     7         x» 

— snrsTi^ r-+^"Ji.2.3...»- 

It  is  evident  that  n  must  not  be  less  than  2. 
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(5).     Let  ti  =  (fl'  +  fl*  X  -  x^)i  : 

Newton.     Epistola  ad  Oldenburg.  Jan,  26,  1676. 

1     X 4_    _^.li9         x^         4.9.14         J^ 

'''^''5*1     5*^1*  1.2     5'^*'  1.2.3       5*^'     '  1.2.3.4 

^4.9  .  14  .  19-1  ,2.3  .4  .  5  .  5^  x^ « 

5«^^f  ;  1.2,3.4.5 

the  general  term  being 

=  {  -  l)r~i|l  .4  ....  (5 w  -  6)  - 

^2^:^.1.4 (5«--26)w(w-l)(n-2)(n-3)5*  + 

(n-8)(n-.9)^^  (5w~46)w(w-l)  ....(«-7)5«- 

1  .  2 

(«-l2)(w-l3)(n-14>  ,    .     ,-      ^^v     ,      ,v     ,       ,,s^i» 

-^ ~ — - — '-^ ^.1.4...(S«--66)w(n-l)...(w— 11)51* 

1.2.3 


+  &C.  |x  ^" 


5»^n-l      J      2 ^ 

Newton    *'  D^   Analyst  per   JEquationes   numero  terminorum 
infinitasr     I669. 

u=l+(a  +  A)-l-+8.(3*2+2«*-«2) ^  •    ■  + 

1.2  1.2.3.4 


1.2.3.4.5.6 
7  .5  .3  .  3(5  .7^  +  5  .4*5  a -2  .^3  •  *2a2^.4.^^  _  g^j 

+  8CC. 


1 .2.3.4,5.6.7.8 
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the  general  term  being 

«<  1  .3....(2«-^l)^»  +  l  .S.,..(2n-8)n.i  .*«-*«- 

1.3 (2n-5)w(n-l).i-ll.*»"*a*  + 

1  •  «i 

1.3....  (2n-7)w(n~l)(n-.2).i.LLl-?6«^'fl'-&c. 


a;*" 


£•.1.2 n 


(7).     Let  »  =  y'^^i, :  by  means  of  Exam.  20,  Art,  l7, 

(l+x)4       -^ 

we  get 

ti=l+7x+56-^  +  378— ^+3096 — J^^    ^  + 

1.2  1.2.3  1.2. 3. 4 

27720 ^ +  271440  — ". ^ ^  +  &c. 

1.2.3.4.5  1.2.3.4.5.6^ 

the  general  term  being 

=  4.5 n  {  w  (n  —  1)  (n  -  2)  +  3  (n  +  1)  w  (w  -  1)  + 

3  (n  +  2)  (n  +  1 )  w  +  (fi  +  3)  (n  +  2)  (n  +  1 )  }  . 

(8).    Let  u  zz  ■      .         .    ■;  it  is  evident  that  the  theorem 

we  are  now  exemplifying,  is  not  directly  applicable  to  the 
developemefnt  of  this  function,  since  u  becomes  infinite,  when 
d?=0 :  a  very  simple  artifice,  however,  will  remove  this 
difficulty.    Assume 


J  1 


■f  . 
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expand  «|  in  the  ordinary  manner,  and  we  shall  get 
tf-Jfj--— 1— 5i4.^     '+L1I     _f!__4. 

1  -^  X 

(9).     Let  M=— —i  in  this  case,   u  being  multi< 

u/  y  1  ""  Xj 

plied  by  x,  we  get 

\+x 

'  (I  -  xY^ 

if  we  develope  ti^,  as  in  the  preceding  examples,  we  find 
ti=:!^  =  i  +  ll  +  lSO  •  JL  +  1650.—^  + 

2^440 ^~ +  &c. 

1.2.3.4 

the  general  term  being 


10  .  11 (n  +  8)(2»+9)  . 


1  .  2  •  3 n 


(10).    Let  u  be  an  implicit  function  of  x,  determined  by 
the  equation 

u^  ^  xu  — ^1=0: 

we  shall  readily  find 


I7,=0,  Ue=  ±  '    fl  t  &c. 

and  therefore 

•*      ^    y     ^  1     ^\i.      1  a:«  ^  1« ,  3  :k*         ^ 

^  «     i*4^a     l.a     PT3     1.2.3.4 

D 
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•I 

'A?a^     *  1.2.3.4.5.6"*"        44^        "1.2.3 8 

±  &c« 

This  double  series  expresses  the  two  values  of  li,  which 
are  contained  in  the  given  quadratic  equation. 

This  however  is  not  the  only  formin  which  this  develope- 
ment  may  be  effected  :  by  considering  w  as  a  function  of  1*, 
we  shall  find 

.1     a         1.2      fl2    ,,     1.3.22         (^ 
X     \  r^       1.2  x^  1.2.3 

■  • 

1  .  3  .  5  .  2^             ifi  ,    . 
.  J-  5CC. 

x^  1.2.3.4^ 
or  V 

1     tf        1  .  2  a^  I  .  3  .  22         a^        .    ^ 

0:1  x^  1.2  X*  1.2.3 

The  first  series  results  from  considering  Uq  as  equal  to  x^ 
and  the  second  from  considering  Uq  as  equal  to  0^  it  being 
evidently  susceptible  of  both  those  values. 

(11).  Let  u  be  an  implicit  function  of  a?,  determined  by 
the  equation 

tt^  -  jr  M  —  1  =  0. 
In  this  case,  we  find 

Uo=i,  u^=\>  Ui=o,  f/-,=  ^,  ^*=V»  ^- 


and  therefore 


»  =  i  +  3-r*+^-&c.  (1). 


3      s* 

The  other  two  values  of  w,  are 

^    —  ^  J.  -£l 
3"S       P       3'« 


ti  =  a  +  JL-l.+  ^~&c.  (2). 
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and 

'3  a«  3*  3'  a2 


«  =  a«  +    -£^   ~   ?^    +     ::?^  -  &C.  (3). 


where  a  =  ~^+V^(-g)  and  a^  =  -^-V^(-"^\  which 

are  two  cube  roots  of  unity. 

If  the  equation  which  determined  u  had  been 

i^  —  xu  —  a  zzO, 

we  should  find 


y 


w  %JU  dU  %lv  Q 

a  series  which  evidently  admits  of  three  values,  arising  from 
the  successive  substitution  of  the  three  cube  roots  of  a. 

This  theorem,  however,  is  not  very  readily  applicable  to 
the  developement  of  implicit  functions,  and  its  use  for  that 
purpose  is  entirely  superseded  by  the  more  general  theorem 
of  Lagrange :  we  have  given  the  two  preceding  examples 
merely  as  introductory  to  those  which  will  be  given  in  iUus^ 
tration  of  the  theorem  to  which  we  have  just  alluded.  See 
Note  E.  and  Examples  to  it. 

Art.  21,  22.  The  series,  which  is  the  subject  of  these 
Articles,  was  first  given  by  Brook  Taylor  in  his  Method  of 
Increments,  published  in  1715:  he  does  not  appear  to  have 
been  aware  of  its  importance,  but  dismisses  it  without  remark 
in  a  Corollary  to  the  Proposition  from  which  it  is  deduced. 
The  use  of  this  theorem  in  the  developement  of  functions 
is  nearly  superseded  by  the  theprem  we  have  just  been  con- 
sidering, and  by  other  methods  of  greater  generality :  we  shall 
put  down  however  a  few  examples  of  its  application,  in  addi- 
tion to  the  one  which  is  given  by  our  author,-  particularly  as 
they  sometimes  lead  to  curious  results  :  the  student  is  re- 
ferred to  Art.  37.  for  other  instances  involving  transcendental 
functions. 
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(1).    Let  uiz{a  +  xYt  m  this  case 
^  =  n  (fl  +  ^y-S  J-^  "  ^  (^''~  ^^  (^  +  ^^       » 

-^  s  n(n  -  l)(n-2)(tf  +  x)»-*,  &c. 
and  therefore 

+n(n-l)(n-2)(tf  +  x)'— ^ — ^^ — +  &c. 

1  •  2  •  S 

If  we  make  A  s  ^  j*,  we  shall  get 


a» 


X  1     •    ^  . 

^       ■     t        1     \aArxf        l.a        Va+x/ 

w(n— l)(n— 2)     /  a:  \^ 


1  .2  .S 
or 


(i;)  +«-} 


I        1     Va+xy        1.2      V«  +  ir>' 


n(«— l)(n— 2)     /   ir   \s 


1 .2.3 
By  a  similar  process,  we  shall  find 


<^J  +  «"• }        ^»- 
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If  we  put  ^  in  the  place  of  tf,  and  —  in  the  place  of  ir, 
mre  shall  find 

or  making  x  negative 

Thesj9  series  converge  with  great  rapidity  when  f  is  very 
large  compared  with  x^  and  consequently  furnish  formulae 
sufficiently  convenient  for  computing  the  roots  of  numbers. 

Thusj  suppose  it  was  required  to  extract  the  square  root 
of  50  :  in  this  case  0=7^  xs  1,  and  therefore 

^^     '       la     50     8     50«     8.6     505  5 

collecting  together  the  four  first  terms,  we  find 

V^  (50)  =  7. 07 10675, 

which  Is  accurate  to  6  places  of  decimals. 

Again,  suppose  it  was  required  to  extract  the  cube  root 
of  750 :  we  shall  find 

f  =  9,   and  T  =  21 : 


m, 


On  the  Differentiation  of  Transcendental 

Functions. 

Aet,  30,  31.    (1).    Let  M=log.  {x+^Cr«— 1)} 

dx 


du  as 


•  V  (^*-  1) 


(..)    Let«  =  log.{i±^^(l=f!)}. 


J  —  dx 

du  = 


x^{l^x^S 


(3).    Let  u  =  log.  {  X  v/  (- l)+v^  (1  -^^)  1  • 

—  dx 


du  = 


v(x«-i)' 


(♦).    Let  M  =  log.  {  J?  s/ (—!)->/ (l—i*)]  . 

ax 


(2u  = 


V  (^- 1) ' 


(S).     Let  «  =  log.  {  v^  (l+a-«)+  V  ( 1  -i«)  {  . 


j:  VCl--^)' 


(6).    Lett.=:log.{i±|}. 


(2u  ss 


l^-x« 


S8 


(7).    Let«  =  log5v;<^*  +  ^)-»^ 


du=        ^''^ 


X^(X«+1)' 


<'>•  •-»-'■*  1^^^' } 


»  2  xdx 

du  ss 


(x«-2)^(a:«-l)' 


(9) 


.    Lett.«logfi±v^^<i=:fl>l 


7  —Q.dx 

du=z 


(2x«-l)v/(l-:r2)* 


(10).    Let  ^^-^  .  log  [-g^-^VW+N/C^+ix+rx*)!. 
^"  =    y/    .   /  , 5v-    (Art.  162). 

(11).     Lett^= ^ i^r  \  V^(*+^)  +  ^(*  ^^)  ^  •> 

V'C^-^^)        ^(-v/(*+^)-v^(*-^)xr 

(12).    Let  M  =  j:*  a*. 

(IS).    Let  tt  =  €'(jr-i). 
du  zz  e'  X  dx. 
Ettlcr.     iii/.  C«&.  Djf.    Pars  I.  Art.  190. 

E 
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(14).    Let  u  =  €'  (x*  -2^  +  2). 
du  =  ^  x^  dx-        Id, 

(15).    Let  w  =  €'(a:3_3x«+6x-6). 


(16).    Let  w  = 


du  = 


(17).     Let  w  = 


1  +x 

e' X  dx 

(l+x)«* 


(Art,  191). 


€*X 


€*  d  X 

duzij- rs.(l+a:-a?*). 

(1-j:)« 

(18).     Let  u  zz  X  log  X. 

du  :=:  dx  \  log  x  +  1  ^  . 
Euler.     Inst.  Calc.  Diff,  Pars  L  Art,  185. 


(19).    Let  uzzx^Xogx  —  — -• 


rfu  =:  wi**""^  log  x.rfx.     Id* 

(20).    Let  w  =  JT^  (log  xy. 

du  zz  x**~*(log  j>*  — *  {  171  log  x+n  \  d  x.     Id, 


(21) 


T   ^          a*  (log  x)^       X*  log  j:    .    X* 
.    Let  u  =  -.— >-  6_^^ ^_  4.  — ^ . 

4  8  32 

du  c  x^  dx  (log  x)*. 


(22).    Let  w  =  log  log  x  =  log  *x. 


c2u  = 


X  log  X 
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(23).    Let  u  ==  log*  X 

du  zz 


dx 


X  log  X  .  log^  X  .  log^  X  .  log*  X  * 


(24).    Let  u  =:  X  log^  jr. 

duzzdx  log*  x  + 


<{x 


log  X 


(t5).    Let  M  =  €'  log  X. 

Jw  =  €'^/x'^-+  log  X  > 

(26).    Let  w  =  6  **»«  '. 


JW  =  6*^« 


r 


(27).    Let  «i  =  ^  c  »«K  '. 


Jw  =  (n+l)a?*-i6'^  'd:r. 


(28).    Let  u  = 


Jti  r= 


2€*d  JT 

(C+l)*' 


(39).     Let  w  =  log  { Jqjj} . 


(SO).    Let  w  =  €  . 

du  =  e  e' dx. 
Art.  32>  SS.    (31).    Let  ti  =  sin  2  jr. 
duzz2co^Q,xdx. 
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(S2).     Let  u  =  (sin  or)".. 

du  =:n  (sin  a:)*  —  '  cos  xdx* 

(33).    Let  ti  =  cos  X  sin  2 1. 

du  s=  (cos  X  cos  2X  +  C08  Sx)dx- 

(84).    Let  ^  =  (tan  xf. 

7^,      w(tan  jr)*--i  rfx 
(cos  x^r 

(35).     Let  u  =  log  sin  x* 
du  =■  cot  X  .dx. 

<«,  i^ . = log  ^/(4±|^). 

rf  M  S3  — — .    (Art.  208.) 
cos  X 

(37).    Let«  =  Iog^(iz^). 

d  M  =  Jlf-  .     (Art.  208). 
sm  X 

/««x      T  -.          ^        sin  a-  .cos  j:- 
(38).     Let  II  = ^— — . 

£2te  SB  (sin  x^dx. 
(39).    Let  «i  =  ^7-: 


(sin  x) 


n     • 


,         —  n  sin  (n—  1)  ar .  rfx 
(sin  x)"  +  * 


(40).    Let  u  == 


(cos  xy 

J         «cos(^— l)jt4dr 
(cos  jr)*  +  ^ 
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(41).    Let  w  =  €■«»•. 

rfass  €"*"»  cos  X da:. 

(42).    Let  w  =  log  {  cos  j7  +  \/ (- 1) .  sin  T  I 
Jtt  =  + Jap^(— 1) 

(43).    Let  u  s  log  {  cos  j:— ^/(-i)  sin  a:  | . 
dusz  -^dx  v^(— 1). 

(44).    Letti:=logP  +  V^(-^>^^^V. 

^  ll  -  V(-l)tana'  5 

dusz^dx  V(-l)- 
(45).    Let  w  s=  log  {  1  -  v^  (1-  €""2HT)  }  . 

^1  6      «n '   cos  X  dx 


duss 


2(sinx)«v/(l--6""li^  J  1_^(1  _  e"""^} 
Euler.     Inst.  Calc.  Diff.  Pars  I,  Art.  207, 

(40).     Let  1^  =:  log  I 1  =  log  cos  x. 

^^=V(-l)(l+^"-^^"^^)°"^'"'''^''' 
(47).     Let  ti  s=  cos  (  log  -J. 

J  M  =  —   sin  ^  log  --  y 

(48).    Let  u  ss  cos  (sin  x)=cos  sin  x. 
duzz  --  dx  cos  X  •  sin  sin  x. 
^  —  dx  cos  JT  •  sin^  x. 
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(49)*    Let  u  =  sin  sin  sin  x  zz  sin^  x. 

du  zidx  cos  X  cos  sin  x  cos  sin^  x. 

(50).    Let  t^  r=  sin  tan  x. 

7             d  X 
du  rz  — -3  cos  tan  x. 

(cos  xjr 
(51).     Let  u  =  cos  log  sin  x. 

du  zz  --  d X  cot  X  %in  log  sin  x. 

(52).    Let  w  =:  sin  ""  ^ ,    or  in  other  words,   let 

II  :=:  arc  I  whose  sine  =  3  ) 

V  '1 +xV 


1— j^ 
Make ,  =  v 

1+^ 


consequently 


>  * 


rfl^  cs  , 


2dx 


\ 


v^(l-v2)  l+x* 

Euler.    /«j/.  C/iA:.  Dif.  Pars  I,  Art.  207. 

(53).     Let  w  =  6in-^  ^/(iZlf). 

•"■  d  X 

(54).    Let«=8in-»-^.^^. 

,           d  X 
du  3: 3. 

(55).    Let  w  =  cos  —  1  (4  x3  —  S  x). 

J  -  3  Jx 

v/(l-x«) 
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(56).    Let  tf  s:  C0S.-1  (32  2«  -  48  i*+  18  x*  -  1). 

—  6dx 


du  = 


i/{i-^r 


(57).    Let  u  s=  tan  - 1 


Jtf  s 


^d 


1  +  X 


?• 


(58).    Let  M  =?  tan  ~  * — Z-Z^ . 

l-10x*  +  5r* 


<{t«  s 


5dx 


(59).    Let  1^  =  sec 


~  1 


1 


22«-r 


<2u  s 


—  2  rfx 
V(l-^)' 


(60).    Let  w  =  tan  —  *  < 

d  X 


X 


'-}■ 


du  s 


2(l+a?2)' 


(61). 


Let  u 

'  du 


(62).     Let  u  = 


du 


tan-^  {  v^(l  +^)  -^1  . 

—  dx 

2(l+x2)* 

1 


dx 
/j  +  ^  cos  x' 


COS 


_i   Kt+a  cog  t"> 
C./»  +  ^  COS  ir> 


(Note  JC). 


(63).    Let  »  =  —^-p-  tan  -i  {""  ^  V(^''-^^)7  . 


du  Si 


d  X 
a^b  COS  X* 


(Note  iO. 
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(64).   Let  1^  s 


du  s 


2 


V.(^*-*^) 


rtan 


-1  f  >/(^-*)^a-ca>>g)l 
cV(^+*)  >/(l+co8a:)>* 


d  J7 


/ar4-^  COS.  X 


(Note  JO. 


(65).    Let  w«€"*»"^'.    ' 


— 1 


rfMaB€»^""*' 


<2x 


>/(l-^*)'      . 


(66).    Let  w  S3  log  sia""^  j:. 

at^  ss  — y^ — ; p s-^r» 


(67).    Let  tt  =  V  (I  —  ^*)  sin—*  j:. 


(68).    Let  M  = 


du  = 


1 


tan"" 


1  3g(l-J^) 
1— 4jr*+x* 


d 


X 


1+^' 


(69).    Let  w  =  log  (^ ^_^   ^     y  +  sm - 1  yj^ . 


<2tt  = 


4  v/2x*rfjr 


(l-a*)v/(l+^*)*- 
(70).    Let  ttss  ^€  a?*  sin  r  cos ""^x^*. 


-J— 1  6* 


dussi  {e  a^  sinT  cos""*x  J  *     V  otf^-^^dx  <  {  ^'(r— 1)  + 
n  (1  —  log  x)  —  log  sin  X  —  log  cos""*  x\finx  cos""*  *  +  ^ 
{  cos  X  cos-i  j.___^^  J  ^  . 
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Arts.  36,  37.  and  Note  D.  In  addition  to  the  examples 
given  by  our  author  of  the  application  of  Maclaurin*s  theorem 
to  the  developement  of  transcendental  functions,  we  subjoin 
the  following,  which  may  Serve  as  good  exercises  for  the 
student,  in  the  various  processes  of  difFerentiation. 

(1).    u  =  (cos  xY 

nx^   .      ,^         ^^         a* 


=  1 +  n  (3  w  —  2) 


1.2  \  '1.2.3.4 

w(105w3-420w«  +  588n-272) ^  -  &c. 

The  general  term  of  this  series 

= (-ir+'x'" C  ^.«  +  n(«  -  a)*"  + 

2—1.1.2 (2»»)l 

"<"-^)  .  («,4r+"^"-^>("-^^  .  (n-6)"»  +  8u:.  } }  (1). 

the   number    of    terms    being    limited    to    -  or  — - —  , 
according  as  n  is  an  even  or  odd  number. 
Or  under  another  form,  it  is 

1.2..(2«)     1.2..(2iw)t         m  1.2 

{m^2^2n)    2  w  (2i»-l)  (2«-2)  (2  m-3)     „ 
i»  1.2.3.4 

.(m— 3--3n)     2f»(2i«- 1)  .. . .  (2i«-5)     |^,  «^ 

«i  1.2.3.4.5.6 

+  (— ly.  {  l-(i»--l)n}      2/«(2m~l)    j^  ^ 

W  1.2 

(-ir./i.i^o}.  (2). 


Jm^2 


C«? 


where  Z/o,  Uz,  U4 tfg^,  are  the  values  of 

*  «» 3^' rfP»  •  •  •  •  7^»  ^^  *"^- 

This  fotmxda  nray  be  exh%ked  under  a  f Grrm  still 
convenient  for  calcubtion^  if  we  mak&  a^^  ^t^  a^  . .  • .  agm 
respectively^  equal  to 

^' m*  1. 2 . 3,4'  ""1.9,  —  (2 w) * 

or  the  several  coefficients  of  x  in  the  series  :  this  assumption 
gives  us  l^e  general  term 

(iw-S— 3n)  iw«  ^ 


(-ir.  I  1— (m— l)n  J  .(-])".  i»<i 


1  .  2  ..  ..  (2/W-2)       *    ^     l.!2....(2i« 


(3). 


(2).    M  =  sec  X  =  (cos  x)"^ 


^         jg  53:^  61^  1385  ag« 

^        1.2     4.42^.3^4»     1. 5.3. 4.^,fi"*"l-£. 3*. 5.^5.7.^ 

,      5052  la'W       ,    2702765  jri2 
l.a.. ..  10         1.2....12  ^ 

This  seneswas  first  given  by  James  Gregory^  i&  a  letter 
to  Oldenburgh^  in  l67l  :  See  Cxmniercium  JSpistolicum 
Johannis  Collins  et  aliorum  de  Analyst  promota. 

The  general  term  of  this  series  is 

^   S      (-irg^*"*      \  yxm  _  3»«.  +  5»-r  _  7.m  +  fee-.  | : 

1.2 (2  m)  l  i 


1 


43 
or, 

2*»  +  »x*" 


.»m 


:izsi ]_  +_2 _L-  +  &C  v^ 


or,  from  the  formula  (3)>  in  the  last  example,  we  find  it 
*"  CI.  2         1.2.3.4        1.2.3.4.5.6 

^  &c       +      (-^r^a.      .    (-ir+'/iQ  7 

1  .  2  ....  (2  iff-.^)        1  .  2  ....  (2  m)  5  * 

(3).      W  =  log  BQC  X  ZZ  ^  log  COS  a?. 

r 

=   ^   +      ^^      4- 16j:^  16x17^ 

1.2      1.2.3.4     1  .2.3.4.5.6     1  .2  ...,  8  "^ 

128x62j?i^     ,    fl 


1.2 10 

James  Gregory ^  Letter  to  OUenhurgh.    167 1. 

The  general  term  of  this  series  is 

s  JlZ}T. £-_  S  i««-i  -  2*«-i  +  3*'"-l  -.  42'«-i  4.  &c.  ?  . 

1.2 (2  w)  1  3 

or,  under  another  form, 

(>»-3)         ^     ^g,-  (-ir-^. 


1.2.3.4.5.6      "•"  1.2  ....  (««»-8) 

(-1)-  +  ! 


2.1  .2  ....  (2  « 


rol 


(4).  Let  u  =  (sin  xY :  it  is  evident  from  the  series  for 
sin  X  (Art.  36),  tha^  the  first  term  of  this  develdpement  will 
inTolye  a;*,  or  that  the  first  n  terms  of  the  series  of  values 


m 


# 
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Uq,  U^  ....  I/»— 1  will  be  severally  equal  to  nothing  :  it  will 
therefore  render  the  operation  much  easier^  if  we  assume 

,  _  M    _  (sin  xY 

and  then  develope  1/  in  the  ordinary  way :  we  shall  thus  get 

M  =  tr  or*  s=  x** + !i :  .    mm    ■■,,■    J 

1.2,3  3  1.2.3. 4.5 

w(35w2  -  42n+  16)  ar"  +  * 


9  X.^.»*.l 

w  (175  w3  -  4,20  »2  +  4045  n  -  144)  a:»  +  «  « 

^ ""^-Q ^ — ' '*    1 O O    "~ 

The  general  terni  of  this  series  is 


2Kn-l) 
1.2 


the   series  being  restricted  to  -  or  ^  "^     terms,   according 


2 
as  n  is  an  even  or  an  odd  number. 


Or,  under  another  form, 

^»  +  2«i  — 8 — - — T — - — : — r    .   a. 


^1    1.2.3      '  ^•^^-^      1.2.3.4.5   •  "'•  +  2--* 


(w  -  3  -  3  n)  J. 


(-ir  {  l-(wi~.i)n|  ^       (->l)'».i»;z  ■> 

1.2....(2i«-l)      •''•  +  2+^     2         ^2f«+l)-^*5- 

(5).     Let  w  =z  cosec  x  zz  (sin  x)-^:    consei^uently   by 
pn^ans  of  the  preceding  example,  we  obtain 


45 

~ r  1.2.3  1.2.3.4.5.6  1-2 9 

I  .2 12  ^ 


The  general  term  of  this  series 


—  y»-  r*»»  — 1 

—  "2»i  —  1  •  •*  • 


=  J*— - 


lr.2.3     1.2.3. 4.  5.     1.2.3.4.5.6.7 

1.2 (2m-l)        1.2 (2m+l)5* 

(6).     w  =  (tan  xy. 

2n         ^^  23n(5w  +  7)        ,  .  . 

"^^  1.2.3^  +    1.2.3.4.5.6* 

2^ n (35 ng+ 147^+124)    ^^^ 

_^2yxlln{  175n3+1470ng-f3509n  +  2286  I    ^,3 

+  i.e  ....  12  ^  "^  +^^- 

the  general  term  is 

^n  +  a-    2  y(yi  +  2/«-2)  2«(n4-2m~4) 

'wi      1.2.3      "*"  +  *-"*      1.2.3.4.5  * 

2^(n  +  2>»— 6) 
^w  +  Sw  — 4+    1,2  7     •  ^«  +  2»»  — 6  "*  8cc. 

.  (— iy*2^'*-^(n  +  2)  (-1)^  +  1  2*"'"-*  ni 

1.2  ....  (2w-l)  •''«*2+1.2  ....(2m+l)V 
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(7).    Let  u  =  cot  X  =:  (tana:)-!;    by  the  preceding 
example^  we  get 

1  £  £4  -         2^.12       . 

«i  —  -I  —      I         .  jr —  .a:^ •« 

^^        1.2.3  1.2.3.4.5.6  1-2 9 


—  &c. 


1.2 10        1.2 12 

See  Art.  411.    Appendix* 

(8).    u  as  (sin  x)r  (cos  x)\ 

_        (3fyi  +  n)^,^3      {5(9fflHn^+30^(n-l)-^n}^^.4 
""  1.S.3  3.1.2.3.4.5 

-  {35  (n3  +  27 m^)  -  42  (n^  +  45  w^)  +  16  (n  +  63  w) 

+  {  175  (n*  +  81  iw4)  _  420  {rfi  +  135  m^) 

+  4  (101  «2  +  1984  m^  -  144  (n  +  ^55  m) 

+  2100  (n2  +  9m2)  »>w  —  1260  (7  w  +  33  m)  mn 

jl  •!•  ft 

+  §450 m^ w«  +  23640 mw  J         --^ —  .,  -  &c. 

1.2  .•••  9x3X5 

The  law  of  derivation  of  this  series  admits  of  no  very 
simple  expression:  it  may  be  indirectly  exhibited  in  the 
foUowing  manner:  let 

<C08  xT  :=^  ^  +  ai  x^  +  a^x*  + +««,»•  ^*''+&c. 

and 

then  the  general  term  of  the  series  . 
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+  8tC +  a^a^p^z  +  Hp\  ' 

(9).    t«  =  v^|fl2  +  Sdr*cosjr  +  i«} 


Jtf +iJ)4  1.2.3.4 

{a-k-bf  '  1.2.3,4.5.6 

ab(ifi--57 ir^b+S93a^  J^SlSi^  b^-^S&S  a^  b^-57 ai^+b^ 

•         (tf  +  by 


1  .2  •••«o 


+  &C. 


The  general  term  of  this  series 


=  /i.^x*'« 


(10).    w=rcos—*a7 


2  2     ITe.5  2*       i. 2. 13  .4. 5 

■  ■    t 

.1.3.5  x7  1.3.5.7  3fi 


m    0         m  ta^M^i^    "•   »— I— —   ij    ■  miw     « 


2*^      l.«....7        .     24  1.2 9 


—  &c. 


CMX 


(U).     «  =  e 
l         1.2     1.2. 3,4     U2. 3. 4. 5. 6     1.2  .... 


8 


6A5ftjr^o       ,     150349  x^^ 


-tec.?. 

1  .2  ....  10    ■    1*2  ....  12  5 


m<  '   9 
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The  general  term  of  this  series  is 


=  fl,»a;"» 


2«l  '" "      1.2.3^   1.2.3.4.5 


+ 


1.2 (2  »» 


^,1- 


(12),     u-€^' 

x^  3 x*  si*  3  x^ 


=  1+J^  + 


1,2     1.2.3.4     1.2.3.4.5     1.2.3.4.5.6 
56  xf         ,       217  a^       ^         36x9 


X.^..../  A.^.a.c.O  l.'^.....S7 

2959  a?*<> 


1.2 10 

The  general  term  of  this  series  Is 


—  &c. 


=  ^«J^ 

}{- 

^--3+^ 

«!* 

— s 

-'      1.2^1 

.2, 

,3.4 

(IS). 

«-e^ 

-4 


.  2  a?*  .     5  a:*  15  a?*  59,3fi 

^1.2     1.2.3     1.2.8. 4     1.?. 3. 4. 5^ 


188  g^  847  x^         .        4004  JF^         '  "> 

i  .2  ....  6         1.2. ...7    ■*■    1.2.. ..8"^  V 

The  general  term  is 

B  — {a^-i+  fl^-.,+2l:i^  +  p!^  +  8cc. 

^  ^   m     1        HI     S       j^g  1.2.3 
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+ — ?2 r 

1.2 (w— 1)3 


(14).     ti=     f 
cos  X 


z:\+x  +  lfL+  -t£L  +  _Li£!_+  ^^^' 


1.2       1.2.3       1.2.3.4       1.2.3.4.3 


152  3fi  '      624,  x'f  3472  J^ 

+  -: — z =  +   r — :: :r  +   &C, 


^•^••••O  1.4S*.*»f  Jl.lei«.«.o 

The  general  term  is 

=  tf «  a?*  =  (if  i»  =:  2  r),  ^ 

tl.2      1.2.3.4  1.2 iw     \.2...my 

or,  (if  iw  =  2r+ 1), 


iii+i 


„y,^g„-»  ^m>-4        .fr  (—  1)  g   /li 

I  1.2        1.2.3.4  1.2 («— 1) 


— ^^ — \ 

ItS  ....  I9f3 


(15).    «  =  v^(l+C). 


1                J*              123            a«         ^967           a?'' 
?'  1.2.3.4-5    '^'"'l.a 6      4'    "is 7 

-49"  ^  8cc^ 
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The  general  term  of  this  serie^s 


=  «m^- 


•m 


&C. 


xttnaQ  (^ 

1.2  ....  (w— 1)> 


(16).     Let  M= — ^   \    in  this  case,    fTJ)*  ^it    ^«f   8cc« 

€* —  1 

become  severally  equal  to  --,  and  require  a  Very  tedious  and 

embarrassing  reduction,    in  order  to  determine  them:  the 
following  method  is  much  more  simple.     Since 

X  X  1  •    Q, 

«=:-;—-=_ ^ = -^.+8cc. 

1.2  1.2     1.2.3 

by  the  method  of  indeterminate  coefficients  (Note  X))/  we 
get 

M-        5^+6*  1.2     30*1.2.3.4     42*  1.2.3.4.5.6 
1  i«  .   5  x^^  691  x^^ 


SO     1.2 8     Q6     1.2...;  10     2730     1.2 12 


7  x^^  3617  xi6        ^43867  X^ 


6     1.2 14      510      1.2 16       798       1.2 18 


174611  x^""         ,  854513  X^^ 

+ 


330         1.2 20  138         1.2 22 


236364091  ^^*  ,8553103  x^ 

+  •- 


2730  1.2 24  6  1.2 26 
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23749461029     x^         .  8615841276005     i*> 

+ 


870  1.2..  ..28  14322  1.2 30 

8480253  1453387  x^* 


""  5440       N      •1.2..  32 

The  general  term  being 


+  8cc. 


=  ^s-^*'"- 


(.    1.2        1.2.3.4  1.2 (2iw-l> 

}• 


% 

The  coefficients  of 

1.2*    1.2.3.4*    1.2.3.4.5.6' 

are  the  celebrated  numbers  of  Bernouilli :    See  Art.  408. 
Appendix* 

It  may  be  proper  to  observe^  that  in  the  determination  of 
many  of  the  preceding  series,  the  theorem  of  Maclaurin 
becomes  practically  inapplicable,  in  consequence  of  the 
excessive  complication  of  the  expressions  for  the  differential 
coefficients :  we  have  therefore  been  sometimes  obliged  to 
have  recourse  to  other  and  more  expeditious  n^ethods  which 
the  Differential  Calculus  affords  us,  and  which  will  be  fully 
exemplified  in  Art.  45. 

We  shall  put  down  a  few  examples  of  the  use  of 
Taylor's  Series  in  the  developement  of  transcendental  func- 
tions, to  which  we  referred  in  Arts.  ,21,  22. 

(1).     Let  u  as  log.  x:  the  general  series  gives  us, 

h       Ifi         I?         k^ 
log(x+A)=logx+j-27,+^^-;^^+8cc. 
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or. 


If  we  put  a  +  x  in  the  place  of  x,  and  make  Aasr,  this 
teries  becomes 

By  making  h^—Xf  as  in  formula  (3%  page  SO,  and  re- 
ducing, we  get  - 

If  we  add  these  two  series  togedier,  we  find 
log.  (i±2£)^ 2 {_£.  +  !.(_£_)' 

Or,  putting  -  in  the  place  of  x^  it  becomes 

iogCi±f)=25_£-.+^.(_i_y     _ 

a  series  which  is  also  given  in  Art.  Sg. 

(2).     Let  u  s=  sin  J7 :  then 

•in(x+A)=  sin  x(\  ^—  +  —!t !L +  fcc.) 

\        1.2       1.2.3.4        1.2.8.4.5.6  ^ 
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qp=  sin  X  cos  h  +  cos  x  sin  A. 

m 

(S).    Let  M  :^  tan  j:  :  by  making  sin  x  ss  x,wt  shall  get; 
by  means  of  Example  16,  Art.  18, 

1         A    .     2  sin  Jp      A' 
tan  (x  +  A)  =  tan  a;  + rr  •  -  + 


(cos  xy    1       (cos.  xf    1.2 


/6--4(co8£)^\        *_.     •      /g4~8(cosj:y\         ** 
V     (cos  x/    /  *  rTTs      ^  ^ V      (cos  X)*     /  '  1 .2.3.4 

/IgQ  -  120  (cos  J)'  +  J6(cosj:y\  A^ 

\  (cos  a:)*  /  *  1.2.S.4.S 

.     .       /720-480(cosx)*  +  32(co8.  x)*\  h^ 

J.  sm  xi  .      i ^  ^   I  .   ■ 

V  (cos:f)'  /     1.2.3.4.5.6 

/5040-  6720(cosjfy  +  2086  (cos/gy~>64(cos^y\         i^ 

\  (coso?/  >' 1.2.3.4.5,6.7 


+ 


+  &c. 

(4).    Let  tt  s=  sin  ""'!•;  by  means  of  Ex.  9,  Art.  18,  we 
find 

>/(l— X')    1       n^x*)     ^ 

(1  +2y')        y  ,         3j:(3  +  2jO         A* 
(1  -  x»)t  '1.2.3         (1  _  x')^    *  1.2.3.4 

^  3(3  +  24jr»  +  8j*)  A* 


(1  —  x«)*  1.2.3.4.5 

15x(i5  +40  3?'  +  8j:*)  V 

(1  -a:*)r  *  1  .2.3.4.5.6 
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30(5  +  903:'*  +  120  j:^ +16  J*)    W 

^  (1  -  a:')?  *  1.2.8.4.5.6.7 

+  &c. 
fiuler.  /«//.  Calc^  Diff-    Pars  II.   Art.  83. 

(5).    Let  M  =  tan— *a:;  by  means  of  Ex.  IS,  Art.  18, 
we  get 

,,         ,,  ■  1        A  9.x  h* 

tan-(x+A)  =  tan-*.+   F^^*  i  "  (Tt^ '  FT? 

2(3j:»— 1)        *' 


*^ 


(1  +  xV      1  .2.3 

_2.3.4(A'»-^)         Jt^  2.3.4  (5x^-1  Ox*  4- 1)    _ 

(l^xy     '1.2.3.4  (1  +  x»)5  *  1.2.3.4.5 

_  2.3.4.5T(6a^  — 203?*+  6)  h^ 

""  (I  +  J^y  '1.2.3.4.5.6 

.  2.3.4.5.6(7j?*-35x*+2Ix^~1)  K    -         ~ 

+ , i :  . —  etc, 

(1  +  xy  1.2.3.4.5.6.7 

Euler  by  a  particular  artifice,  has  effected  the  de- 
velopement  of  tan—*  (x  +  A),  in  a  very  remarkable  series, 
from  which  some  very  curious  and  beautiful  results  are 
deducible :  if  we  assume 

If 
u  =  tan""*x  =••    —  Zj  we  have 

2 

X  =  tan  u  =  cot.  z, 

and 

au           1             /  •      \«             d z 
— -  = =  (sm  zy  = —  . 

dx        \  -^  x^  dx 

By  differentiating,  we  get 

d^ii       dz    ,    ,.  /  •      V,   .    ^ 

--—  =  3-  sra  2  ;z  =  —  (sm  z)*  sm  2  z. 
dx^       dx 
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Also 


^     =—•--{  sin  2  cos  z  sin  2  8  +  (sin  zY  cos  2 1  } 


1  .2.dx^  dx 

=  —  -J-  sin  2  sin  3  2:  =  (sin  zf  sin  3  z, 
dz 

d^u  ,  •       N4.    •    .1 

=  —  (sin.  zy  sm  4  2, 


l,2.3.dx* 

d^u 
1.2.3.4. dz* 


=  (sin  z)*  sin  5  z,  and  so  on. 


Consequently,^ 

h  .  A' 

tan*"*  (x + A)s=:  tan""' x  +  sin  z  sin  z . (sin  2:)*  sin  2  z.'— 

f^  h*  ffi 

+  (sin  z)'  sin  3  z .  -—  (sin  z)*  sin  4  z .  —-  +  (sin.  zf  sin  5 z .-- 

—  &c.  ^  0)- 

If  in  this  series,  we  make  A  =  — .  x,  we  find 

7P  ^  X^ 

tan^*  X  = z  =  -  sin  z  sin  z  +  —  sin  2  z  (sin  z)* 

«  1  2  ^        ^ 


+  —  sin  S  z  (sin  z)* 

+  -r  sin  4  z  (sin  z)*  +  &c.  (2), 

4 


cos  Z         •        ' 
Since  x =cot  z  =  — : — ,  this  series  rives  us 

sin  z  ^ 

It  1    . 

-  =  z  +  sin.  z  cos  z  +  -  sin  2  z  (cos  z)" 

1 

+  -  sin  3  z  (cos  z)*  +  8cc.  (3), 

3 
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If    in   series  (1),  we   make  A  =  —  Si",   we  shall  gel^ 
since  tan""*(—  x)  ss  —  tan"-*j:, 

£  tan—'  J?  =  — -  sin  2;  sin  j?  + sin  2  z  (sin  i)* 

1  2 

4. sin  3  z  (sin  zf  +  8cc.  (4). 


By  substituting  cot  z  for  x,  this  series  gives  us 
«  ssjg  +  sin  5f  cos  ;r  +  -  sin  a  jZ  (cos  z)*  +  --sin  S ;?  (cos  zf 

+  —  sin  4 ;?  (cos  zY  +  8cc.  (5). 

4 


By  making  z  =  ^  9  we  get 

4 

2        12       3        5        6         7        9         10  ^  11 

By  subtracting  series  (3)  and  (5)  from  each  other,  we 
find 

^     (2*  —  1^                         (^fi  —  1) 
0  s=  -i ^  sin  2;  cosjz;  +  ^ siri  2z  (cos  g)^ 

1  2  ^ 

+  l^Jli^  sin  3  z  (cos  «)»  +  ^!lzi)  sin  4z  (cos  z)*  +  &c.  (6). 
3  4 

If  m  series  (1),  we  make  h  =  — ^ r-^ss  — : 

1  -  x*  sm  2;  cos  2  2: 

and  therefore  tan—*  (a? + A)  =3  tan  — *( — ^j  =^  2tau— 'ar. 


_  sin  z  cos'  z   .   sin  2z  (cos  zV   .   sin  8  2  (cos  zY 
tan-' 37=—   I- :r-  +   ^    .     '  '    + 


we  shall  get 

1  1 .  COS  22        2 .  (cos  2  «)•  3  (cos  2  a)» 

^sin42(cosgy  ^  &c.|  (7)- 

4  (cos  22?)*  3 
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In  the   same  manner  by  making   h  = ~  = 

^  ^^®  ^  ,  and  .-.  tan-' (a?  +  A)  =  3  tan-»  x, 


sin  2:(l+2cos  2  z) 
we  shall  get 


J?  cos  2;  2*      sin  2  J?  (cos  z)* 

T   — *   • 


a  ^    -.  1  C   2  sin 

2  tan       X  ss  —  < _ 

C.  1(1+2  cos  2z)    *   2     (1    +2cos2;?)* 

^2»    sin  3  2:  (cos  :«y       2\  sin  4  z  (cos  z)^       g^^  7         ,q) 
3      (l+2cos2z)3        4j     (1  +2cos2z)*  > 

If  we  make  ^^  — |J^+-)= ; —  >   and  there- 

v       x/  cos  %  sm  2: 

fore 

tan-*(x  +  A)=tan-Y-i')  =— tan--*  -= -^  +  tan-*  a;, 

the  same  series  will  give  us, 

ir         sin 2       .     sin  2z      .     sin3z  sin4z    .  ^      /«\ 

2       1 .  cos  z       2  (cos  zy       3  (cos  z)»       4  (cos  z)*  ^ 

By  differentiating  this  series  and  striking  out  the  common 
factors^  we  shall  find 

A        1  j_  cos  %    ,     cos  2  2    '       cos3z     ,    «^         ,-   . 

0=1    +    + +      ;; +  eCC.         (10). 

cos  z        (cos  zf  (cos  zf 

In  a^  similar  manner,  by  differentiating  series  (3),  we  find 

0  =  1  +  cos  2  z  +  cos  z  cos  3  z  +  (cos  z)'  cos  4  z 

+  (cos  £f  cos  Sz  -^  &c.  (11). 

If  in  series  (1),  we  make  A  =  —  V(l  +^')  = : — > 

sm  z 

and  therefore^ 


H 
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tan—  {*-v^(l+«*)}  =  -  |t«»-' J» 
(Ex.61.  Art.  31.) 

=  »  (J -ton- *)=-!, 
we  shall  get 

5as|  +  -8in  z+^sin2z  +  ^sin3x  +  ^$in^z  +  &c.  (II). 

AlsOj  since  (Note  D.  p.  630.) 

z  11 

^  =5  sin  jT  —  ;;  sin  2  ;r  +  -  sin  S  2;  —  8tc. 

2  2  3 

by  adding  this  series  to  the  former^  we  get 

7  =  sin  2  +  -  sin  3  jg  +  -  sin  5  jr  +  ficc.        (12). 
4  3  5 

Euler.     Inst.  Calc  Diff.  Pars.  XL  Art.  57  . .  98. 

(6).  Let  M  =  (log  tan)""' x,  or  let  u  be  an  arc,  the 
logarithm  of  whose  tangent  is  x :  consequently,  jslog  tan  u^ 
and  therefore  by  the  general  series 

/I      *    \  — 1/«  I   z\           .   sin  2tt    ^    .   sin2tfcos2u    ^ 
(logtan)-»(x  + A)  =  w  +  — g— • -j  + — -j-j 

.sin2ucos4<u     A*    ,  sin  2m.       ^        •    ^     .    .    v      A* 
+ 5 rT^+  — ^—  (^°s  6u-8in  2tf  sm  4w) 


2  1.2.3         2     :  "1.2.S.4 

sin  2u  .       o  n   •    A       •    ^    X         ^ 

(cos  8 1^  —  2  sm  2  ti  sm  6  u) 


2       ^  '1.2.3.4.5 

sin  2u 


2 


{  COS  10t£  — 7  sin  2u  sin  Su  —  2(sin  2  uf  cos  6ti  |  • 


/ 


A*  ,   sin  2  u    . 

>  — :; —    I  cos  12  M  —  18  sm  2tf  cos  lOi* 


1 .2.3.4  .5  .6 


-  20(sin  2u)»  COS  8 w  } z: 4.  g^c. 

1  ......  f 
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luler.    Inst.  Calc.  Dif.  Pars.  II.  Art.  100. 

(7).     Let  M  =  €*  sin  n  x :  by  formula  (3),  p.  30,  we  get 

Ozss  c'sinnxf  l-ar+(l  — n');^  -  (1  -  3«») — ^— • 

L  ^  1.2  1.2.3 

+  (1  -6n*  +  w*) ^ (1  -  10n»+5n*) — ^ —  +  &c.  \ 

—  €*  cos  na?  <nj:  --£n +  n  (3  —  n') 

t  1.2  ^  ^^1.2.3 

-  n(4  —  4n«) ,— iL_+w(5  -10»»+n*) — ^ &c.| 

^  M.2.3.4      ^  1.2.3.4,5  5 

consequently, 

1.2         ^  -1.2.3 

tan  n  ar  ss  -5  -5 

1  -  x+  (1  -  «•)  r^ (1  -  Sn'*) +  &c. 

^         '^i.a      ^       ^  J  .2.3 

Euler.    Id.  Art.  101,  102. 


On  Series  for  the  Calculation  of  Logarithms. 

The  series  of  Mercator'  in  Art.  28,  for  a  logarithm  in 
terms  of  the  number  corresponding  to  it,  or 

(1).   l0g(l+M)=:l/-j  +  J   -   - +  ^-  &c. 

is  of  no  practical  use  in  the  calculation  of  logarithms,  since 
it  evidently  becomes  divergent,  when  u  exceeds  unity.  This 
defect,  however,  is  partially  removed  in  the  series  given  in 
Art.  29>  or 


which  was   deduced    from   the    former    by   the   celehrated 

James  Gregory*;  since  in  this  case,  if  we  assume  — ■ —  equal 

to  a  whole  number,  u  is  always  a  proper  fraction,  and  the 
series  is  convergent,  though  not  with  sufficient  rapidity  for 
the  purposes  of  calculation,  when  the  number  whose 
logarithm  is  required,  becomes  considerable.  We  must 
therefore  direct  our  principal  attention  to  such  transforma- 
tions of  this  series,  as  enable  us  to  calculate  the  logarithms  of 
numbers,  by  means  of  the  logarithms  of  other  numbers  whicli 

precede  them.     Thus,  if  we  assume,   —31 —  =  —  ,  and  there- 


fore. 


eget 


■■-r>4s^sK:T-:)'-xs^:y+^^} 


-log  «,=iog«+2  5^^+LC^::-"y+i  C^^i^) 


(4).   Iog(n  +  1) 


a  series  which  enables  us  to  calculate  the  logarithms  of 
numbers  by  means  of  those  which  immediately  precede 
them. 

In  investigating  transformations  of  the  series  (3),  it  is 
most  convenient  to  assume  ra  and  n  such  functions  of  any 
whole  number  (x),  at  are  resolvable  into  simple  factors,  and 
whose  difference  r;  -  n  is  either  unity  or  some  constant 
number. 
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192  !T^ 

Thus,  let  -.  =2  -J :  an  hypothesis  which  gives 

(5).    Iog.(j7  +  1)  =  Slog.  X  -  log.  (j7  -  1)  -  2  {^^^^-j- 

^3    (2x«- 1)'     5    (2x«- 1)5  ^         i  ' 

80  great  is  the  convergencjr  of  this  seriesj  that  if  we  assume 
X  =  100,  the  two  first  terms  will  give  a  result  which  is 
accurate  to  fourteen  places  of  decimals. 

Let  ^  =  ^  +/'^  +  q _{x-a){x-b){x+a+b) .  therefore 
«       x'-\.px — q     {x-\-aXx-\-b){x—a—b) 

(6).log(x4.a+*)=  {  log.(x+«)+log(x+*)+log(x-a-*)  J 

5  \o(^  -{-px^  3 

If  a  ==  j  =:  I9  this  formula  gives  us 
(7).  log  (x+2)=  f  Slog {X  +  l)+log  (j:-2)  }  -2  log {x^\) 

The  following  formulae  may   be  deduced  in  a  similar 
manner. 

(8).    log(j:  +  5)=   {log(r+4)  +  log(x  +  3)  +  log(^-S) 

+  log  (a:  -  4)  } 


-    }2log^  +  log(x-5)}    +2{-j_^Jip^ 
3  Vap*-.25a:»  +  72>'  3 
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If  X  =  100,  the  first  term  of  this  series  is  accurate  to 
15  places  of  decimals. 


(9).    Log(»  +  6)=  121og(I  +  5)  +  2Iogll  - 

llog(i-l)+log(i  +  2)+log(J  +3)1  -  I 

C^ 18  1/ 18 \  7      I 


(10).    Log  (I  +  IO)  =  i  log  (i+9)+log(i+7)+log  (I-  10) 


log  (!-*)  + log  (1-2)! 


g(i^  +  4)  +  log(a:  +  2)  + 


g  (1-7)  +  log  (1-9)1  +2  [- 


-125  2^ +  3004  a; 


J  /         .     5040 \  3  +  &c  ? 

S  Vc*— 123  j:»  i- 3004  j:./  '5 


(11).     Log(T  +  8)  =  (21og(i  +  7)  +  Slogj-  + 
2  log  (1-7)  1  -  i  log  (i-S)  +  Iog  (i  +  S)  +  log  (1-5)  + 


log(x  +  5)+log(s:-8)!-2{-j-^ 


K: 


240  U'- 7200 


3  Vj:*— 98  3' +  2401. 

IS  X  =  100,  the  first  term  of  this  series  has  no  significant 
figure   among   the    first   S   places  of   decimals. 

It  is  unnecessary  to  explain  the  uses  of  many  of  the  pre- 
ceding formula;,  in  abridging  the  laborious  task  of  calculating 
tables  of  logarithms.  This  object  however,  is  now  become  one 
of  speculative  rather  than  of  practical  importance,  as  tables 
were  calculated  of  sufficient  extent  and  accuracy  for  most  of 
the  purposes  for  which  they  are  required,  at  a  period  when 
none  of  the  expedients  furnished  by  analysis,  were  known. 


J 
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The  series^  which  have  been  enumerated»  are  adapted  for 
the  calculation  of  Napierian  logarithms  only^  and  it  is  of 
great  importance  to  determine  the  constant  quantity  by  which 
they  must  be  multiplied  in  order  to  give  the  logarithms  in^ 
ordinary  use.    It  appears  from  Art.  £4,  that  if  a  be  the  base 

...     1 

of  the  system  of  logarithms^  this  constant  multiplier  is  t  » 

where 

=  log  /I  to  base  c. 

This  series,  however,  is  not  convergent,  though  a  very  simple 
transformation  will  make  it  so :  since 

log  \/a  =s  ^  log  a,  and  therefore  log  a-zLtn  log  \/a. 
m  ^ 

we  have  log  /ar  ss 

=:  ft :  it  is  evident  that  this  series,  by  increasing  the  value  of 
«,  maybe  made  to  converge  with  any  required  degree  of 
rapidity. 

Thus,  if  II  =  10,  and  m  =:  2*",  we  have 
;/lO  =  1  .00000,00000,00002,04510,68891,20519,4: 

and  since,  in  this  tase,  the  second  term  of  the  series  for  k^ 
has  no  significant  figure  among  the  first  28  places  of  de« 

dniab,  we  may  assume 

1 


log«>=*  =  ^{>0'**-  »}• 


Bat       Ae:.O0000,0O00O,OO0O0,88817>84197,00124>9'   ' 
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and  therefore 

1  _  .  0,888 1 7,84 197>00 124,2 
k  ""  .  2,04510,63891,20519,4 

=  .4342944819032518. 


On  Series  for  the  Rectification  of  the  Circle. 

Art.  37.    The  series  for  the  arc  (y),  in  terois  of  the 
sine  (x),  or 

y =^  +  .00  + + " 


1.2.3        1.2.3.4.5        1.2.3.4.5.6.7 

+    1.2.. ..9+^" 

as  well  as  the  series  for  the  sine  and  cosine  in  terms  of  the 
arc  itself,  were  first  given  by  Newton,  in  a  paper  entitled 
"  Analysis  per  JEquationes  numero  terminorum  infinitas?^  This 
paper  was  communicated^  .by  Collins,  the  Secretary  of  the 
Royal  Society,  in  the  year  1669,  to  James  Gregory,  who  in 
1671  discovered  the  series  for  the  arc  (y)  in  terms  of  the 
tangent  (w)*,  or 

The  first  series  is  convergent  for  all  the  values,  which  x 
admits  of,  and  very  rapidly  so,  when  2*  =  -  ,  and  therefore 

ifzzS(f :  it  was  thus  that  Newton  calculated  the  circumference 


^  Commercium  EpUtolicum. 


I 


of  a  circle,  whose  diameter  is  unity,  to  16  places  of  deci- 
mals* :  the  coefficients  of  this  series,  however,  are  not  of  a 
form  the  most  convenient  for  calculation,  and  other  series 
enable  us  to  approximate  to  this  value  with  much  greater 
rapidity. 

The  law  of  Gregory's  series  is  remarkable  for  its  sim- 
plicity, though  amongst  the  values  y  and  u,  which  have  a 
known  relation  to  each  other,  there  is  only  one  which  makes 
the  series  sufficiently  convergent  to  be  of  much  practical  use 
in  the  rectificatioh  of  the  circle.  For  it  would  require  the 
calculation  of  5000000000  terms  of  this  series,  when  «  =  I, 
to  find  the  length  of  the  arc  of  45°  which  corresponds  to  it, 
to  20  places  of  decimals ;  an  operation  which  could  not 
be  completed  by  an  ordinary  calculator  in  less  than  1000 
yearsf.     By  supposing,  however,  ^  =  30°,  and  therefore  u  = 

—, —  ,  we  find 

r  =  ^3{l-J-+^--J_  4.&C.!; 
2        *'l  3.3       5.3*       7-3'  5 

a  series  which  converges  with  a  rapidity  so  considerable,  that 
die  aggregation  of  18  terms  will  give  a  result  which  is  accu- 
rate to  10  places  of  decimals. 

It  was  by  help  of  this  series  that  the  laborious  Abraham 
Sharp  calculated  the  value  of  t  to  74  places  of  decimals, 
a  labour  of  appalling  extent,  and  requiring  the  aggregation  of 
150  terms  of  the  series  and  the  extraction  of  y/i  to  76  de- 
cimal places.  To  extend  this  approximation  to  100  places  of 
decimals,  would  require  the  calculation  of  210  terms  of  the 
series,  a  work  merely  within  the  limits  of  human  industry. 
This  however  was  effected  by  Machin,  most  probably  by 
means  of  the  expedient  which  is  explained  by  our  author. 
In  order  to  effect  this  prodigious  approximation,  it  would  be 
necessary  to  calculate  140  terms  of  the  first  of  the  two  series 

•  Epiitola posterior  Newloni  ad  Otdenbitrgh.  1S76. 
t« 


for  -  and  about  46  of  the  second  :  an  operation  by  no  means 
so  difficult  as  that  undertaken  and  executed  by  Sharp,  since 
the  powers  of-  are  finite  decimals,  and  no  square  root  is 
involved. 

The  only  notice  of  the  discovery  of  Machm's  formula  Is 
contained  in  Jones's  Si/nopsii  Palmarioriim  Matheuos,  a  book 
little  known,  which  was  published  in  1706.  It  was  after- 
wards noticed  and  fully  explained  in  an  appendix  to  a  "  Z)/j- 
lertatim  on  the  Use  of  the  Negative  Sign  in  Algebra"  by  Baron 
M  aseres. 

Euler,  who  left  no  part  of  Analysis  unexplored,  in  a 
Paper  in  the  Petersburgh  Acts  for  17*4,  on  the  different 
modes  of  approximating  to  the  length  of  the  circumference 
of  a  circle,  not  only  gave  Machin's  formula,  but  also  ex- 
plained a  mode  of  finding  an  infinite  number  of  similar 
formulae.     Thus  assuming 


tan  (a  +  ft)  = 


,  tan  ft  = 


-  b),  we  g 


an  indeterminate  ei^uation,   admitting  of  an  infinite  number 
of  solutions. 

Thus,  if  f  =  1,  -  =  -  ,  and  therefore  —  =  -  ,  we  find 
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A l.  +  -i ^+8ic. 

_  )2       S .  2'      5  .  2*       7.2^ 

"^^i.  JL  +  .J L.  +  8CC. 

^3       3.3»^5.3*       7.3^^ 

By  the  aggregation  of  318  terms  of  the  first  series  and 

800  of  the  second,  the  value  of  ^  might  be  determined  to 

4 

800  places  of  decimals- 

By  a  continuation  of  this  process,  we  shall  be,  enabled  to 
deduce  the  following  general  formula^ 

tan-*  -  =  tan-' l£:il+ tan-' .^^i::^  +  tan-> -^2:=^ 
+  tan-'.^:ifs.+  ....  +tan-'  ^*-^*-'    +  tan-'  .i  . 

By  making  -  =  1,    we  may   readily  verify  the  following 

equations : 

* 

(1.)    J  =  tan—  2  +  tan-*  1  +  tan-'  2  +  tan—  \  . 

(2).    2=2tan-ll+tan— J. 
4  S  7 

(3).     ^  B  3  tan-'  l,J^^  tan-'  —  • 
4f  7^  11 

(4).    7  as  2  tan-' 1+2  tan-' ^+ tan-' i. 

(5).    '  =  5tan-'i  -  tan-'~+tan-' J-. 
^4  5  70  ^  99 

(6).    ^  =  tan-'  i  +tan-'  i  +  tan-'  -L  +tan-' JL 
^4  2  8  18  ^  T32 

+  tan—'  —  +  tan—'  r^+  &c.  i«  infinitum^ 
50  72/  -^ 
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where  the  denominators  of  the  tangents  are  the  doubles  of 
the  squares  of  the  natural  numbers. 


(7).     ^  =  tan-i  +  tan-"l  +  tan->^+tan-'i 

+  tan  —  *  — -  +  tan""'  — -  +  &c  in  infinitum  f 
63  127  "^ 

the  general  form  of  the  denominators  of  the  tangents  being 
2»-  1. 


(8).    ^  =  tan-"»i  —  2tan-'  — +  2  tan-'     ^ 


4  2  14  2786 

1 


—  tan-*  - 


10812186007 


(9).  ^  =  8tan-*-i tan-* 8  tan-*  ^ 


I  ■ 


4         10        239         1030 


+  8  tan-'  --?-: 4  tan-'       ^ 


533530         75893 1 1 1 509788795 


(10).    Tan-' -  =tan.-*  . 


a  a(a  +  b)  +  l 


tan""'  . rr-z r +  tan  —  '  . 


(a  + *)(a  +  2*)+l  (/J  +  2*)(fl(  +  36)+l 

+  tan  — '  . ; — rr- —- h  &c.  in  infinitum*. 


*  Euler,  "  De  progressionibus  arcuum  circularium  quorum 
tangentes  secundum  certam  legem  proceduru,"  Novi  Coramentarii 
Petropol,  Tom.  IX.  1764. 
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If  we  assume  a  and  b  in  such  a  manner,  that  h  may  be  x 
divisor  of  j'  +  1,  this  formula  will  furnish  the  sums  of  series 
of  inverse  tangents  whose  numerators  are  severally  equal  to 
unity.  These  equations  and  series  may  be  multiplied  to  any 
extent,  though  such  of  them  alone  are  useful  in  approximating 
to  the  circumference  of  a  circle,  as  are  restricted  to  a  few 
terms  and  consiu  of  tangents  whose  numerators  are  equal 
to  unity. 

The  general  formula  which  we  have  given  from  Euler 

not  the  best  adapted    to  the   discovery  of  the  formulae 

which  possess  these  properties ;  investigations  of  this  kind 

more   properly   belong   to   the    solution   of   the   following 

problem. 


a  tan  ~ '  — I-  a,  tan  ~ '  —  H 


'  -  -f  &C.: 


to  find  the  coefficients  a,  a„  o„  a^  Stc,  when  the  denomi- 
nators X,  X,,  x^  &c.  are  whole  numbers  :  a  solution  of  this 
problem,  and  a  more  elaborate  discussion  of  the  properties  of 
series  of  inverse  tangents  will  be  found  in  the  diird  and  last 
part  of  this  Work. 

Before  the  discovery  of  these  series,  an  approximation 
was  made  to  the  value  of  t,  by  calculating  the  lengths  of  the 
circumferences  of  an  inscribed  and  circumscribed  regular 
polygon,  of  the  same  number  of  sides,  one  being  less  and  the 
Other  greater  than  the  circumference  of  the  circle.  Thus  , 
Archimedes  by  means  of  polygons  of  96  sides,  the  circum- 
ference of  the  inscribed  polygon  being 

=  96^  {2-^/(2+^/(2+ V(2  +  ^/ 3)  f, 

ud  of  the  circumscribed 

_  192  y/  {e-v'($+v/(3+v'(g  +  v/SH 
V"  !  2  +  v'te  +  ^/^2  +  ^(2-Vs/9)  \ 


of  the  diameter.    Peter  Metius  by  a  similar  process  obtained 

—  for  an  approximate  value  of  ir,  a  remarkable  result  and 

which  is  accurate  to  5  places  of  decimals.  Vieta  extended 
this  approximation,  by  the  same  method,  to  10  places  of 
decimals,  which  number  was  increased  to  35,  by  Ludolph 
ran  Ceulen }  a  labour  of  vast  extent,  when  the  means  are 
considered,  and  of  which  he  was  so  proud,  that  he  directed, 
after  the  example  of  Archimedes,  that  the  numbers  should 
be  engraved  upon  his  tomb.  De  Lagny  by  an  unknown 
process,  but  most  probably  by  means  of  Machin's  formula, 
found  the  value  of  *  to  127  places  of  decimals,  and  some 
notion  of  the  prodigious  accuracy  of  this  determination  may 
be  formed  from  the  following  hypothesis.  If  the  diameter  of 
the  Universe  be  100000000000  times  the  distance  of  the  Sun 
from  the  Earth,  and  if  a  distance  which  is  lOOOOOOOOOOO 
times  this  diameter  be  divided  into  parts,  each  of  which  is 
the  lOOOOOOOOOOO"'  part  of  an  inch  ;  if  a  circle  be  described 
whose  diameter  is  lOOOOOOOOOOO  times  that  distance  re- 
peated lOOOOOOOOOOO  times  as  often  as  each  of  those  parts 
of  an  inch  is  contained  in  it :  then  the  error  in  the  circum- 
ference of  this  circle  as  calculated  from  this  approximation,  will 
be  less  than  the  100000000000""  part  of  the  lOOOOOOOOOOtf' 
part  of  an  inch. 


On  the  Differentiation  of  Equations  of  two  f^ari- 
ables,  and  the  Elimination  of  their  Constants. 

Abt.  58-^-44-    (1).  Let  the  pnmitive  equation  be    ^^H 

The  differential  equation  of  the  first  order,  arising  from 
the  elimination  of  a,  is 


71 

The  differential  equation  of  the  first  order»  which  arises 
from  the  elimination  of  b,  is 

^  +  tf=0. 
ax 

Lagrange.    Calcul  des  Fonctions.  Lee.  12. 
(2).    Let  the  primitive  equation  be 

Hie  elimination  of  a^  gives  us 

u 

(3).    Let  the  primitive  equation  be 

a?»— 2/iy-a"— 4=0.  (a). 

The  elimination  of  a^  gives  us 

P-  VC^+s'-iK^I^  _  ,=0.  03). 

ax  dx 


and  that  of  by 

ax 


(7). 


Again,  by  eliminating  b  from  (fi)^  or  ^  from  (7),  we  get 
the  differential  equation  of  the  second  order, 

(4)«    Let  the  primitive  equation  be 
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By  the  elimination  of  a,  we  get 

{xy  -  b  x'')p  +  A  x^r  -  3/"  =  0  {fi). 

where  /^  =  -r^  • 

;        dx 

The  elimination  of  by  gives  us 

o^y  +  ^iy  —  (x^  +  tf  J?^)/?  =  0.  (7). 

Again,  by  eliminating  b  from  (/J),  or  n  from  (7),  we  get 
«3y  —  3^  x*/>*  +  3  xy^p  -  y  =  0 

or,  (x;;-^)3=0.  (g). 

The  primitive  equation  being  homogeneous,  the  values  of 
yzxemx  and  n/  x,  where  m  and  m'  are  constant  quantities  :  it 

is  obvious  therefore  that  y^  =:  0,  and  that  consequently 

tbe  original  equation  (a)  admits  not  of  a  derivative  equation 
of  the  second  order, 

(5).    Let  the  primi^ve  equation  be 

ax*y-^bxy^  +  x^+y*  =s  0. 

By  eliminating  a,  we  get 
(bx^y^'  +  ^xy^  -'X*)p  -  bxf+x^y  —  2y  as  0.      (/5). 

'   Also,  by  eliminating  b,  we  get 

(xy^-^ay  x^—2  x*)p+a  x^i/^  +  2y  a:*  —^=0.         (7). 

If  we  eliminate  b  from  (/3),  or  ^  from  (7)^  we  shall  find 
after  proper  reductions 

This  equation  is  verified  by  making  xp-^yszO,  in  the 
same  manner  as  in  the  preceding  example. 


-^3 

(6).    Let  the  prifhidV^  equation  be 


(J7— y)€     '^c  (Art.  265). 

The   differentiation   of    this  equation   leads  us  to  the 
hoindgenebus  equation^ 

(7).    Let  the  primitive  equation  be 

9 

(^+y)  (^  +  iog  3[:)=zx  €  *,  (Note  N)» 

By  eliminating  c,  we  get 

2ydy^y^dx^(X'\-yy  €""'  dx. 

(8).    Let  the  primitite  equatiofi  be' 

2rj^  +  ^-j?*=0.  (Art.  255). 

The  elimination  of  c^  ^ives  us 

X  dy-^y  dx  ss  dx  ^(x^  +y). 

(9).    Let  the  primitive'equation  be 

yssxe'**.  (Note^. 

By  %  similar  process  we  get 

xdy  ^y  dot  =s^  (log  x  -  logy)  dx. 

(10).    Let  the  primitive  equation  be 

y  ^  c€-'^  —  a=iO.  (Art.  257>. 

The  elimination  of  c,  gives  us 

dy  +  ix^y  dx  ssSax^dx.  (/?). 
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Again,  by  eliminating  a  from  (/5),  we  get 

X  d^y  +  (3  J?'  —  2)  dy  d  jr  2=  0.  (7). 

(11).     Let  the  primitive  equation  be 

<Jf-cy  -  a\x^  =  0.  (Art.  268). 

By  eliminating  c,  we  get 

(12)/  Let  the  primitive  equation  be 

(a:  —  r)»  +  (y  «  cj  -  a*  =  0. 

By  eliminating  r,  we  get 

Again^  by  eliminating  c'  from  (/?)|  we  find 

(l±^-^^0;  (.). 

where  q  =  -r-^  . 


On  /Ae  (Tie  of  Differentiation,  in  eliminating  Irra^ 
tional  and  Transcendental  Functions  Jrom  Equa^ 
tions,  and  also  in  the  Developement  of  Functions. 

m 

Art.  45.    (i).    Let  w  =  («•  +  j:«)»;  by  differentiating 
this  equation,  we  get 

7     _   9»muxdx  f 

an  expression  which  is  free  from  radical  quantities. 


75 

^      (2).    Let  u  =  log  v—log  v' +t/' :  in  this  case, 
du  :=: r-  +  dv  : 

V  V 

an  equation  in  which  no  transcendental  quantity  appears. 
(3).     Let  u  =  ^"^^_^ :   this  gi 


€*  — 


gives  us 


-  =  if±l,2:r=log  j^l 


and  therefore 

du 


dx  = 


1  -w 


9 


Euler.  Inst.  Calc.  Diff.  Pars.  I*  Art.  294. 
(4).     Let  w  =  log  I  -J^-^ —  ?  ;    therefore, 


du  _±zLlll 

Wx  €*    +    €"-'* 


£*' 


dw  +  da:         ,^         ,      idu  +  dx\ 


from  which  we  get,  since  dxrs  constant, 

dx*  =  d'ti  +  dti* 
la 


-.^ 


(5).    Let  1^=  a  sin 

/I 
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(6).    Let  tf  =  t^n~ *  * 

dx 


du  =: 


1+x^' 


(7).    Let  u  s  cos  •« :  we  hence  get 

X 
X*du  =:  (udX  ''Xdu)'s/  {i   -- u*  \  • 

Id 

(8).    Letu  ^  msmx-i-ncosx: 

:^ter  two  differentiations,  we  get 

d^u  +  wrfa*  =  0, 
Id 

(9).     Let  M  =  e*'  cos  V : 

by  eliminating  ^%  lye  get 

du  =   {  l+cotv  \dv: 

and  by  difierentiating  again  and  eliminating  the  circular 
functions,  we  find 

2dv*  (ifdv  —  du)  +  d^v  (dv  -^  du)  ^  0. 

(10).    Let  u  =  — Ti  ^^ere  n  and  7*,  ?ire  jtijy  n^))fr(| 

whatever,  rational  or  irrational. 

By  the  same  process  as  above,  we  find 

.du  /       dv  dv^\  .^ 

dx  V        dx  dx' 

This  equation  (^,  is  useful  in  t|ie  developement  of  some 
rather  complicated  functions. 
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ThuSj  suppose 
Assume 

« 

w  =  il^  +  u^i  a:  +  -4i^*  +  ilj  ;r»  +  &c. 

It  is  obvious  that  -^o  =  ^>   a»d  by   perfonning  the 

operations  indicated  in  the  differential  equation  {p)^  we  shall 
get  the  fb^lpviring  equati9n6  for  t)ie  4e^nmn^itipA  of  4t>  ^«> 
il^Scc. 


—  S  7t  ^3  cto 


Euler.  iw/.  Gifc.  Djf.  Pars.  11^  Cap.  riii.  Art.  fiW. 

(11).     Letwse*       ^^«         S    ^        :^€^ 

In  this  case,  we  have 

du         dv 

Assume  u  =s  jt^-^-A^x  +  A^JB^fA^-^kc: 
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It  IS  obvious^  that  urfosse  "*  5  also  by  performing  the  operations 
indicated  in  equation  (jd),  we  find 

(12).    Let  M  =  {  v+v^(v*— 1)  I  «  :  this  gives  us 

du  ndv 

—  =  — ,  or 

u        V(v— 1) 

By  differentiating  this  equation  (/?)9  we  shall  obtain  another 
equation,  in  which  u  and  its  differential  coefficients  do  not 
exceed  the  first  degree  :  or, 

,  du       j^  d^u  .  d'u      ^  ,  . 

dv  dv^      dv^  ^ 

Assume 

u  B  ao+a^v  +  a^v^  +  a^v* +  iic.  (8). 

By  making  v=0,  in  w,  we  get  ^0=  {  %/(-!)  }  %  and  by 
making  v=sO,  in  -p ,  'Ve  also  get 

a,=   {nV(--l)r-^ 

If  we  perform  the  operations  indicated  in  equation  (y\ 
we  shall  get 

2 


«•  =  - 


*  2.3.4     ' 
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,  _  _  n*(«*-4)(n'— 16)tf. 
*  2  .S .4.5 .6 

_  n*  (tt«-4)  (n'  -  16)  («*-36)  a.    . 
"• 2.3.4.5.6.7.8 *^- 


and 


*  2. 3  .4  .« 

a  =^  (»•—')(»* -9)  («'-25)g.     g. 
'  2.3.4.5.6.7        * 

(IS).  Let  M  =  {  V— ,^(v*—  1)  }  * :  by  the  same  process 
as  in  the  preceding  example,  we  shall  obtain  a  difierential 
equation  of  the  second  order,  which  is  identical  with  (7). 

As^me  u  =  a^^  +/I1'  v  +  tf«'  v^  +  ^3*  v*  +  tf/  v*  +  &c. 

In  the  same  manner  as  before,  we  shall  get 
0;  =  {-  v/(- 1)  }  %    and     fl.'  =  n  {  -  V(- 1)  ]  "— 

"•  -     2     •  "•  »        .    2.3  * 


n«(n'-4)  (n«-l)(n*-9) 

'♦"'2.3.4    •"'  *»  -     2.S.4.5-''' 

Sec.  &c. 


The  two  last  examples  enable  us  to  investigate  the  series 
for  cos  nx  in  terms  of  cos  x.  Thus,  suppose  vsscos  x,  we 
have,  by  Demoivre's  formula 


"■•-'H»--9)^  -  &C.J  • 

2.3.4.5  3 

Now         a,  +  a,'=  {^(-.i){»+  |-.^-i)p=s 

lv/(-l)r{l+(-irU    artd 

If  n  be  an  odd  nuffiber^  a^  +  a«'  :=0. 

If  n  be  an  even  number,  of  the  form  4  m,         a«  +  a^^  =2. 
If  n  be  an  tren  number,  of  die  form  iftk-i-^,  a^-¥o^  ^ -<-»£. 
If  n  be  an  odd  number,  of  the  form  4  m  -f  1,  d:,  +  a.'  as^W. 
If  n be  an  odd  number,  of  the  form  4 ?7i  +  3,  a^^a^ss—^n. 
If  n  be  an  even  number,  a^  +  a/  sO. 

There  are,  consequently,  six  different  series  for  cos  it  x 
in  terms  of  cos  x,  corre^onding  to  different  valued  of  li :  it 
is  possible,  however,  to  include  them  all  under  one  general 
formula :  thus,,  siiice 

{  cos  X  ±  >/(—  I)  sin  x  }  "  =  cos  n  X ±  >/(  —  1)  sin  n jr, 
by  making  x  at  -  ,  ^e  get  cos  xsstj,  sin  xss  j, 

SI 

and  therefore 

}  ±v/(-l)|"=C08^±  ^(-l)8in?^. 

In  the  same  manner. 
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consequently, 

a^-^ra^  =  2  co8-««*i^,  and  fifj  +  a,'  =:  2n  cos  f I  »: 

and  generally! 

cos  nxscos  —  -J  1 +  — ^ 1^— &c.  > 

al  22.3.4  3 

2.34.5  3 

By  differentiating  this  result,  we  get 

sin  n^  s  n  cos  —  sm  x  <  cos  a*  —  i ^  (cos  xr 

2  C.  2.3^ 

2.3.4.5      ^         ^  3 


.    +  cos 


(n  —  0  IT    . 


2 


sm  j:  <  1  —  ^ '  (cos  a:r  + 

C.  2 


(n*— l)(n*-9),         V.      (n»-l)(n*-9)(n«-25),         ^ 
^ ^-^ i  (cos  xy  -  5i '^ — ,    ^S^  ^ i  (cos  XT 

2.3.4         ^  2.3.4.5.6  ^ 

These  formulae  readily  furnish  us  with  expressions  for  sin  nx 
mnd  cos  n  x^  in  terms  of  ascending  powers  of  sin  x :  Thus 

cos  n  j:  s  I  cos  ~- 1  )  ^  -•  "T  (8in  x)*  + 


l^^sinxy-fcc.} 


^(n*-4),.. 
2 
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+  „  (cos  ^illl  .  ^)*  sin  jc  1 1  -  ^i^  (sin  xf  + 

("•-'>("'-9) (sin  ^y-&c. ] 
2.3.4        ^         '  3 

and 

8in  n  jrrrn  I  cos  — ^  J   cos  x  <  sin  x  —  — —  (sm  x)* 
V         2 /  C  2.3 

2.3.4.5       V  3 

cos  ^^ =-w  I  sm  X  <  1  -  ^---^ (sm  a:)'  + 

^ A^ (sm  xY — &c.  J-      . 

2.3.4         ^  S 

The  same  differential  equation  (y),  may  be  applied  id  the 
developement  of  {  v  +  \/(^*  -  0  }  %  i^  ^  series  of  descending 
powers  of  v  :  thus  assuming 

W  =  fl«  V"  +  fif«— ,  V*"~  *  +  fl«  — a  V**  — •  +  &C. 

and  performing  the  requisite  operations,  we  shall  find      •    ' 

«— .=  -  -gT 

_n(n-8)a. 
'^-*"    2M.2 

«  («— 4)  (»  —5)  a„  .       o 

the  coefficients  <i»_i>  a„_3,  a.^^,  &c.  being  severally  equal 
to  nothing :  . 

It  yet  remains  to  determine  a» :  since 


« 
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we  iMMre,  by  dMding  by  t7% 


making  -  =  0,  we  get 


V 


a,=  {l  +  lp  =  2% 


and  the  series  becomes 

I  V  +  ^(if  -  1)  J  "  =  (2 v)*-n  (2v)—  + 

2i!L:^(2vy-4  -  n  (n-4)  (11-5)  a^.g,^^ 

1.2     ^      '  1.2.3         ^ 

Again^  since 

we  hare 

=  («»)-"  +  n  («»)-»-• +2i^i^  (2  »)—♦ 

1    •  % 

1  •  2  •  S 
consequently^  if  vscos  x,  we  have 

£  cos na?=(2t?)»-»  (2  !?)»-•  +  ^  ^^"'^\2i)y-^-8cc. 

1  •  2 
+  J(2»)'-"  +  «(2»)-"-*  +  5l^±^(2«)— *+  &c.| 

V  1    •  ^  ^ 

If  n  be  a  whole  number^  all  the  terms  of  the  first  of  these 

(n        \^^ 
-  +  1  1     and  the 

-—1 


and  the  (ti+l)'",  when  n  is  an  odd  number:  the  rematn- 
ing  terms  are  severally  equal  to  the  terms  of  the  second 
series,  but  with  contrary  signs,  and  must  tfierefore  mutually 
destroy  each  other.  The  series  for  cos  n x  will  in  this  case 
consist  of  the  positive  powers  of  v  only.     . 

By  differentiating  the  series  for  cos  nx,  we  get 
rJ(2i))—'-(n-2)C2u)— >  + 


sin  n  X  =  sin  x 


1  .2 

+  8cc.  J 


(2D)»- 


(n-*)in-5)(n-6) 


(ivy 


sitire     1 


This  series  is  also  finite  and  restricted  to  the  positive 
powers  of  v,  when  n  is  a  whole  number. 

The  two  last  series  express  cos  n  x  and  sin  n  x  in  terms 
of  descending  powers  of  cos  j  :  the  corresponding  series  in 
terms  of  the  descending  powers  of  sin  x  are 


.  I 


xT- 


n  (2  sin  x)'  - 


^(»-S)(«-t) 


_i(2™,r)- 
J(2  sin  ij— '-(n-S)  («  «In  i)— 
(2  sin  X} — *  -  &c,  J 


r  =  -  sin  —  j  (9  sin  x)'-n(2  sin  j-)"  — '  + 


"<"-»). 


■} 


85 

+  C08  —  COS  a?  J(2  sin  «)"-■-(«-«)  («  rin  xf-' 

+  (?iziI(!L:l)  (2  sin  »)— «-&c.} 

The  two  last  formulae  are  restricted  to  positive  and  integral 
values  of  n. 

The  reader  will  find  a  complete  analysis  of  these  series 
in  Le^ns  10  and  1 1  of  the  Calcul.  des  Fonctions  of  Lagrange. 

(15).     Let  w  =s  €"*^   * :  the  differential  equation  of  the 
second  order  which  arises  from  thisj  is^ 

From  which  we  shall  find,  by  a  process    similar    to  that 
employed  in  Examples  15  and  14, 

i*=l  +  JL.:t«  +  — i^^^^.:r*  + ^'^^^'^        .rr* 

1.2  1.2.3.4  1  .2.3.4.3.6 

1.5.17.37^    ^^^ 
1  .2  ..  8 

In  the  same  manner,  if  we  suppose  u  =  a^   %  we  shall 
find 

,,=.1  ,  pQg  ^y  j«  +  (logqy  {aog^y+4)}  ^ 

]  .2  1.2.3.4 

.  (log  a)M  (log  ^y -^ 4  }    Klogfly+l6|     .^ 
■*^  1.2.3,4.5.6  ^ 

Cousin.  Calcul.  Dvff,  page  131. 

Ex.  (15).     Let  2^=(cos  x)" :  this  gives  us 

IIM  Sm  X  +  COS  X-r— asO.  (/J)w 
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Assume^ 

u  =00+^1  cos  x-^a^  cos  2^:4*^3  cos  dx  +  8cc. : 

if  we  perform  the  operations  indicated  in  equation  (/?),  and 
transform  the  products  of  sines  and  cosines,  by  means  of  the 
feismula 

sin  px  cos  jTX  =  -  sin  (p  +  y)  a*  +  -  sin  (p— y)  ^» 
we  shall  find 

(cos  xy=aA  1  +  _^co8  2  a?  + ^— ^ — co»4af 

•(i-0(E-)      .     . 


(1+0(1-0(1-0 

c  (¥) 

a,  <  cos  X  +  -  cos  3x  + 

^    (^) 


eos  6 


X  +  &C.  > 


(^)  (^) 


2  g 

-  cos  5 


If  a?  =  0,  we  have 


-    +     1 

2  ^ 
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'n-l\        /■«— 1\  /«— 3 


1.2.3  ....?.  2»  1.2  ....  ("L-I^e--' 

2  V    2    / 


n(n— 1)  ..  ..  ^!f  + A  n(n— 1  ....  ( \ 

Also,  if  T  =  ^,  we  have 

(  —  1)*  =s  cos  W  w  =  flo  ^  1  + + 


'(!-')      ,    J  ef^) 

+  &€•  ^    -  «.  ^  1    +  -—  + 


therefore       ^  -O+cos^^)  ^^j^  ^(l-cosn^r) 

2^  *  2^, 

n(n-I)....  g+  i) 

and      (cos  x)*  b  — . * {  i  +co8  nv  } 

1  .a. 3  ....  ?.2»  +  * 
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,  M  —  cos  »ir  I 


-{  cos  x  -^ --^-  COS  3  <r  +  -s ^r- 


COS  5  X  +  &c. 


} 


This  formula  likewise  gives  us 

n(w-l)  ....  (g  -  1). 
(sin  xy  = j^ .   {  1  +  cos  nir  I 

2 
<  I  ^ cos  2x   + cos4jr  —  &c.  > 

!+•         (1+0  (i+O  * 

+  ^ : ; I  1  —  cos  nw  ? 

>  sin  JT r-r— sin  Sop  +■  ^^  ^ ttT"  sm  5x  —  &c.  > 

t  (!^)  (!^)(^)  ^ 
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£z.  (16).  Let  u  =  (cos  xy  (flfai  tif  y  to  develojpe  thi» 
cxpyession  in  a  series  involving  %ines  and  cosines  of  x  and 
its  iiitiltiotes.* 


Let   ^  =  c0Sf  +  v^(  —  l)8in  j:^  and  therefore  *  = 
cos  '— \/(— 1)  sin  XI  consequently 


M  rs 


iV(-l)J 


Assume  «*  *»  i  and  \w*«:yj-x;)".  (!_—;?)" :  from  which 
equation  we  deduce^ 

(1— z*)  --—  ss  M*  {  n— m— (n  +  iw)  2:  { 
a  z 

=  «**  (flf~iz).  If  flf=»— «f  andi=;7^+m. 

If  we  apply  this  differential  equation  to  die  determination 
^  the  (poefficients  of  the  series 

v>  =  l  +  ^,;2;  +  -rf.z*+il,z»  +  ^^z*  +  &c. 
shall  find 


Also,  it  is  evident  from  the  form  of  the  funi^cttl  u,  that 
if  we  subr^ttte  jb  it  ^  in  the  place  of  0,  the  resulting 

Auicdoa  idlf  fy&±  «,  accordmg  ad  nr  is  an  ev^ii  or  an  od4 
number* 

M 
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In  the  first  case>  therefore 

.  '  ■  * 

HI  IT 
COS— — 

or,    u  St:   2r^H    J  <JC)S  (iw+«)  x  +  -^,  COS  (ifi+n— £)i 

+  -4,  co8(iw+n-4)a:+&c.  | 
In  the  second  case^ 

^.  v'(  -  1)  (••-  -  jrr:)  + 

IM  +  1 
COS ! — .  V 

•r,    u  ==   ■ '  Qm^n {  sin  (w  +  i«)  x  +  ^j  sin  (iw  +  n-^-s)  x 

+  -^a  sin  (^"*  W— 4)  J?  +  &c.  } 

Thus,  itu  zz  tan  x  &i  sin  x  (cos  x)"  * :  we  have 
a  ss2,  b  =  0,  Jj  =  -  2,  ^a  =  2,  ^,  =  —  2,  &c. 

consequently, 

tan  X  :=z2  {  sin  2  j:-  sin  4  x  +  sin  6>r  —  &c.  ] 

In  the  same  manneri  we  shall  find 

cot  J*  =  2  {  sin  2  j:  +  sin  4  i  +  sin  6x  ■{-  8cc«  | 

Euler,    Subiidwm   Calculi  Sinuum,  Nov*  Comment.  Petropoi. 

noo. 
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Ex.  (17).    Let  u  =  c*°*' :  this  gives  at 

ax 
If  we  assume 

ti  s  Ho  +  <(i  cos  X  +  ^ig  cos  2  JT  +  a,  cos  3  or  +  See. 

we  shall  find^  by  means  of  equation  (/?), 

a«  s  2  a,  —  2  ^0 
ii,  =  4  a,  -  fl, 
cr^  as    6  fl,  —     a, 

cf«  =  lOfl^  -     a^,  &c. 

The  coefficients  ^To  and  a^  require  a  separate  determina- 
tion :  we  shall  find 

^•=^  +  F7"*^5-lV-£^  +  ««'ir2V:3^  +  '^\ 
=  1  .  266065878680. 

and, 

"         ^2M».2^2*.1V2^ST2*   1\£*.S».4 
=s  1 .  130318208 170>  very  nearly. 

Ex.  ( 18).    Let  ti  ss  6"^  ' :  we  shall  find  as  before 

fi  s  n^ -f- a,  sin  0?  —  a^  cos  2  x  —  a,  sin  3 x  +  ^4  cos  4tx 
'^  a^faxi5x  —  a^  cos  6  a?  —  ^r^  sin  7  x  +  &c. 

the  cpdGciieiits  being  the  same  as  in  the  series  ia  the  pre* 
ceding  example. 


An  example  of  lb^  appJicatiMi  of  thU  metM  tQ  the 
deTelopement  of  a  series  of  great  importance  in  Pbyocal 
Astronomy  is  giren  in  Mate  ^        ,      , 


Lagrange's  Theorem.    {Note  E.) 

Ex.  (1).  Let  1— jT  +  fl  JT  =  0:  to  develope  yjrx  in  terms 
of  Of  when  >^'  ^  is  any  given  function  of  the  value  of  x  in  this 
equation. 

If  we  compare  this  equatioii  wMi  »--5^+^  (y)asO,  we 
find  zzilf  yzsiX  and  <p(y)vcax:  by  means  of  Lagrange's 
serieSy  or  formula  (2),  page  6S5,  we  shall  find 

1 

(c).    >^aPBsloga?=— tog(li-«) 

:i=a  +  2!  +  ^  +  ?!  +  2!+&€- 
^2        3       4^5^ 


1-1 


(rf).     ^J??:*      »;=«• 
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(f).     ^x  =  sin  ( I f  ==  sin  a 


a»  a» 


=  «  -  —T — + — ^  -;   ^    ^  -  &c. 

1.2.31.2.3.4.5 

and  6p  on  for  any  other  form  of  y\f  x. 

(2).    Let  1  -ar+€*  =:  0 :  the  same  formula  gives  us 
/v      I        --    ,  .        .«(«+')   ,  .  n(n'  +  8w+5)  ^ 

1  •  2  •  3  .  4 


»       '"^    -f»  ^<i  ■!  ■  t    Mil    +  OlC«   ?" 


4 


1.2.3.4.5  '   1.2.3.4.5t6 


(3).    Let  X*— 2  X  4- 1  =0 :  from  henCe  we  deduce. 


(«).    i,^jr«af»«ii 


^IC  n      .  n(n  +  3)      n(n+4)(n+5) 

2»l    ^1.2*      1  .2.2*^     1  .2,.  3.2' 
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(*).       A/rfSSX  — =1 


5l  —      ^      +  ^K^"^^)     n(it— i)(lt 
C.  1.2*       1  .2*«*       1.2.3. 

} 


-f  &c 


If  this  series  be  restricted  »  4-  1.  or  -^— ->  terms,  accord- 

2  2 

ing  as  n  is  an  even  or  ah  odd  number,  we  shall  have,  by 

formula  (4), 

a?       =  1       +1       z:  2  as  ^<  1  —  ■  +  — ^— I — z 

2»l-         1.2*       1.3.8* 

-&c.| 

(e).  ><^  a;  s  log  X  =  log  I  =0 

^22*       1.2. 2*       1  .2.S.2* 
+  8ic. 

or,       log2«i.|l  +-^-5 + 111— -  +  8CC.J 

'  *         2'1  1.2.2*      1.2.  S.2«  J 

4241 


it,    .    I  9         .  ..     145  4241 

1^2'       1.2.2*       1.2. 3. 2*       1.2.3.4. 


2 


i« 


I  * 


+  &c.| 


1  1  9  145  ^ 
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(4).    Let.;V*— 5x4-6aB0:  consequently 

1.2.8     5*      y 

s  2",  rince  8  is  the  least  root  of  the  equation. 

(5).    Let  a-^bx+c)^  =  0:  the  same  formala  {^tcs  us 


•} 


4-  &c 

a  series  which  is  identical  with  that  arising  from  the  de- 
velopement  of  -—  —  v^   "^    ^^/  ^  which  is  the  least  of  the 

two  roots  of  the  given  equation. 

We  ;niay  deduce  a  series  which  will  represent  the  other 
value  which  x  admits  of^  by  modifying  the  form  of  the 
equation :  thus^  if  we  put  it  under  the  form 

-  —  X  —  -—  o  0, 

€  rx 

and  make  2;  =  ^  and  ^  (v)  =  —  '—*•  we  shall  find 


}• 


+  &c 

which  is  the  derelopement  of  the  second  or  greatest  root  of 
the  equation. 


It  is  possible  to  exhibit  &k  values  of  both,  these  roots  in 
one  serieS]  Jnvolring  the  ascending  powers  of  a  quantity 
admitting  of  a  positire  and  negative  sign :  in  order  to  effect 
this,  assume  u  =  x',  which  reduces  the  given  equation  to 

a+cu—i  v'C«)=0: 

consequently,     the    general     formula    gives    us,    if   S   =: 

-\/(-r)-  +»=«'  =  ' 

Van/       1.2        Via/        l.a.3.4      V20/ 

1  .2  .3  .  +  .  5  .6  V'Jtty 

\«o/        I        1.2      Via'        I.«.9.4      Vso/ 
+  &C.J 

__s^^  //'i^'^Ji !_     y        1.1.3       <• 

2^       V    Vc/t        1.2''2'.ai7       1  .  2  .3  .  4  '  S'.aV 

__1.1.3.3.5        _l > 

1-2.3.4.5.6     2*.  (!'<:»  > 


a  series  which  represents  the  two  roots  of  the  equation  and 
which  may  likewise  be  deduced  from  the  developement  of 


It  ought  to  be  remarked^  that  though  there  always  exists 
an  algehraical  equality  between  the  roots  of  the  equation  and 
each  of  the  values  of  this  series,  yet  these  quantities  can  only, 
in  some  cases,  be  considered  as  arithmetically  equal :  for  if  a 
and  c  have  the  same  sign,  the  two  values  of  the  series  assume 
in  imaginary  form,  though  the  roots  themselves  may  be 
possible. 
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The  conrerse  of  this^  howeyer^  sometimes  takes  place  In 
series  deduced  by  the  first  method,  or  imaginary  roots  are 
represented  by  series  all  whose  terms  are  real :  thus  suppos« 
ing  jr*— x+  1  ssO,  the  formula  gives  us 

1.21.2.3 

1.2.3.4?  2 

it  ought  however  to  be  observed,  that  this  imaginary  ex« 
presrion  gives  the  same  series  with  real  terms,  by  the  ordi- 
nary process  of  developement.  The  reader  will  find  a 
complete  discussion  of  this  curious  subject,  in  a  paper  by 
Lagrange  in  the  **  M^moires  de  PAcad.  de  Berlin'*  for  1770. 


(6).    Let  x>— i;x+4rsO:  in  this  case  z  =  2  and  ^  (y)^ 

p     ' 

— :  consequently 
P 

^  p\         f       1.2/       1.2.3/J* 

+  ficc.  I 

a  series  which  represents  the  least  of  the  three  roots  of  the 
equation. 

Again,  assuming  u-r:^^^  the  equation  becomes  u—pu^ 
•l-f  aiO,  and  the  same  formula  gives  us 


\ 


98 

g  .  1  .  4?  f  4,  1  >2  >5  >S       j>* 

3*.  1  .  Si .  3  .  4  '  /       x|       3^  .  1  .  2  .  ...e  *  (-j/ 


+  &C 


} 


and    since  (  —  jr)i,    admits    of  the    three    values,  -  yi, 

furnish  the  developement  of  the  three  roots  of  the  equation. 

(7).    Let  a— Aa?+^a?*  =  0:  from  which  we  deduce 

1^     ^      aC,  ^ra— •     2.<r*«»"-^  ,2  .3  .r»a»«-» 
^  «l  A*  1  .2.A«»  ^  1  .2,3,3»* 

+&c.| 

Again,  assuming  x*  =  t^,  the  equation  becomes 

from  which  we  get,  if  S  s  f V , 

1  C  A 

But  I  being  equal  to  (cos  ?Ar  +  ^(-.i)8in^^) 

\  \Zrj '  ^^^  ^^  P"^  ^"°'  ^*  ^'^^  numbers  1,  2,  3  • .  n, 

we  shall  have  n  different  values  of  the  series,  corresponding 
to  the  n  roots  of  the  equation. 
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It  18  evident  that  the  same  method  is  applicable  to  the 
inyestigation  of  a  series  to  represent  the  values  of  all  the  roots 
of  any  equation  whatever :  thus  if  the  equation  be 

by  assuming  ussx*^  it  is  transformed  into 

ii  +  iji«» +i,M» +ijM»  +   6»M=:0. 

If  we  assume  ^  =  v  "T  /  '  ^*  before,  and  investigate 

the  series  for  «»  or  a:,  the  resulting  expression  will  evidently 
admit  of  n  values  corresponding  to  the  n  roots  of  the  given 
equation. 

Lagrange,  in  the  Memoir  just  cited,  has  explained  a 
method  of  ascertaining  the  degree  of  convergency  or  diver- 
gency of  these  series  for  the  roots  of  an  equation :  but  the 
discussion  of  this  subject  is  foreign  to  our  present  purpose^ 
smd  the  reader  must  be  contented  with  this  reference  to 
sources  where  more  complete  information  may  be  obtained. 

(8).    Let  X  = :  to  develope  >^  a:  in  terms 

1  +  V  ( 1  —  ^/ 
of  ascending  powers  of  e. 

The  roots  of  the  equation 

u" w+1  =0, 

e 

are  ,  and :  consequently 


100 


(9).    Let  X  =r  — -^ L  :  consequently 

1  —  c  cos  V 


a  (1— e*)— j:  +  e  cos  v.x  s  0, 
Making  zssa  (1  —  6*)»  ^^<^  ^=^  cos  v,  we  get 
yf/xssxssa  {  1+V— (tanvye^-.(tanvye^— (tani?)V*— &c.  J 

V^ap=logir=:log  ;?+e  +  — +  — +  &C. 

2        3 

If  it  was  required  to  express  e,  in  terms  of  the  other 
quantities  of  the  equation,  we  must  put  it  in  the  form 

^    -e ^—  .(l-c«)=0: 


cos  V  X  COS  V 

from  which  we  get  by  the  ordinary  formula 

e  =     ^     +  2  ,  (sin  ^y  ^.        q'       ^  £•  ^  (sin  <?)*  ^ 
COS  v      X*  (cos  vy      1  .  2  •  a?*  *      *  (cos  vy 

0^ 2  .3  .  (sin  t?y   {  5  (cos  t?)*  |      g^ 


1.2.3.0:*  (cos  vy 

(10).  Let  t«  s  n  /  +  6  sin  11 :  comparing  this  expression 
with  formula  (1),  we  find  zzznt,  x  ^e,  y  ssu  and  ^  (j/)^ 
sin  II :  consequently, 

r  X  .      •         ,     e*       d  (sin  z)* 

(fl)  u  =  z-^-e  sm  «  +  - — -  .  — i-- — i-  -f 

I  .2         az 
^         d-  (sin  zy  ^  ^^ 


1.2.3'      rf  z' 


e^ 


zz  fit -{-esm  nt  +  ■  •  2  sin  2n/ 

1.2.2 


+ ^-r— :s  (S*  sin  SntS  sin  n/) 


1  .  2  .  3  .  4  .  2» 
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(4'  sin  4  n /— 4  •  2' .  sin  2  it/) 


+--_--__- — -I  5^8in5n/— 5.S^8inSn/4~^8inn/ I 
1.2.3.4.S.2*  V  1  -2  / 

+&C. 

If  tf  represent  the  eccentric  and  i»  /  the  mean  anomaly  of 
a  planet^  reckoning  from  the  perihelion,  and  if  e  be  the 
eccentricity  of  the  orbit,  this  series  converges  with  great 
npidity  for  most  of  the  planetary  bodies,  since  e  is  a  very 
imail  quantity.    Laplace  Mkcanique  Celeste,  Lib.  IL  Art..22. 

(6).    >frtfs=a  (I'-e  cos  u) 

^      d  (sin  zf 


=5  a  <  (1— e  cos  2)+c*  (sin  z)*  +  -— •  • 
C  1.2 

1.2.S  dz""  > 

sfl^l  +^  — ecosw/  —  -'C0s2n/ 
(.2  2 

-  (3  cos  3  n /--3  cos  n  0 


dz 


J  .2.2 
1  .  2  .  3  .  2» 


(4* .  cos  4«/— 4  .  2*  .  cos  2»/) 


—  .  I  5'  .  cos  5  n  /— 5  .  3'  .  cos  3  n  / 

1  .  2  .  3  .  4  .  2*  V 

H .  COS  n/  I 

1.6        y 

—  — ' — r-rrrt  6*  •  cos  6n/-6  .  4* .  cos  4n/ 

1.2.3.4.5.2*V 

+  — ^—  .  2^ .  cos  2  n  /  1  -  &c.  \ 
1.2  X  3 


This  series  expresses  the  radius  vector  of  a  planet's  orbit, 
in  terms  of  the  mean  anomaly,  reckoned  from  the  perihelion. 
Laplace.  Id. 

dx        dx"  I  .2     dx^     1  .2  .3 
to  find  an  espression  for  h  in  terms  of  u  and  its  differential 
coefficients. 

If  we  put  p,  q,  r,  s,  &c-  for  the  differential  coefficients 
of  u,  and  compare  the  equation  with  z  —  y  +  ^  (y)  =  0,  we 

find  z=~-aiid<b(y)=-l\q.~  +  r — — +&c.|; 

p  ^  pV    i  .2  1.2.3.*  5  * 

consequently,  by  a  process  similar  to  that  employed  in  the 

Example  given  in  Note  £,  p.  646>  we  get  ^^^J 

A = -  i  g  +  X .  j^  +  r  M'  -  /""^  -j^  ^M 

tp       J^     1.2^V       jfi        ^1.3.3      ^^M 

V  p^  Ji.'i.sA        y 

See  Lagrange  Rholuthn  des  Equations  Numiriques,  Note  II, 
and  Euler.    Init.  Calc.  Diff.  Pars.  II.    Art.  232,   where    the       " 
uses  of  this  reverted   series  in  the  resolution  of  numerical       , 
equations  are  explained. 

Faoli  in  his  Ehmenti  d'  ^IgebrOf  Vol.  II.  page  44,  hat 
put  this  series  under  a  very  elegant  and  remarkable  form ; 


loa 

(8  «•  -  1)  1^ 


1 V  >  » 

~      l2*(i» -X  +  I) 'l    ■  «♦(«*- j;  +  1)»' l.« 
(21  a:*  -  13  a?*  -  6j  +  3)        m'  ^^  "> 

a'(z»-  X  +  i)»       *i.2.3        ■> 

If  a  be  a  root  of  the  equation  ubiO,  and  x  be  an  approxi- 
mate value  of  a,  we  shall  find  ' 

Tbusif  jp  =s  -  and  therefore  n  as  — —-,  we  shall  get 

3       11           391 
a  zz^  +-  —  rr  +  -TTz —  &c.  =  1.61,  nearly* 

If  we  substitute  this  new  value  of  x,  and  confine  our^* 
selves  to  four  terms  of  the  series,  as  before,  we  shall  find, 
a =1.6 1 17662:  and  by  a  continuation  of  this  process,  the 
approximation  may  be  carried  to  any  required  degree  of 
accuracy. 

Again,  let  u^x  log.  j?— log.  100 :  this  series  gives  us,  if 
41 1)6  a  root  of  the  equation  u  ssO,  a  =  x  +  h 


u  u^ 


1  +  log.  X       1 . 2  .a: (1  +  log. xy 

(4  ■}-  log,  x)  v? 
1 . 2  . 3  .  a:*  (1  +  log.  xf 

{27  +  14  log,  y  +  2  (log,  j)*  }  i^ 
1.2.3.4.x»(l  +  log.  xy 


-  &c. 


If  we  make  a:=3.6,  and  therefore  wss  — .220499796,  we 
ihall  get,  by  confiining  ourselfes  to  the  three  first  terms. 
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X  s  8.5972722^  a  result  which  is  accurate  to  four  places  of 
decimals.    Euler.  Inst.  Calc.  Diff^.  Pars.  11.  Art;  24i>  242. 

(12.)    To  find  the  general  tenn  of  the  derelopement  of  •< 

P-t-gj 
1  —  2  X  cos.  ^  +  2* 

It  appears  from  the  investigation  of  formula  (4),  that  the 

fx 
coefficient  of  ;r*,  in  the  developement  of  /  ^  is 

the  series   being  restricted  to  those  terms  which  involve 
negative  powers  of  je. 

Now,  in  this  case, /«  = -j^,  «  =  ^^  and  ♦»  - 


:  consequently 


2  cos  ^ 


/.  =  P 5(2  cos  a)«  --  («  -  1)  (2  cos^)»-»  + 

^^-y^-'^^cosayr^-Scc.] 

-f  (2^(2  COS  a)*-*  -  (»  —  2)  (2  cos  a)»-»  + 

(n  —  3)  (n  —  4)  ,^        ^.^_,       ^      ^ 
> ^-^ '  (2  COS  ^y— *  —  &c.  ? 

=  P8in(«+l)0+<ZsinnO  ^,  ^^ 

sm  tf 
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It  from  hence  appears  that 

f  •'•Q/ _=  ~i P sin  e  +  (P sm2  0  +  Qsin0)x 

1— 2*.co8*+i*      sm  tf  t  ^  x.        / 

+  (P  sin  3  ^  +  (2  sin  2  0)  :r"  +  &c.| 

The  general  term  of  the  developement  of  '^ r-; 

^  *^  (z  —  ar  +  0  x)** 

may  be  easily  deduced  from  that  of s^— ;  for  if  we 

make 

u  = iL ,  we  find 

z  —  X  -^  <px 

du  ft 

i/  jzr      (z  —  X  +  0  J7)' 


and 


d^u        _  fx 

1.2.1/2'  '"(^-' J?  -  (p  xf 


1  .  2... (»i-l)rf  ;?'"-*       (z- X  +  0xr 

In  the  same  manner^  if  we  put  v  for  the  function  of  z^ 
which  is  the  coefficient  of  x*  in  the  developement  of  u^  we 

shall  find  — 7--  and  ,7*   ; r-^ — ^ ,  for  the  respective 

coefficients  of  the  corresponding  terms  in  the  developements 

fx                                   fx 
oi 1 -,   and  , ^ — 

{z  —  x-^ipxy        Kz  ^x  +  <pxy 

Thus,  if  we  substitute for  z*  we  shall  find 

2  cos  ^ 

ft 

—  rr^P\{^  +  1)  (2cosa)«  +  '  — n(«—  1)  (^cos^)*"-' 

+  (~-l)(«-2)(«-3)      ^^3  ^y._,  _  ^1 

1  .£  3 
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+  qS n  {2  cos  ey - (n  -  1)  («  -  2)  (8  C08  O)"-* 

the  seriets  being  restricted,  as  before,  to  such  terms  as  inTolve 
positive  powers  of  2  cos  0. 

In  the  same  manner^  the  general  term  of  the  d'erelope- 
ment  of 

(1  —  2  a:  cos  a  +  x^y^      1  .2 (iw  — l)d*-*z 

=  P^(n  +  1)(»  +  2)....(n  +IW  -  l)(2cosa)»+*- * 
-(«-  l)n (w  +  iw-2)  («cosd)»  +  "— "' 

1  •  ^  3 

+  (2|n(w+l) (»+  iw-2)  (2cos^)*  +  *— "• 

-  (»  —  2)(n-  1) (n  +  wi  -3)  (2  co8^)»+*-* 

—  &c.| 

Lagrange,  Resolution  des  Equations  Numeriques.  Note  XI. 
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On  the  Maxima  and  Minima  of  Functions  of  one 

P'ariahle. 

Abt.  47—51.  (Ex.  1).     Let  tt  =  x^  +  3  a:  +  2 :  to  find 
when  tf  is  a  maximum  or  a  minimum, 

Ifxs= ,    w=  —  -,a  mrnhnum. 

Euler.  Inst.  Calc.  Diff.  Pars  II.  Art.  261. 

(2).    Let  M  =  x'  -  15  a:*  +  56  a:  -  60. 

I£x=  li±iA57)     ^«_23o  -  —  >/(57),  a  «mii»wi«. 

3  9 

If  x  =  ^^"\/(^^)  ,  «  =  -  230  +  — v/(57\  a  iwflXiVwMni. 

*3  y  /    ' 


(3).    Lettts=ar»—ax*  +  Ax-r. 

Tir^      a+V(a'^3*)  2o'   .  a*  2(fl*-3A)* 

3  '  27         3  27 

a  minimum. 

3  27         3  27       ' 

a  maximvrm. 

K  n^  zzSbf  the  two  values  of  x  are  equal,  and  the  func- 
tion is  neither  a  maximum,  nor  ^  minimum.    Euler.  Id. 


(4).    Let  w  =  a:*  —  8  J*  +  22  x»  —  24  x  +  12. 

% 
If  X  s  3)    u  =  S,  z  minimum. 

If  X  s  2,    u  s  4j  a  maximum. 
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If  j:  =  1^    u  :=:  3f  z  minimum. 
Euler,  Id, 

(5).     Let  w  =  a;*-5j:*  +  5x»+l. 
Jf  X  =  3,    u  zz—  27,  a  minimum. 
If  J?  =  1,    2f  =  2,  a  maximum* 

If  xzzOj  u^=  I,  which  is  neither  a  maximum,  nor  a  m/'/i/- 

mum,  since  ^fc;^  root^  of  the  equation  -y.  s  0,  are  equal  to 

ax 

nothing. 

If  the  function  had  been  a?*--5a:*+5a:*+  1,  then  three 

values  of  x  in  the  equation  •—  =:*  0,  would  have  been  equal 

ax 

to  nothing,  and  t^  =  1,  would  have  been  a  tmnimum  value  of 

the  function.     Euler.  Id, 


(6).    Let  w  ;=  (j:  —  a) 


If  07  =r  fly  then  t£  =  0,  z'minimumj  when  n  is  even  ;  but 
neither  a  maximum,  nor  a  minimum,  when  n  is  odd.     Euler. 

(7).     Let  «  =  3J7*-28iia:' +  84<?'j:*-96a'x +  48**. 
If  X  =  4flf,    w  =  136  fl*  +  48  is  a  minimum. 
If  j:  =  2flf,    w  =  —  32  a^  +  48  **,  a  maximum. 
If  X  ^  a,    w  -ac  —  87  «*  +  48  is  a  minimum. 

(8).     Let  w  =  10  x^  —  12  o:*  +  15  x*  -  20  x^  +  20 ;  the 
fCMJts  of  du=:  0,  are  1,  0,  0,  v/(—  1),    -  v^(—  1). 

Ifx=l,    w  =  13,  a  minimum. 

Jf  x:;=0j    M  is  neither  a  maximum f  nor  2.  minimum. 
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If  xsz  ±  V(— 1)^  u  is  neither  a  maximum^  nor  a  minimum^ 

since  the  result  of  the  substitution  of  either  of  those  roots  in 

d^  u  • 

j-^  is  an  imaginary  quantity^  which  can  neither  be  cohsidered 

as  positive  or  negative. 

If  the  roots  a^f  a^y  a,,. . .  .a»  of  the  equation  •-=-=:  0, 

ax 

arranged  in  the  order  of  their  magnitudes,  be  substituted  in 

W*  at 

the  equation  — ^  =  O;  which  is  a  limiting  equation  to  the 

u  X 

former,  they  will  give  results^  which  are  alternately  positive 
and  negative,  and  will  consequently  make  u  alternately  a  mini" 
fftum  and  a  maximum^  beginning  with  the  first.  It  appears, 
therefore,  that  if  there  are  m  unequal  and  real  roots  in  the 

equation  —  =  0,  there  are  always  m  minimum  and  maximum 
dx 

values  of  u  corresponding  to  them. 

If  in  the  same  equation  there  be  p  roots  equal  to  a, 
q  roots  equal  to  3,  r  roots  equal  to  c,  and  so  on,  then  there 
vill  be  one  minimum  value  of  u  corresponding  to  each  of 
these  classes  of  equal  roots,  when  p,  q,  or  r,  is  an  odd 
number,  and  no  such  values  whatever,  when  these  numbers 
are  even.  Also,  if  any  such  values  of  u  exist,  they  will  be 
necessarily  equal  to  nothing,  or  to  c,  when  ^  is  a  constant 
quantity  connected  with  u  by  the  sign  +  or  — . 

It  is  hardly  necessary  to  remark,  that  no  maximum  or 
minimum  value  of  u,  can  ever  arise  from  an  imaginary  root  of 

du     ^ 

51  =  ^- 


(9).     Let  «  =      ^ 


x'  +  l 


• 


If  X  =  1,    u  =  -*  ,  a  maximum. 

2 


no 

Ifa:=—  1,    M  =  —  -.a  minimutn. 

2 

It  Is  very  eiddent.  that  if  u  be  a  maximum^  -  must  be  a 

u 

fninimumy  and  versa  vice :  this  consideration  will  sometimes 

enable  us  to  shorten  the  necessary  operations  ;  aa^  in  the  case 

before  tis,  the  differential  coefficients  of  «  or  a?  +  ^  >  are 

u  ^ 

more  readily  found  than  those  of  u.    Euler.  Id.  Art.  265. 

rir^\       T    .  ^^  Sx  +  x* 

no).    Let  u  is  -zr—z — - — i  • 

If  jr  =  ^fi,    M  ss:  12  v/2  —  17,  a  minkuum. 

If  X  =  -  ^2,    t^  =  —  12  v/2  —  17,  a  maximum. 

This  example  shews  that  the  maximum  or  minimum  values 
of  a  function,  do  not  depend  upon  the  relation  which  tliey 
bear  to  each  other,  but  to  the  values  of  the  function,  which 
immediately  precede  and  follow  them.    Euler.  JU. 

(11).    Let  w  =  ^^l-^±i. 

1£  X  zzO^    uzr—  1,  a  maximum. 

If  X  z=  2|    u  :z,     ,  a  minimum. 
Euler.  /i^. 


(12).     Let  t^  = 


j:*  —  X*  +  1 
Ifj^sl,    i£=2,  a  maximum. 
If  a:  =  —  1,    «^  =  —  2,  a  minimum, 


The  other  values  of  x,  in  the  equation  j-  =  0,  are 


Ill 


d;  V  I  — ^  ^^^^|,  which  are  all-  of  them  imaginary. 


Euler.  Id. 


(IS).    Let  u  = 


a:*  -  x'  +  1 


If  a:  =  — !-3£ —      w  =  -, ,  a  tnaxtmum* 
2  2 

xr  1-4/5  1 

2        •  2'* 

If  x  =        ■       ^ — ,    u:^ •  a  minimum* 

2  2 


If  a?  =  ^  , ,,  u  s:—  -;•  a  mtntmum. 

2  2 


Euler.  £/. 


In  finding  the  maximum  and  minimum  values  of  functions 
under  a  fractional  form,  it  will  frequently  be  useful  to 
remark; 

1st,  That,  if  M.=::«J*,.  we  have  drM  =:  —  <  — >  : 

consequently,  when^--.*  =  0,  we  must,  have  either.  t?.=  Q, 

dv      dn/  J     _ 

—  =:  --.,.or,u:::  <»• 

s  ,  when  ai#  =  0 ;  and  smce  v '  is  essentially 

potUve^  the  sign  of  -t^wiU  depend:  upon  that  rt^x  -^vd^'v', 

dx 

■J 

when  we  substitute  for  x^  the  roots  of  —  =  0. 

dx^ 


3dly,   If  «  =  il,  »e  have  d ,  =  ^  i 'jjl  - 'Jl^l , 
and  therefore  ^  =  0,    when   »■  =  0,  ^^  =  i:!^',    or 


4thly,    Also,  when  -,_  =  0,   we  find 

f-    V  V  V    \  V         v'  /  y  ] 

from  which  the  sign  of  d*  u  may  be  easily  determined, 


(U).     Let  u  = 


_c^+9y 


(J  +  2)' 


If  x  =  t 
If  a;=- 


(  is  neither  a  maximum,  nor  : 


This  function  becomes  a  maximum,  when  t  =  —  2,  a 
case  in  which  u  as  well  as  its  differential  coefficients  become 
infinitely  great ;  this  case  can  hardly  be  considered  as  an 
exception  to  the  general  proposition  in  Art.  48,  the  truth  of 
which  entirely  depends  upon  the  differential  coefficients  of 
the  function  being  finite  or  evanescent,  upon  the  substitu- 
tion of  a  particular  value   of  x.    It  may  be  explained  as 


follows  :  let  d  =  - 


— -— ,  and  therefore 


{,r  - 


«)'e 


a  quantity  which  may  be  readily  shewn  to  become  a  mini- 
mum, when  X  =  a,  if  ff  be  an  even  number;   and  since  the 

minimum  values  of  -  >  are  the  maximum  values  of  »,  it  is 
u 

obvious  that  in  this  case,  we  must  reckon  ti  =  <x,  among  the 

maximum  values  of  the  function. 
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(15).    Let««:(£Jl|5 

V  X  ss  -^  5i   u  =s •  a  maximum. 

729 

l£  X  iz*-^  Sy   u  ==0,  a  minimum. 
IfdTs  —  £>    tf  =  oo,  a  maximum. 


(16).    Letwsji ^ 

^  =  ilZ-lI.(5-:r)  =  0. 
dx      (a:  +  1)*    "^ 

U  X  'z:  $3    u  zz  —  9  z  maximum* 

27 

I£  X  ss  I,   u  ssO,  z  minimum* 

Ifx  =  —  1^  uzi  CO,  which  is  neither  a  maximum,  nor 
ammifRtfm. 


(17).    Leti*  =  (L+£^ 


i/»      (1  +  x^)*  "^  ^ 

I7  +  7"^^ 
If  ;r  ■■  —  2  +  4/7)    u  s  ,  z^naximum. 

If  :r  s  —  2  —  \/7,   ii  =      ■  ,^         •  a  minimum. 

16 

There  is  no  maximum  or  minimum,  corresponding  to 
4rs5-i^orjrBB±  ^-  1.    Euler.  Id.  Art.  267. 

p 
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(18).    Let  u  =  ^{a*  +  x^)  -  x. 

I{  X  rz  CO,    u  zzO,  z  minimum, 
Euler.  Id.  Art.  21  \^ 

(19).    Let  w  =  ^(1  +  8n^)  +  ^(1  -  ntx^ 

If  ^=sl/  I  —  1,    w  =  -Ji — ,  a  maxtmum. 

Ifa:  =  4/(a^),    u  =  r  y^  +  Vf ^^^  a  minimum. 

If  a:  =  —  ^/(a  *),    u  zz  ""  ""^     I  a  maximum. 

If  the  function  had  been4/|l±^J  •  {|-=t^}  ,  it 

would  have  admitted  neither  of  a  maximum  nor  a  minimum. 

In  general^  if  any  function  «£  be  a  maximum,  oi  a  umi- 

m 

mtim,  we  may  likewise  consider  u^  as  a  maximum,  or  a  iTtfiif- 
9n«£i»,  unless  iti  be  an  odd  and  n  an  even  immber  ;  ia  which 
case  it  is  necessary  that  the  maximum  and  minimum  values  of 
u  should  have  a  positive  sign. 

In  finding,  however,  the  maximum  and  minimum  values 

of  u  from  .those  of  u"^,  there  ma^^  exist  mkmnsmn  values 
of  the  second  function  which  have.no  such  values  corres- 
ponding to  them  in  the  first;  for  xiiQ  maxima  znd  minima 
of  «•*  are  determined  equally  from  the  equation  i«*~'  =  0, 

u  U 

and  — -  z=  0 ;   though  no  such  value  of  w"*  arises  from  the 
ax 

first  of  these  equations,  unless  m  be  a^i  even  number. 


il5 

But  tlus  statement  requires  some  modification ;   for  if 
F  =  M*,  it  does  not  always  follow  that  —  r=  0,   when 

rf"""'=0,  or  ---  =o>  since  the  same  value  of  x  which  verifies 
ax 

the  first  equation^  may  make  — -  s  oo,,  and  versa  vhe^  it 

a  X 

dV 
appeare  therefore^  Aat    ,—  may  have  a  finite  value  under 

w  X 

these  circumstances,  which  is  inconsistent  with  the  condi- 
tion of  a  maximum  or  fninimum  value  of  F. 

(21).    Let  tt  =  or  v^a  x  —  x'). 

Tf         ^^  3v/3  , 

li  X  =  -7- ,    w  =      ,  ^     fl",  a  maxtmum. 
4<  lb 

Assume  ^  =  m*,  from  which  we  get 

dV      a     du       -      ,       .. 
dx  dx 

tie  roots  of  which  equation  are  —  »  0,  0 ;  the  first  of  which 
Dttkes  ^a  maximums  but  2«=0,  when  r  =  a,  a  value  which 

nukes  ^  =  «.,  and  ^  a  finite  quantity. 
dx  dx  ^  J 


(22),    Let  u  zz  X  {x  "  ay. 

If  J?  =  -  ,  ti=  —  rr  a,  a  maxtmum. 
4  4* 

If  we  make  F^iu*  =  x*  {x  —  aY,  we  find    ^ 
dV  du 

dx  3x  \  /  \  / 

a  S*    . 

consequently!  if  a:  =  j  ,    F  :=:  rjs  a%  a  maximum. 
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U  x^Of  F  ^0,  z  minimum. 

If  07  s  0^  F  siO,  a  minimum. 

In  this  case,  u*  admits  of  two  minimum  values  which 
have  no  existence  in  u . 

(2S).  Let  M  =s  i  +  r  (j:  —  a)'  :  it  is  obvious^  that  when 
:r =a,  this  function  is  a  minimum  or  a  muxiiittfm,  according  at 
r  is  positive  or  negative ;  a  case  in  which  we  have 

du      2c ,        V     . 
dx       S^        ' 

Let  r  =  (w  -  ^y  =  ^  (x  -  fl)%  an  expression  which  is  a 
minimum  or  a  maximum,  at  the  same  time  \nth  v :  making 
therefore 

ax 

we  find,  when  xs:a,  F^O  or  u=b,  a  mimmum  or  z  maxi'^ 
mum,  according  to  the  sign  of  c. 

(24).  Art.  51.  To  find  the  maximum  and  minimum 
values  of  u  in  the  implicit  function, 

«*• + 1»  a:  ti  + a*  +  ^  a:  +  »  a?* = 0 . 

du       P       mU'{'b  +  2nx      ^  ., 

-7-  =  —  = =  0 :   consequently, 

dx      Q  Qu  +  mx 

P=0,  or  (2=«  :  in  the  first  case,  - 

M  =  —  ' —I ;  from  the  substitution  of  which  in  the 

m 

original  equation,  we  get 

^  _  2nb±m^  {  nb^  +  n  (m^-im)  a*  \ 

and    n-  -^^^2^/ \  nb^+nint'^i^n)  a*  ] 

m^  —  ^n 
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die  negative  sign  prevailing  when  u  is  a  minimum,  and  the 
posidve  when  u  is  a  maximum. 

Iq  order    to  distinguish    the    maximum  and  minimum 
values  of  u  from  each  other^  we  must  examine  the  sign  of 

*p-  which  arises  from^  the  substitution  of  those  values  of  x 

or  Uy  which  make  —  ==  0 :  buty  in  general,  since,  in  this 
^  ax 

casci  -—-  =  --  =  0,  we  have 
dx      Q 

Pdx  •\-  QJuzssO. 

By  differentiating  a  second  time,  we  find  ^ 

dPdx-hdQdu  +  Qd^u  =  0  (/?) 

^ce  dx  is  constant :  but  P  being  a  function  of  x  and  u, 

we  have 

« 
d P  zzpdx  +  qdu, 

where  p  is  the  differential  coefficient  of  P,  considering  x 
abne  as  variable :  substituting  this  value  of  d  P  in  equation 
(^)and  making  du=:0,  we  obtain 

pdx*  +  Qd*u:=:Oi 
or  -—  s  —  £ ,  which,  in  the  case  we  are  considering, 

first  or  the  second  value  of  x  it  substituted* 

If  a;=0,  u  admits  of  neither  a  maximum,  nor  a  minimum. 

If  m'=:4n,  then  u  admits  but  of  one  value,  which  it 
— 7 —  9  a  mtntmum. 
Kuler.  /«//.  Ca/tf.  JDjf,  Pars  II.  Art.  277. 
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du       1 — 3x'— SxM 


=  0: 


dx  £»•— x* 

from  which  we  get  the  equation  to  determine  values  of  x,  or 

If  J7=-  1,  M=  1,  a  maximum^  or  lis^O^  which  i8  neither 
a  maximum^  nor  a  minimum,    Euler.  Z:/. 

(26).    Let  j:'  +  w'=a'^. 


w^3*  V  3  x/3 


v/3'  V  3  V3 

>  • 

a  ^  /    £ 

If  X  = ,  uzxa  \/ ,  a  maximum. 

(27).    Let  j:'  w— «  «*— >»  a-rrO. 

If  a:  =  —  4/  i — ^,  ti  =  —  4/  -^^-i ,  a  maximum. 

(28).    Let  !*•  +  2  x«a* +4  *—  S  =0. 

If  x=:  — I,  t«=:2j  a  maximum. 

If:r8=l^tt=:  —  I^  which  is  neither  a  nkzar/muiTiy  nor 
a  minimum^    £uler.  Id. 

(29).    Let  M'  -f  4r»-.3  a  m  =  0. 
The  equation  to  determine  the  talues  of  x  u 

If  X  s  a  ^2,  usza ^4,  a  maximum. 

If  X  zzO,  u  siO,  a  Talue  which  requires  a  particuhr 
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cxaminatioa,  nnoe  in  dm  case  —  as  wefl  as  -— -  becomes  -- . 

By  the  pocess  exphined  in  Note  F^  page  650,  after  one 
^fferentiatioa  of  die  equation  P  dz-k-Qdu^O^  we  shall  find 

-^  =  0^  or  —  =-.=30,  since  n  =  0.    Also,  by  di^ien- 

dx  dx      u 

dating  tbe  same  equation  a  second  time,  and  maHng  x  s=  0, 

KsOand —  =  O,  we  shall  find  -^  =  — •  which  indicates 
dx       ^  rfx»      3a 

a  mmwutm  Talne  of  u. 

du 
If  we  suppose  -r-  =00,  all   the  other  differential  co- 
ax 

effidents  become  infimte  under  the  same  circumstances,  which 

shews  diat  Taylor's  series  fails  to  give  the  developement  of 

1^  or  the  succeeding  value  of  u  when  x  =  0 :  we  must  have 

recourse,  therefore,  in  this  case,  to  odier  methods. 

Thus,  if  in  die  ^ace  of  x  =  O,  we  put  x  =  0  +  A,  or  A, 
we  hare,  if  ai=l, 

ft»  +  3f»  -  Sakh  =  0: 

and  if  we  suppose  h  so  small  that  all  the  terms  of  the  series 
for  i  In  terms  of  A,  after  the  first,  may  be  n^lected,  we  shall 

find 

oa 

It  sq)pears,  therefore,  that  tf=0,  is  a  mimmtan,  since  this 
nlae  of  u  or  A  is  less  than  those  corresponding  to  x  3=  A 
and  x=:  —A :  the  odier  values  of  A,  however,  give  no  minimum 
nine  of  If,  since  they  become  imaginary  when  A  is  negative. 
Eoler.  n, 

(30).    Let  i£*  —  4  fl*  X  u  +  a*  =  0 : 
The  equation  which  gives  the  values  of  x  is 
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If  JT  5=  «  ^3, .  u  =  a  4/27,   a  maximum. 
If  X  zz—  a  ^3,   u  zz-^  a ^27,  a  minimum. 

(31).     Let  u  =-^: 

log  or 

If  log  J?=l,  orif  jTsse^  t/=:6y  a  minimum.  This  is  the 
solution  of  the  following  question.  /'To  find  the  nuttiber 
which  bears  the  least  ratio  to  its  logarithm."  Euler.  3, 
Art.  272. 

m 

/ 

(32).  To  find  the  number  ar,  whose  x^^  root  is  the^ 
greatest  possible:  or  let  m  =  jt'. 

li  X  =i  €9  u  =z  €^9  a  maximum. 

(33).  To  divide  a  number  a  into  such  a  number  of  equal 
parts,  that  their  continued  product  may  be  a  maximum^  or 

= (1)' 


let  u 


a  " 

Ifa;=-,w  =  €^,  a  maximum. 


(34).  A  debt  A£  accumulating  at  compound  interest  is 
to  be  liquidated  by  payments  of  a£  at  the  end  of  the  first 
year,  2  /i  «£  at  the  end  of  the  second,  Sat  at  the  end  of  the 
third,  and  so  on  :  if  r  be  the  rate  of  interest  of  1  of  for  one 
year,  after  what  number  of  years  will  the  debt  be  a  maxi^ 

mum?  orletM  =  4(l+r)'-  -.(l+ry-»-'  +  5f  (1+r  +  rx). 

r  r 

.f  log  a  r  -  log  \  [a{.\  +  f )  -  r'-A]  log  (1  +  r)  } 

/^'- log(l+r) — ' 

u  \^  z  maximum. 
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If  A  be  greater  than  - — ~—  ,  the  debt  increased  cott- 
tinuallyi  and  therefore  admits  not  of  a  maximum  value. 
{^^S).    Let  u  =  (sin  xY  .  {  sin  {a  —  x^\  \ 

If  sin  (a  —  2x)  =  (  — H —  I  sin  a^  m  is  a  maximum  :   it 

\n  +  m^ 

is  evident  that  a-QXy  and  therefore  :r  may  be  determined  by 

means  of  trigonometrical  tables. 

(36).     Let  u  zz  (tan  x)"*  {  tan  (^  —  a?)  }  ". 

If  tan  (a  —  2  jt)  =  I 1  tan  o,  w  is  a  maximum* 

(37).     Let  w  =  sin  j;  cos  (dr  —  x). 

,i.  a   :  ir  1  +  sin  a 

Itj=^-+-,    Mr: ~  ,  a  maximum^ 

2       4«'  2 

tr  «       w  ( 1  —  sin  fl) 

Ifx^ 7,   M=:~  ^ : ,  a  minimum. 

2       4'  2 

In  thiSj  as  virell  as  in  the  two  last  Examples,  there  are  an 
infinite  number  of  values  of  x^  which  make  u  a  maximum^ 
or  a  minimum, 

(38).     Let  u  ^  X  %vci  X. 

The  values  of  x  must  be  derived  from  the  solution  of  the 
equation  j:  =  —  tan  x  j  one  of  these  values  which  gives  u  a 
maximum  is  a:  =  116M4' .  21" .  20'".     Euler,  It.  Art.  272. 


(39).     Let  M  =  -T- 


€' 


sin  (a  —  X) 
Ifj?=:o  +  ^,    M=:  v^2  «"       »  a  minimum. 

(40).     Let  II  =  €'  sin  (a  —  a?). 


IT  €*-T 


If  X  =  a  —  1  •  ?t  =:  — jTT-*  a  maximum. 
4'  v^2 


We  shall  now  proceed  to  the  solution  of  problems  in 
Geometry,  which  involve  the  consideration  of  maxima  and 
minima,  an  application  of  this  method,  which  is  at  once 
interesting  and  important :  and  though  in  many  instances,  the 
analytical  solutions  of  questions  of  this  nature,  are  inferior 
both  in  brevity  and  elegance,  to  those  which  are  effected  by 
the  ordinary  processes  of  Geometry,  yet  for  the  most  part 
they  have  the  advantage  of  superior  generality. 

We  shall  give  no  examples  which  suppose  the  reader  to 
be  acquainted  with  Mechanics  and  the  other  branches  of 
Natural  Philosophy,  the  study  of  which  ought  properly  to 
follow,  not  precede,  that  of  the  Differential  and  Integral 
Calculus. 

We  take  this  opportunity  of  referring  our  readers  to 
Mr.  Cresswell's  Treatise  on  Maxima  and  Minima,  a  work 
written  in  the  most  rigorous  spirit  of  the  ancient  Geometry, 
and  which  likewise  contains  the  analytical  solutions  of 
several  very  interesting  problems. 

(41).  Through  the  given  point  P,  to  draw  the  shortest 
line  MM.'  terminated  by  the  two  given  straight  lines  AB 
and  AC.    Fig.  1- 

If  we  draw  PQ.  and  PQ'  respectively  parallel  to  AB  and 
AC,  and  assume  MQ=t,  PQ=fl,  PQ^~b,  and  the  angle 
HACKS',  then  the  equation  which  determines  x  or  MQ_, 
when  MM'  is  the  least  possible,  is 

i'  —  a  cos  e  .  or*  +  oi  cos  fl  .  x  -  a'b  —Q. 

Clf  fl  =  go*,  this  equation  becomes 
H  .1*  —  a'  6  =  0,  from  which  we  find 

P  n-  MM-  -\a^  +b^\^. 

Vince's  Fluxions,  p.  35. 
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(4£)*  The  saihe  things  being  given,  to  draw  MM'  so 
that  the  sum  of  the  lines  ^M  and  AM^  may  be  a  'minimum* 
Kg.  1. 

If  a:  =  ^/(ab)y  then  u  =  AM-^AM'  =  {  ^fl+  s/b  \  % 
a  minimum.    Simpson's  Fluxions,  Vol.  I.  p.  23. 

(43).  The  same  things  being  given,  to  draw  MM'  in 
such  a  manner,  that  the  triangle  AMM'  may  be  a  minimum. 
Fig.  1. 

If    a?  =  i,  or  if  AfP  =  ilfP',  then  m  =  2a  6  sin  ^,  a 

minimum. 

<  ■ 

(44).    To  bisect  a  triangle  by  the  shortest  line.     Fig.  2. 
liet  AB=zc,  AC=b,  BC=a  znd  AM=x:  then  if  a:  ss 
a/  ( — J  and  therefore  AM  =  -^M"',  we  have 

w 

u  =:  MM  =  i/  <  ^^ ^i^-- :  J^ ,  a  mtntmum. 

(45).  Given  the  base  and  altitude  of  a  triangle,  to  de- 
scribe it  so,  that  the  vertical  angle  may  be  a  maximum.   Fig.  3. 

Let  CD  =:  e,  AB  =  ^  and  AD  =  x :    then 

w  =  tan  Jf  C  JS  = ^i , 

e'—bX'^-x'' 

which  is  a  maximum^  when  j?  =  -  ,  or  when  the  triangle  is 

isosceles. 

(46).    To  find  the  least  isosceles  triangle  which  can  cir- 
cumscribe a  given  circle.     Fig.  4. 

Assume  C(l:=,r  and  Pg  =  ^  '*    then 

^C^     ^       tan  ^■>      . 
M  =  r"  <  tan r  >  is  a  mmimum, 

(.2  2     3 

3  \/5 
when  6  ss  120^,  u  =     ^     r*,  and  the  triangle  is  equilateral.^ 


v 


Assume   AD  =  e,    BC=fi,  and   AP  s=  x  :   then   u  = 

MM'N'N  is  a  maximum,  when  x  ;=  1  or  when  the  sides  of 

2 
the  triangle  are  bisected. 

(48).    To  End  the  point  D,  in  the  line  CE,  from  wKch 
AB  subtends  the  greatest  angle.     Fig.  6. 


Let  AC=fi,  BC=h  CD 
\i  x=^{ab),  we  have 


and  the  angle  ACD=e-. 
i)  ■/(g^).Bing 


-V(«*)= 


2  ^{ab)-(a  +  b)  COS  9 

_     ("-^>  '^(ab)  .  Bin  e 
"~2  V("*)  +  («  +  *)  cos  0 


,  a  maximum. 


which  is 


likewise  a  maximum,  corresponding  to  a  point  />  in  DC 
produced, 

(49).  To  find  the  point  P  in  the  circumference  of  a 
circle  from  which  the  given  line  AB  subtends  the  greatest 
angle.    Fig.  7. 

Draw  PD  and  Cd  perpendicular  to  AB,  and  assume 
Ad —  a,  St!  =  b,  Cd-:=c,  CP  =  r  and  cj>  =x:  then  the 
equation  which  determines  the  values  of  x  is 

(r'-ab-c^)  ^{r'-x^)=ia~b)if'-cx). 

If  c  =  0,  or  if  .^  and  B  be  two  points  taken  in  a  line 
passing   through    the   center  of   the  circle,    then   if 


r  ^/ }('■•-"')  (^-fc'M 


r'-uft 

=  tan  APB  =  - 


(.a  +  b)r 


V  {(o'-r')(6'-r')(' 


,  a  maxtmum. 


4 

am.        I 


|j$5 


If  a  B  ftj  or  if  die  two  points  be  equidistant  from  the 
center  of  the  circle  and  upon  opposite  sides  of  it^  then 


w  ^r  and  u  =    y^  . 


(50).  In  the.  trapezoid  ^DCff,  the  two  equal  sides  AD, 
CJB  and  one  of  the  parallel  .sides  DC,  are  giv^eni  to  find 
j^JBt  so  that  .the.^ea  of  the.%ure  inay  be  a  mt^ktmrn* 

Let  JDssb,  DC=:a  and  JP  ==x:  then  if 

X  sr  —  "  +  ^^     ■ — / %  we  have 

a  fnaximum. 

Apia,  if  iP:s  —  ^  —  -ili^! i,  yjne  find 

4  4       - 

,,  { 8.- v(a't8^')  ?  ^{^^«-|- 1  v:(.-^■.^^')■}. 

a  minimum ;  it  is  evident  that  in  this  case,  x  is  negative  and 
greater  than  - :  consequently  the  trapezoid  assumes  the  form 

of  the  double  triangle  represented  in  Fig*  9.  and  u  is  the 
<lifeence  of  the  two  triangles. 

U  a  :=:b,  ^=s— a  and  ussO,  or  the  triangles  are  in  this 
case  equal. 

U  a>t,  the  expression  for  u  becomes  imaginary^  or  the 
%ttre  decreases  continually  and  admits  not  of  a  minimmm. 

U  a^O,  the  trapezoid  becomes  a  triangle^  which  is  -^ 
nnimum^  when  x  =  -~^  or  when  the  two  equal  sides  are  at 
nght  angles  to  each  other. 


If  we  make 


m 

,    we   find  X  zz  ±  b,  which  give 


values  of  u,  such  as  are  denominated  by  Euler,  minima  of 
the  second  species*  :  the  first  value  makes  ^S=fl+2i,  and 
H  =  0,  which  may  be  considered  as  a  minimum  value  of  the  tra- 
pezoids which  can  be  described  on  each  side  of  AB,  but  not 
in  the  sense  of  the  definition  :  the  same  remarks  are  appli- 
cable to  the  value  of  u  which  resulu  from  the  second  value 
of  X.     Maupertuis,  Mimoires  de  I' Acad,  des  Sciences.  1728. 


(51).     To  find  the  greatest  space  which  can  be  included 
by  four  given  lines.     Fig.  10. 

Assume  AB=a,  BC=t,  CD-c,  DJ  =  d,  the  angle 
£^i)=^,  andthe  angle  iiCZ)=fl:  the  area  of  the  trapezium 


Also,  since  a  d  cos  <i>—bc  cos  6 


=  (Z  (f  sin  ^  +  &  f  sin  0- 


by 


differentiating  this  equation  and  making  —  =  0,  we  shall 
find 

cos  fl         COS  0  ,     ,  ■- 

: =:  -: — -  ,  and  therefore  S  +  ip—it, 


or  the  trapezium  ia  such  as  may  be  inscribed  in  a  circle ;  if 

therefore  /  =  a  +  i+ff  +  d,  we  shall  get  the  maximum  area 

or    u  =  ^\ii~u){s-b){s-c)(j-^\. 


Simpson's  Fluxion 


Vol.: 


p.  39- 


(52).  To  draw  the  chord  PP  parallel  to  the  diameter 
j<B,  BO  that  the  triangle  PP'Q  i^^y  be  the  greatest  possible. 
Fig.  11. 
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!£  JP  zne,  we  shall  find  cos  6  =.  781  nearly,  or  ^  =: 
S8*  4(/j  when  u  is  a  maximum. 

(53).  To  inscribe  the  greatest  rectangle  in  a  segment  of 
a  circle.    Fig.  12. 

Let  CD==a,  AD^b,  CA:=r  and  MPzzx:  if 

^^|>/(9^-3-)-3aj^   then 

„,|v/(9^-^3-)-Sa|^|,,,„|  {  V(9r--*-)-a  }  }, 

7L  maximum* 

U  assO,  and  therefore  6ssr,  we  find 

»   .  x  =  — --  and  w  =  r*. 

v/2 

*  (54«).  Given  the  length  of  a  circular  arc,  to  find  what 
portion  of  a  circle  it  must  be,  so  that  the  corresponding  segi^ 
ment  may  be  a  maximum.    Fig.  IS. 

Let  0"=:  arc  QDQ'  and  CD=x:  the  segment  QDQf,  or 

u  =  a  x^x*  sm  -  cos  -  . 

.  a;        X 

If  r  s  — ,  or  if  the  segment  be  a  semi-circle,  then 

TT 

u  = ,  a  maximum. 

TV 

If  X  ss  OD,  f/  =:  0,  a  minimum. 

A  solution  of  this  problem  is  given  In  Lib.  5.  Prop.  16« 
of  the  Mathematical  Collections  of  Pappus  Alexandrinus. 

In  the  same  manner,  we  should  find  that  a  hemisphere  in- 
cludes the  greatest  segment  of  a  sphere,  corresponding  to 
^  given  spherical  surface.  ! 


(55).  To  find  the  point  in  the  line  joining  the  centers  of 
two  spheres,  from  which  the  greatest  portion  of  spherical 
surface  is  visible. 

Let  r  and  j-*  he  the  radii  of  the  spheres  A  and  4',  d  the 
distance  of  their  centerS)  and  x  the  distance  of  the  required 
point  from  the  center  of  A  ■  then  if 


.(.. 


Ail+I^l 


(56).  To  find  the  point  P  in  the  fine  CD,  so  that  if 
^  and  B  be  given  points,  we  shall  have  m  .  AP+h  .  BP 
a  minimum.     Fig.  14. 

If  AQ  =  o,  BQ'  =  b,  02  -c  and  gP  =  X :  then  the 
equation  to  determine  the  values  of  x,  Js 


\i  m  =n,  this  equation  becomes 


-  =0. 


CresBwell'a  Maiima  and  Miitimay  p.  21  and  S 

In  a  paper  by  Leibnitz  in  the  Acta  Erudiiorum  of  I 
for  1684,  which  contained  the  first  publisfied  explanation  of 
the  principles  of  the  Differential  Calculus,  a  solution  is  given 
of  the  following  problem.  "  If  A  and  B  be  two  points 
situated  in  two  different  and  uniform  media,  which  are 
separated  by  the  line  CD  and  whose  densities  are  in  the 
ratio  of  i?*  to  n ;  to  find  the  path,  in  which  light  must 
move  from  ^  to  iJ  in  the  shortest  pgssible  time,  its  relocttj 


d 
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long  pfopordonal  to  the. density  of  the  medium/'  This 
problem  is  evidently  identical  with  the  one,  whose  solution 
we  have  given^  and  is  remarkable  as  inyolving  the  prinoiple 
of  die  "  least  actiotiy  which  afterwards  became  so  celebrated 
in  the  hands  of  Maupertuis  and  Euler. 

(57).    Of  all  cones,  whose  convex  surface  is  given,  to 
find  diat  whose  solid  content  is  a  maximum* 

If  5  =  convex   surface  of  cone,    X/=:  radium   of  base, 

then  if 

Conseqbently  the  maximum  cone  is  generated  by  the  revolu- 
tion of  a  right-angled  triangle,  whose  vertical  angle  is  35* 
.lffi  nearly 

(58).     To  inscribe  the  greatest  c6ne  in  a  sphere.    Fig*  15. 


If  AC  =  r,  and  CP=iX :   then  if  a:  =  -  ,  w 


82  ^  y » 
S*  81      ' 

A  maximum, 

(59).    To  cut  the  greatest  ellipse  from  a  given  oone. 
Fig.  16. 

Let  AC^a^  CDzzb,  CPzzx:  if 

3(a'H-*»)  * 

dien  u  will  be  a  minimum  or  a  maximum,  according  as  the 
vpper  or  lower  sign  prevails. 

If  a*  —  14  a*  i*  +  b*  be   negative,  or  if  f  be  less  than 

H  v'S)  or  if  the  angle  CAD  be  greater  than  15%  the  values 
of  X  are  imaginary,  and  the  area  of  the  section  increases 
continually  from  the  vertex  to  the  base  of  th^  cone  and 
^doii^  not  of  a  maxmum  or  a  minimum. 

R 
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The  analytical  maximum  of  the  Eectlons  of  the  cons,  de- 
termiaed  in  virtue  of  the  definition, 'may  be  less  than  the 
absolute  maximum,  a  circumstance  which  we  have  had 
occasion  to  notice  on  other  occasions  :  thus  the  base  of  the 
cone  will  be  the  greatest  section,  whenever  the  vertical  angle 
CAD  exceeds  1  J"  57'.     Simpson's  Fluxions,  Vol.  I.  p.  38. 

(60).  From  a  given  point  within  or  without  a  paralJoIa, 
to  draw  the  shortest  line  to  the  curve.     Fig.  17- 

Let  ZJ  be  the  given  point,  and  assume  AC=a,  CB=b, 
the  latus  rectum  =  I  and  Bq  =  x:  the  equation  which  de- 
termines the  values  of  x  is 

{^X~t)  n/lfl  -  x)  +  h  ^1  =  0; 

from   which  expression,  it  is  easily  shewn  that  the  shortest 
line  is  the  normal  passing  through  B. 

If  &  =  0,  the  values  of  x  which  are  given  by  this  equa- 
tion are  -  and  a,  the  first  of  which  only,  makes  u  a  minimum 

in  the  sense  of  the  definition.     The  other  value  gives  a  mini- 
mum of  the  second  species,  such  as  was  remarked  in  Ex.  50- 

(61)'  To  find  the  tsast  parabola  which  can  circumscribe 
a  given  circle.     Fig.  18. 

Let  BC  =  ;■,  and  CP  —  X :    if  x  =  - ,   or  if  the  latus 

a 

rectum  of  the  parabola  be  equal  to  the  radius  of  the  circle, 
then  M  =  — -,  IS  a  minimum. 


(62).    To  inscribe  the  greatest  parabola,  in  a  given  tri- 
angle.   Fig.  19. 

Ut  DB  =  DC-b,  AD=a,  the  angle   A£>C=S,  AtU 


13) 

APszx :  if  X  = '-.  or  if  the  point  of  contact  bisect  each  side 

of  the  trianglej  then  u  =?  ^a ^  sin  0  ly/Sj  a  maxipmm.  This 
fprts  zlsQ  the  solution  of  the  converse  problem :  ^'  To  de- 
scribe the  least  triangle  round  a  given  segment  of  a  parabola/' 

(63).    In  a  given  trianglcj  to  inscribe  the  greatest  ellipse. 
Kg.  «0. 

Let  BD  tt  DC  m  i,  AD  zs  a^  tlie  mgle  ADCzzO,  and 
i)«=tT:  if 

£  a            V  a  6  sin  9  . 

a?  =  — ,  u  zz 1  a  maximum. 

The  sides  of  the  triai^le  are  bisected  in  the  points  of 
coDtact  M  and  M. 

If  a'  dnd  j'  be  the  semi-astis  major  and  semi-axis  iniuor 
of  the  inscribed  ellipse,  ^e  shall  find 

<r  sa  ^. ^  I  ««^2  1^/3  «*  sin  «4-3*«  } 

+  i  ^/  {  o'-2  ^/3a*  sin  d  +  3^M 
6 

^  -\*y  {«'+2  v'Saisin^  +  S**  J 

—  s  \/  {a*-2  V3a*sin^  +  3*M  . 
o 

(64).    To  determine  the  least  triangle  which  can  cir- 
cumscribe any  segment  of  an  ellipse,     fig.  21. 

liet  APB  be  the  eUipric  segment ;  assume  CP^e^  CD 
thectejogate  diameter  zii^  CEskc,  and  CQ^sx:  if 

«  =  75 — 7 — .    j,7\   «M  9  ^  mmtmum. 
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The  other  value  of  x.  which  is  -  —  — — ^ — —  ,  cor- 

4  4  .    . 

responds  to  the  minimum  value  of  the^  triangle  which  can  be 

circumscribed  round  the  other .  segment  of  the  ellipse.  .  If 

^  =:  0,    X  t;s  ±,  —. — ,    which  determines  the  least  triangle 
which  can  circumscribe  a  semi-ellipse,  cut  off  by  any  dijimeter, 

(6S).  To  find  the  point  in  an  ellipse,  where  the  portion 
of  the  tangent,  intercepted  by  a  perpendicular  from  the 
center,  is  a  maximum.    Fig.  ^2, 

Let  CAzza^  CB-b^  and  CD=zx:  if  xizs/(ab\ 

u  =  a  -^  B,  a  maximum. 

{66)-  To  find  the  conjugate  diameters  of  ai^  .ellipse^ 
which  make  the  least  angle  with  each  other. 

Let  a  and  b  be  the  axes  of  the  ellipse,  6  the  angle  which  the 
conjugate  dian^eters  make  with  each  other,  and  x  one  of  these 

diameters :  then  \£  x  =  V/  I 1  or  if  tjie  diameters  be 

equal  to  each  other, 

u=xsin  0  = ,  IS  a  mtntmum. 

(67).  From  a  given  point  in  the  periphery  of  an  ellipse, 
to  draw  the  longest  line  to  the  periphery  again.    Fig.  23. 

Let  AC  :=:a,  CB:=  b,  a^  -  V'z=:a'  e%  CM=c^  PMz=,d^ 
and  CM  =  X :  the  equation,  from  which  the  values  of  x  are 
determined,  which  make  u  a  maximum   or  a  minimum^   is 

If  r=0,  and  therefore  JP  be  in  the  extremity  of  the  axis- 
minor,  we  shall  find 
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from  which  the  two  points  on  each  side  of  the  center  of  the 
ellipse  are  determined,  through  which  the  longest  lines  are 
to  be  drawn. 

If  2  6'=a%  the  longest  line  is  the  semi-axis  minor;  and 
when  2  i*  <  a',  the  values  of  x  become  imaginary,  and  the 
line  admits  not  of  a  maximum  in  the  sense  of  the  definition. 

(68).     To  inspribe  the  greatest  ellipse  in  a  semi-circle* 
Fig.  23. 

LetAC^r,  CP=x:  if  x -zz^, 

s/2 

II  =:  a  maximum. 

(69).  To  find  the  least  ellipse  which  can  circumscribe 
a  given  trapezoid.    Fig,  24. 

Let  AB  be  parallel  to  DCy  and  draw  CP  bisecting  AB 
^^A  CK  conjugate  diameters.  Assume -4. (^  =  a,  DQ^=a', 
2Q'-c,  the  angle  PCK^B,  CP^y,  CK^j/,  and  CQ^-x. 

4 

Tlie  general  property  of  the  ellipse  gives  us 

**^<1  bymsddng  -^ =e,  and-^  =  %y  we  shall  have 

X  = :  from  whence  we  find 


^  "■                        2  v/;2 
^nd         ^  =  ^^-i 5 
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Cattseqvtndy,  Sf 

,  -  I  -(a^+o*)+gv/(a'«-a'*a*4-a«)  \  g* 
~  S  (a~-a»)*  ' 

Of  if 

.        {  a^-2  a*+v/(a'*-  a'* a«  +  a*)  {  c 

tbdxt     »  «s  ir  sin  ^^y    . 

_2irsingf  f  ii^*--4>fl^Q*^H-a*4-(fl^+fl')  v^(fl^-a^a*-f  fl<)  f 

a  minimum* 

It  is  not  necessary  to  notice  the  negative  value  of  the 
radical  in  the  expression  for  z>  since  in  that  case  z  or  tL 

y* 

would  be  negative. 

If  a^  =  a,  or  if  the  trapezoid  become  a  parallelograms 

die  expression  for  u  given  above^  becomes  ==?  r :  it  will  be 

necessairy  therefore  to  have  recomise  to  the  dMhod  exphdnid 
in  Art.  56,,  in  order  to  determine  its  value^  by  which  we 
shall  find  u=ir  sin  One.     Bossut.  CalcuL  T)if*  p.  190. 

(70).  To  describe  about  a  given  trapesoid^  an  eUipse 
which  is  the  least  different  from  a  circle.    Fig.  24. 

Making  the  ^ante  suppotifioiis  as  in  the  preceding  «t- 
ample,  and  assuming  a  and  /9  to  represent  the  two  semi-axea 
of  the  ellipse^  we  shall  find 

^  a       1^(1  +3: 4-2  sin  Q  ^z)  +v/(l  -f  3:-  2  sin  ^  y/jg) 
^^'^^  ^/(14-z  +  2  8in^^/;J)-^/(l+2-2  8ina^3:) 

which  is  a  minimumy  when  z^l,  or  when  the  conjugate 
diameters  y  and  ^  are  equal  to  each  other.  Bossut.  Id. 
p.  192. 


1S5 

BoMUty  ia  the  work  just  referred  to,  hat  iadicated  the 
steps  of  the  process  of  solution  of  the  two  last  problems^ 
when  the  ellipses  are  to  be  described  round  any  quadrilateral 
figure  whatever:  the  reader  may  .likewise  consult  a  very 
elegant  solution  of  the  first  of  these  probiems,  which  is  given 
by  Euler  in  the  Petersburg  Acts  for  1780. 


On  the  Falties  of  Funciums  which  under  certain 


circumstances  become  -  . 

o 


Art.  32—53.    (1).     Let  u  =  ^""^  }  «'-j* }  ^  ^^  g^^ 

its  value,  when  x=0. 

After  two  difi«rentiations  of  the  numerator  and  denomi- 
nator of  this  fraction,  we  find,  when  j:=0,  u  »  -— .  • 

2  a 

Euler.  Inst.  Cak.  Diff.  Pars  11.  Art.  358. 


s/  \  «  +  a?  {  —V  \U  —  X  \ 

when        a-  =  0^    «*  =  >/a. 
Euler.  Id.    . 

(3).     Let  u  = -— —  *. 

a?*-6j;* +  13  a?*- 12  a;  +  4j 

when        jT  r^  2»    tcs  16. 

(4.).      jLet  u  ss  - ■  ■  ■  ■        «■    .—       ■  ■■  ■!       Ill  ■■    I  '      »..i_^>  LI  , 
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v^hen  xssa,  we  find,  after  four  differentiations  of  the  nume" 
rator  and  denominator,  uss^5a.     £uler.  Id, 

(5).     Let„  =  2V(i£>=fl: 

when      07  =  0,    w  =  -  =  3  a. 

0 

Joh.  Bemouilli.  ^r/^  Eruditorum^  1704. 
(6).    Letu=-/^^"'^-?-°^("'^>; 

when      X  "zi  tti    t^  =  -  s  . 

0         9 

Joh.  Bemouilli.  /<f. 


(7).    Let  t.  =  ^Li^<i2l±lf!)r££z:fi* 


ivhen       ar=:flr,     t*  =  -=2a. 
Joh*  Bemouilli.  Id. 


(8).     Let  u  =  - — ^^-^ ; — '  ,  ^  \. ^ 

when      X  =  £1,    2^  ss  -<  =  1. 

0 


Eulfer.  /J. 


(^9\    Let  u  = TT- 

,  0       5 

when      X  zza,    «=:-=--. 

'  OS 
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when      a:  =  a,    ti  =  -  =  — ,a'., 

0      20 

(11).     Let„  =  £_^: 

when      X  z=  1,     t*  sr  -  =:  «• 

'  0 

Euler.  Id.  Art.  360. 
(12).    Let^^^-(n+l)^-^'+n^  +  °^   ' 

when      X  =  1,    u  s  -  s  — ^ i . 

O  1,2 

Euler.  Id. 

flSV  Let  tf  -  ^+^--(^^+  l)y''*-*-^+(2n-l)x'»  +  ^ , 
,  (1-^7 

when       x=l,    u  =  2=:n^ 

'  0 

Euler.  £/. 

when      x^V   u=g=:!^<^-^^><^"  +  ^). 

*  0  1 .2. 3 

This  is  the  sum  of  the  series  l''  +  2''  +  3*+ fr^. 

Euler.  Id. 

(15).    Letw  =  2_£L--: 

when .     X  =  1,    w  r:  -=—-.. 

0      2p 

Euler*  /df. 
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(16).     Let  Ms 


log  a  —  log  X 


when 


X  ssa*    u  ss  ^  =x  n4t 


fiuler.  Id. 


(17).    Let  M  = 


__      log  X 


when 


0 


Euler.  M. 


(18).    Let  u  := 


log(l+a:) 


when      J?  =:  0.    ««=:-•=£  2, 

O 


Elder.  Id. 


(19).    Lett.  =  !l:il±l2£ii±£>: 


when      J7=0,    fis::-=:l. 

0 


Euler.  jfii. 


(20).    Let  u  = 


j;6**-f  arc*— ge**  +26* 


when       ar  =  0>    w  =  -  =:  -  . 

0      6 


(21).    Let  w  =  (l  —  — )  tan  x  = 


1  - 


^x 


cot  X 


when 


■"2*      ""o""' 
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X—  1       log  X         (x—  1)  log  X 

when      xr=l,    tf=--=-. 

0      2. 

Enler.  Id.  Art.  365. 


(28).    Let  tf  »  -i 


I— X       1— X* 

when      x^  I.    us  oo— oos-  = • 

0  2 

Euler.  JV. 

Whenever  the  numerator  and  denonunator  of  a  fraction 
admit  not  of  developement  according  to  integral  and  positive 
values  of  the  increment  of  x  or  the  base  of  the  funcdouy 
which  is  frequently  the  case  when  a  particular  value  of  x  is 
assumed  (Note  F^  and  Art.  5S)y  we  must  have  recourse  to 
die  direct  method  which  is  explained  in  Art.  5S :  a  process^ 
which  in  many  other  cases  will  enable  us  to  determine  the 
values  of  fractions  under  the  circumstances  now  under  con- 
sideration, much  more  readily  tBan  by  means  of  the  successive 
differentiation  of  the  numerator  and  denominator. 


(24).    Lettt  =  ^£lzf!L: 

when      x=:a,    ti=:-s4  \/2  a^. 

(25).    I^tti=J^l±£!I(flz^!)L: 

(Sx»-a'x)(x'-a')* 

,  0         2  v'2 

when      X  =  a,    ti  s  -  = 


^      Sv/3a* 
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(26).    Letu^^^Jz£l±(BZl^.. 

(a-x)^-(a»-j»)+ 

when      x  =  a,    u  =  2=      V^«")      . 

0      l-^(Sa')      , 

(27).    Let  u  =  !i:|i;3-  +  ^^^,^_  .^ ,  which  ezpreseet 
^e  sum  of  the  secies, 

+  -Ti ;  +  rn — i  +  ^c.  in  infimtum. 


V-^x'      2*  +  x*       S'4-x 
If  we  reduce  u  to  the  form  i 


2  X*  €•«•'  —  2  j:* 


* 


0  rf't)      .      AT 


.« 


we  shall  find,   when  a:  =  0,  m  s=  -  =  — —  =  ~,  a  result 

which  may  be  more  readily  deduced  by  the  method  given  in 
Art.  56.    Euler.  Id.^ 


1  lr 

(28).    Let  u  =  — -  —  -r ,  which  is  the  sum  of 

the  series 

irr7«  +  gTI^  +  gTI^  +  ^C'  '«  infimtum. 

0      t' 
When  ir=0,  m=  00—00^-.=—,  the  same  result  as 

0       6 

in  the  last  example. 

If  we  make  u  =  — -  — '^^ '■ ,  which  is 

2  j;*       2  jr  tan  TT  X       1  —  j?* 

the  sum  of  the  s^me  series,  without  the  first  term,  we  shall 
find,  when  x  zz  ly 
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1  ,  10       113 

2  2       0       2       4       4' 

vrhich  is  the  suin  of  the  series 

+     ■  ■   + +  •— — h  &c.  in  infinitum. 


1.3       2.4       3.5       4.6 
In  the  same  manner^  if  we  make 

1  IT  I 

u  = 


2x*      2a:  tan  IT  X      n^-r-a^^ 

which  is  a  sum  of  the  same  series,  omitting  the  te^m    ^        , 
we  shall  finely 

when    X =«,  w  =  — -  +  oo  —  oo  =  — — -  +  -- — -  =:  - — - . 
'  2n*  2n"       4n'      4n' 

Euler.  Id. 


(29).    Let  u  =:  —  + r ,  which  is  the  sum.  of 

^    ^  4  a:       2a:(€^'-l) 

theories 

^  + •\ 1-  &c*  in  infinitum  : 

when      ar=0,    m=:  a>-?- oo  as  -  =  — . 

0        8 


2 
(SO).    Let  MS  — ;77  ,     which    is   the    sum    of 

4  X  cos  — 
2 


the 


senes 


^       +  — i —  +  —J ^  +  &c.  in  infinitum : 


l«-a:»      s^-x^       5^-x' 
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when      ar=:0,    wrr-as^, 

'  0       8 

the  same  result  as  in  the  last  example. 

•    w  J? 

2  1 

If  we  make  u  =  —  —  — — ,  which  is  the  sum 

4  X  cos  — ■       *    ^  '  • 

of  the  same  series,  without  its  first  term^  we  shall  find,  when 

xss  ljU=:oD  —  oDs^,  which  is  the  sum  of  the  series 

4 

-f 4-  — —  +  &c.  in  infinitum. 


2.4      4.6       6.8 
Euler.  Id. 


On  the  Tangents  and  Asymptotes  of  Curve  Lines. 

(1).  Let  the  curve  be  the  hyperbola^  referred  to  h% 
asymptote,  whose  equation  is 

ab 

X 

(a).  Sub-tangent  PT  zz^x,  or  the  abscissa  and  sub- 
jtangent  are  equal  to  each  other,  but  on  clifierent  sides  of  the 
ordinate. 

(6).    Equation  to  the  tangent  is  (Art.  67.) 

y  =  -  ^  ^' 

x 
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where  x' and  y*  are  co-ordinates  to  the  tangent,  reckoned  from 
the  same  point  and  referred  to  the  same  axis,  as  the  co- 
ordinates of  the  curve. 

(c).     Equation  to  the  normal  is  (Art.  67.) 

where  of'  and  y'^  are  co-ordinates  to  the  normal. 

(3).    Let  the  curve  be  the  Cissoid  of  Diodes,  (W^ood's 
./Ugebroy  Art.  496),  whose  equation  is 


t  = 


a  —  X 


^a  -  %x 
(b).     Equation  to  the  tangent 

y'  =  5  \(3  a  -  9,x)x  -  ax]  , 

(c).  If  X  =  a,  i/  becomes  infinite  and  coincides  with  the 
tangent,  or  in  other  words  is  an  asymptote  to  the  curve. 
This  may  likewise  be  shewn  by  the  method  given  in  Art.  70. 

(S).  Let  the  curve  be  the  Conchoid  of  Nicomedes 
(Wood^s  Algebra,  Art.  497),  whose  equation  is 

{a  +  xy  {b^  —  x^)  =  x"-  y\ 

x^  +ab^ 
(b).    Equation  to  the  tangent 
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lfd?=0,  J/'  becomes  infinite  and  coincides  with  the  tan- 
gent, and  is  consequently  an  asymptote  to  the  curve. 

(4).    Let  the  curve  be  the  JTitch  (Agnesi's  Anak/tical 
Institutions^  Vol.  I.  Art.  242.),  whose  equation  is 


X 


a 

(b).     Equation  to  the  tangent 

(c).     Equation  to  the  normal 

^2x^iax^_x^  C   ._  ^  ^  ^7 

(rf).     A  line  passing  through  the  origin  of  the  abscissae, 
at  right  angles  to  the  axis,  is  an  asymptote  to  the  curve. 

(5).     Let  the  equation  of  the  curve  be 

y^  +  x'^y  -{-  ay*  —  a  x^  =  0. 

p  r  =  »(3y'+2ay  +  ^')  ^  .„  ^^^  ^^^    ^ ^^^  ^^^ 
2  a:  (a  — J/)  aa: 

Lz-f,  becomes-,  when  .r  =  0,  andi/sO,  or  at  the  origin 

of  the  co-ordinates  :  this  indicates  a  multiple  point  of  the 
curve,  th§  meaning  and  nature  of  which  will  be  more  fully 
explained  by  the  examples  given  in  the  next  section,  on  the 
**  singular  or  remarkable  points  of  curve  lines** 
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(6).    Let  the  equation  of  the  curve  be 
(a).    A  line  whose  equation  is^ 


18  an  asymptote  to  the  curve :  this  may  be  constructed  as 

follows :   make   AR  ss  AE  =  -  :    then   the   line  passing 

through  R  and  E    is  the  asymptote  required.      Vince's 
Fluxions,  p.  52. 

(7).    Let  the  curve  be  the  hyperbola  referred  to  its  axisy 
whose  equation  is 


a' 


(a).    The  linear  equation 

y  =  ±  *  f  x'  + «) 

a 
determines  the  position  of  the  two  asymptotes  of  the  curve. 

(8).    Let  the  equation  of  the  curve  be 

(a).    This  curve  admits  of  an  asymptote,  whose  equa- 


tion is 


t/  m  -^  x'.      Vince's  Fluxions,  p.  53. 
^       bk  ^ 

If  we  investigate  series  for  y  in  terms  of  x^  by  means  of 
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the  theorem  of  Lagrange,  we  shall  find  one  of  them>  inTolv- 
ing  descending  powers  of  x,  which  is 

If  we  confine  ourselves  to  the  first  term,  we  shall  have 
a  linear  equation,  which  determines  the  position  of  the  recti- 
linear asymptote  of  the  curve.  If  we  include  two  terms 
of  .the  series,  we  shall  have  the  equation  of  a  curve,  which 
may  be  considered  as  ah  asymptote  to  the  original  ciinre, 
and  which  approximates  more  nearly  to  it  than  the  'rectilinear 
asymptote  which  has  just  been  determined.  The  same  is 
true,  of  the  curves  which  arise  from  including  three^  four9. 
or  a  greater  number  of  terms  of  the  series,  in  the  equation 
of  the  asymptotic  curve.  This  method,  which  admits  o£ 
general  application,  was  given  by  Stirling,  in  a  Treatise  in 
illustration  of  Newton's  classification  of  lines  of  the  third 
order,^  which  was  published  in  1717. 

(9).     Let  the  equation  of  the  curve  be* 

ax^  +  x^y  —  ay^  =  0. 
In  this  case 

y  =  —  a — -  —  &c. 


oc^         x^ 


and  ^  =  —  t/,  is  the  equation  to  the  rectilinear  asymptote  of 
the  curve  :  it  is  not  necessary  to  explain  its  construction, 

(10).     Let  the  equation  of  the  curve  be 

y  -  2  xf  +  x'^y  —  a'  =  0.     Fig.  22. 

The  series  which  involve  descending  powers  of  x  are 
^        ^  s/{u  r)     2  ..r'       12* .  1  . 2  .  r*  ^{ax) 


147 

(2).    y^x-      "'      -  -g! 1^— 8cc. 

^        -^  V^(fl  x)       2  I'      2" .  1  .  2  .  or"  v'Ca  x) 

(8).     y  =-.+-_  +  _+  &c. 

Consequently  y  ss  x,  and  y  =  0,  are  the  equations  to  two 
asymptotes^  one  of  which  AD  passes  through  the  origin  A 
of  the  co-ordinates,  making  an  angle  of  4:5^  with  the  axis, 
and  the  other  is  co-incident  with  the  axis.  Stirling,  Lineoe 
Terfii  Ordinis  Newtoniam^,  p.  29,  51,  128. 

(11).    Let  xif^—ey^asi^^-bx^  '\'  ex  •{•  dy  be  the  equa- 
tion of  the  curve.    Fig.  23. 

THie  series  for  y  are 

(1).    y  ^x^a  +  — --  + V      +  &c. 

2  A/a  ^ax*^a 

(2).    y  =  —x^a 4- r ^ &c. 

2  sj a  Sax  s/ a 

,_v              e       d       ex       bx^       a 
(3).    ^  =  Jr+-  +  —  + +  &c. 

X       e        e  e 

,.v  d      ex       h  2^       <, 

^        -^  e         e  e 

The equations^  =  x ^a  H , and^z:  —x^a 

2  Va  2v'a 

represent  two  asymptotes,  which  cut  the  axis  at  a  distance 

h  .  .  ' 

AH  =  — ,  from  the  origin  of  the  co-ordinates  and  make 

fid 
angles  with  the  axis  whose  trigonometrical  tangents  are  ^a 
and  ~  ^a.  From  the  third  series,  it  appears  that  y  is  in- 
finite, when  j:=0^  and  is  likewise  an  asymptote  to  the  curve 
at  that  point.  These  three  asymptotes  form  a  triangle  Ddl 
of  given  species  and  magnitude :  if  ^  =  0,  this  triangle 
vanishes  in  a  point  A^  and  if  a  =  0^  it  coincides  with  the  line 
AD. 
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If  a  be  negative,  the  curve  has  only  one  asymptote,  the 
equations  for  the  two  first  involving  imaginary  quantities. 

If  a=sO,  and  bzzO,  the  two  first  series  for  ^  become 

and  the  equations  for  the  two  asymptotes,  are  yzzt^Cf  and 
^  =  —  >/c,  which  correspond  to  two  lines  drawn  parallel  to 
the  axis,  at  a  distance  =  ^r,  above  and  below  it. 

If  c  :=  0,  these  two  asymptotes  coincide  with  the  axis, 
which  is  therefore  an  asymptote  to  the  curve.  Stirling, 
Xin.  Ten.  Ord.  Newt,  p,  87. 

(12).    Let  or^  =z  ax^+^x'+r  j:  +  df. 

The  ordinate  passing  through  the  origin  of  the  co- 
ordinates^ is  an  asymptote  to  the  curve. 

(13).  Let  y  -  2j:'/—j:*  +  2aJr'y— Sax^ssO,  be  the 
equation  of  the  curve.    Fig.  24. 

The  series  for^  are 

which  furnish  the  equations  to  the  two  asymptotes  of  the 
curve. 
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The  ^uation    to  the  asymptote,    determined  by  this 
tfaod  is 


otttfaod  is 


^    f      r    ' 


There  are,  however,  in  this  case,  other  asymptotes  whose 
eqnatkms  cannot  be  determined  by  this  deyelopement :  for 
if  we  make  x  equal  to  a  root  of  the  equation 

jf  becomes  infinite  and  is  an  asymptote  to  the  curve :  and  if  all 
Ae  roots  of  the  equation  be  possible,  there  is  an  asymptote 
corresponding  to .  each  of  them.  Stirling,  Lin.  Tert.  Ord. 
Umi.  p.  53. 

Kewton,  in  his  Enumeratio  Linearum  Tertii  Ordinisj  has 
diewn  that  all  curve  lines  of  the  third  order  are  comprehended 
under  some  one  of  these  four  equations ; 

(1).    a?y  —  e^ssaar'  +  fc^'  +  cx  +  d. 

m 

(2).    xy  =  aar'  +  ^a:*+ira?+rf. 

(3)-    y  =  aa:'+*a:*  +  ^x  +  df. 

(4),    y  =z  ax^'\-bx^-^eX'{'df 

in  which  a,  b^  c,  d,  e  may  be  positive,  negative,  or  evanescent, 

excepting  those  cases  in  which  the  equation  would  thus 

become  one  of  an  inferior  order  of  curves. 
* 
He  distinguished  65  different  species  of  curves  compre- 

bended  under. the  first  equation,   which  constitute  eleven 

distinct  classes :   four  new  species  were  subsequently  dis- 

corered  by  his  commentator  Stirling,    and   four  more  by 

De  Gua*. 

The  first  class  contains  9  species,   the  second  14?,  the 


*    Usage  de  VAnalj/se  de  Descartes,     1740. 


third  4,  and  the  fourth  9 :  The  curves  comprehended  in 
these  four  classes  are  named  redundant  hyperbolas,  from 
their  possessing  six  hyperbolic  branches,  a  number  greater^  , 
than  in  the  conical  hyperbola-  They  admit  of  three  asymptotes, 
which  in  the  fourth  class  only,  pass  through  the  same  point. 
tn  all  these  classes  a  is  positive ;  in  the  second  e  =0;  in  the 
third  e  =  0  and  i'  =  4  a  c,  and  in  the  fourth  also  b  =  0. 

The  fifth   class  consists  of  6  species,  and  the  sixth  of  7  i     , 
each   admitting  of  one  asymptote  ;  they  are  named  defective 
hyperbolas  from  their  possessing  only  two  hyperbolic  branches.     , 
In  both  these  classes,  a  is  negative,  and  in  the  second  e=0 : 
amongst  these  is  comprehended  the  Cissoid  of  Diodes. 

The  seventh  class  includes   7   species   and  the  eighth  4     . 
species,  each  possessing  one  asymptote  and  two  hyperbolic     , 
and  two  parabolic  branches,    and  therefore  called  parahulic 
hyperbolas;  in  both  these  classes  a=0,  and  in  the  second 
e=0, 

The  ninth  class  includes  4'  species,  which  are  called 
hyperbolisms  of  the  hyperbola,  possessing  sis  hyperbolic  , 
branches  and  three  asymptotes,  two  of  which  are  parallel  and  J 
the  third  perpendicular  to  the  axis :  the  tenth  class  consists 
of  three  species,  called  hyperboUsms  of  the  ellipse,  possessing 
one  asymptote  and  two  hyperbolic  branches  :  the  eleventh 
class  consists  of  2  species,  called  hyperbolisms  of  the  parabola, 
each  curve  possessing  two  asymptotes  and  four  hyperboli 
branches:  in  these  three  classes  «=0,  andi=0,  and  c 
positive  in  the  first,  negative  in  the  second,  and  evanescent 
the  third. 

The  curves  comprehended  in  this  equation  have  one 
diameter  when  «  =  0,  and  three  diameters  when  e  =  0  and 
i"  =  4  fl  T. 

The  second  equation  comprehends  only  one  species  of 
curves,  to  which  Newton  has  given  the  name  of  Trident^ 
possessing  one  asymptote,  two  hyperbolic  and  two  parabolic 
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branches.  The  third  includes  5  species,  each  possessing  two 
parabolic  branches :  amongst  these,  is  the  semi-cubical  para- 
hkj  remarkable  as  the  first  curve  whose  rectification  was 
efiected.  The  fourth  equation  comprehends  only  one  species 
of  curves,  commoxAy  czW^A  th^  cubical  parabola. 

The  Reader  who  is  familiar  with  the  description  of  curves 
from  the  properties  of  their  algebraical  equations  and  the 
determination  of  their  asymptotes  and  singular  points,  will 
find  little  difficulty  in  distinguishing  most  of  the  diflFerent 
^)ecie8  of  curves  comprehended  in  these  classes,  particularly 
if  aissisted  by  Newton's  Enumeration  and  the  figures  which 
accompany  it :  this  enquiry,  however,  is  sometimes  attended 
with  considerable  difficulties,  since  some  of  the  species 
escaped  the  scrutinizing  accuracy  of  Newton,  and  some  of 
them  are  probably  yet  unknown. 

A  similar  classification  of  curves  of  the  fourth  order 
would  comprehend  more  than  5000  species,  a  work  of  such 
immense  labour  and  difficulty  that  no  analyst  has  hitherto 
had  the  courage  to  undertake  it. 

Cramer*  has  given  a  classification  of  curves  of  different 
orders,  by  the  consideration  of  the  number  and  nature  of 
their  infinite  branches,  a  division  which  is  very  simple  and 
natural,  but  too  general  to  be  of  much  service :  he  has  thus 
made  five  clafsses  of  curves  of  the  third  order,  nine  of  curves  of 
the  fourth  order  and  eleven  of  curves  of  the  fifth  order :  the 
distribution  of  the  curves  comprehended  in  these  classes,  into 
genera  would  be  attended  with  the  same  difficulties  as  New- 
ton's enumeration  of  species. 

This  enumeration,  however,  though  not  destitute  of  in- 
terest, is  of  little  real  utility :  for  the  properties  of  every 
curve  are  most  readily  deduced  by  direct  methods  from  the 


introduction  a  I* Analyse  des  Ldgnes  Curves  Aigebriques.  1750. 
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particular  equation^  by  which  it  is  expressed^  without  re- 
ference to  any  general  clasd  of  curves  or  any  general  equation. 
Our  attention  will  be  thus  directed,  as  it  ought  to  be,  to 
curves  which  are  remarkable  for  curious  and  instructive 
properties,  or  which  result  from  the  application  of  mathe- 
matics to  physical  problems. 


On  the  Singular  or  Remarkable  Points  of  Curve 

Lines. 

Art.  77 — 93.    (I).     Let  the  equation  of  the  curve  be 

This  curve,  which  is  a  cubic  parabola,  has  a  point  of 
inflexion  or  contrary  flexure^  at  the  origin  of  the  co-ordinates. 
Fig.  £6. 

(2).     Let/  =  g'^^^-^') ,   (Ex.  5.  p.  144.) 

^  If  i  =  — fi,  and  therefore  y=  ±— ^r  j  there  is  a  point  of 

inflexion  corresponding  to  each  of  these  points  in  the  two 
similar  branches  of  the  curve. 

(3).     Let  xy*  zz  ex  —  d. 

^d  /  "^  c 

U  X  zz  — )  and^ss  ±  </  — ,  there  is  a  point  of  inflexion 

corresponding  to  each  of  these  points.     Fig.  27. 

This  curve  is  termed  an  hyperholism  of  an  ellipse,  and 
constitutes  the  63d  of  Newton's  and  the  67th  of  Stirling's 
enumeration  of  lines  of  the  third  order. 
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(4).    Let  x*  -  asy  -  iPy  ziO. 

A  point  of  inflexion,  when  x=:0  and^sO.     Fig.  28. 

This  curve  belongs  to  the  class  of  curves,  to  which  New- 
ton has  given  the  name  of  Trident* 

(5).    Let«j?»+*y-f^=0.    Fig.  29. 

Two  |K>int8  of  inflexion,  one  corresponding  to  x=^0,  and 
i/^'-c  1/  T  >  and  die  other  to  x  =  —  r a!/-  and  y  =  O. 
Cramer.  Zignes  Curves.   Art.  198. 

(6).    Let  xy""  +  ««••  +  6'  =  0. 

U  a  and  i  have  the  same  sign»  there  are  two  points  of 
inflexion,  corresponding  to  xs=  ±*  4/  ^  (3  +  >/ 12)  -  J  ;  and 
if  a  and  b  have  different  signs,  these  two  points  correspond 
toi=  ±  *  \/^{(3  -  a/12)-I.  Cramer.  Id.  Art.  199. 
N^ewton  Enum»  Lin.  Tert.  Ord.  Species  53,  56. 

(7).    Let  a?*  -  €<*a?'  +  a^y  =  0.    Fig.  30. 
There  is  a  point  of  inflexion  corresponding  to  each  of  the 
I^ints -determined  by  making  a  =  ±  — %  and. therefore^  = 

^  •    Cramer.  Id.  Art.  199* 

(8).    Let  a^y  =  x*. 

There  is  a  point  of  double  inflexion  at  the  origin  of  the 
^^^"Ordinates,  which  is  likewise  termed  a  point  of  serpentement 
^  of  undulation  and  may  be  considered  as  arising  from  the 
°^ion  of  four  points  of  the  curve.     Such  points  as  these  are 
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points  nf  inflexion,  in  an  analytical  rather  than  a  geometrical 
sense,  since  the  curve  itself  presents  no  visible  character  of 
a  change  in  the  nature  of  its  curvature. 

It  win  aid  the  student  in  conceiving  the  nature  of  this 
point,  to  consider  the  curve  whose  equation  is 

fl"  jf  =  J*  -  (f  +  c')  X'  +i'c': 

if  we  make  i  and  c  equal  to  nothing,  the  equation  will  coin- 
cide with  that  given  above,  and  the  four  points  corresponding 
to  x  =  t,  x=  —  hf  x=e  and  x= —c,  will  uniteinto  one, 
which  is  a  point  of  undulation.     Fig.  31. 


(9).     Let  a*y  = 


Fig.; 


If  j'=0  and  .v=0,  there  is  a  point  of  tripU  infiexion, 
whidi  is  coincident,  in  its  geometrical  characters,  with  a 
point  of  simple  injiexien  :  it  obviously  arises  from  the  union 
of  five  points  of  the  curve, 

(10).  The  corresponding  point  in  the  curve,  whose  equa- 
tion is  a*if  =  J*, 

is  one  of  double  undulation.  It  is  unnecessary  to  discuss  the 
nature  of  this  point  in  similar  parabolic  curves  of  higher 
orders. 

(II).  Let(y'  +s*f—  iay  {r'  +  y-2ai/  +  2a')  =0. 
Fig.  S3. 

A  point  of  double  injlexien  or  of  undulatign,  at  the  origin 
of  the  co-ordinates.     Cramer  Id.  Art,  186. 

(12),     Let  there  be  a  series  of  curves  whose  equations  . 


(1).    y-b  +  {x 
(«),   J  =  *  +  (.< 
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(3).    y  ss  X  +  (j:— a)*3-. 

(4f).    y  s  X  +  (x-a)*^". 

There  i8  a  point  of  inflexion  in  all  these  cunreSj  cor- 
responding  to  xs  a. 

In  the  firsts  the  tangent  at  the  point  of  inflexion  A^  is  per- 
pendicnlar  to  the  axis.    Fig.  54. 

In  the  second^  the  tangent  at  A^  is  parallel  to  the  axis. 
Kg.  %S. 

In  the  third  and  fourth^  the  tangent  at  A  is  inclined  at 
an  angle  of  45"^  to  the  axis.     Fig.  36. 

(IS).    Let  ay»  —  a*  -  ^  j:»=  0.     Fig.  37. 

At  the  origin  of  the  co-ordinates,  we  find   -f<-  as  ± 
^  ax 

y  "  f  which  indicates  a  node  or  double  point. 

If  6=0,  the  curve  becomes  the  semi^ctMcal parabola  s  in 
thb  case,  the  two  tangents  coincide  with  each  other  and  the 
Mdlf  is  changed  into  a  pdnt  of  rebroussement  or  cusp  of  the 
first  kind. 

If  ^  be  negative,  the  values  of  --^  become  imaginary, 

dx 

and  this  point  is  an  insulated  or  conjugate  point.     Newton. 

hm.  Lin.  Tert.  Ord.  Species  68,  70,  69- 

(14).  Lety  -  8 ^  —  I2x if^  +  I6y»  +  48  j:y  +  4  x*  - 
64*  =  0.     Fig.  38. 

If  Jss2  and  ^=24,  we  find  --^  =  ±  >/8,  which  in- 

a  X 

^tes  a  double  point  arising  from  the  intersection  of  two  of 

^  four  branches  of  the  curve. 


This  example  was  appealed  to  by  Rolle,  one  of  the  earliest 
adversaries  of  the  Differential  Calculus,  to  prove  that  its 
processes  sometimes  lead  to  erroneous  results :  he  made  no 
distinction  between  the  whole  curve  denoted  by  the  given 
equation  and  that  which  corresponds  to  one  of  its  factors 
3/ -Q- ^/(,4  x)—y/(ji  +  2  j:)=0,  and  supposed  that  a  fraction 
whose  numerator  and  denominator  are  evanescent,  must 
itself  be  evanescent.  A  full  explanation  of  these  difficulties 
was  afterwards  given  by  Saurin*. 

(15).     Let  X*  —  a  ji*  +  iy  =  0.     Fig.  39. 

A  triple  point  at  the  origin  of  the  co-ordinates,  arising 

from  the  intersection  of  three  branches  of  the  curve  :  the 

values  of  -■?■  at  this  point,  are  ±  */ -  and  0. 
ax  '  V   a 

This  is  another  of  Rolle's  instances,  which  was  likewise 
explained  by  Saurin. 

(16).     Let  X'  -  i^Qax^  +  2  «*  j:-  -  af-i 
Fig.  40. 

If  ar=0,  there  is  a  douhh  point,  where  -^  ^  ± 

li  X  ~a  y/2  and_y  =  0,  there  is  a  double  point  i 
respect  similar  to  the  former.     At  both  these  points,  there  Is 
an  inftexim  in  that  branch,  whose  tangent  is  determined  by 

making  —^=1—^2.     Cramer.  Lignes  Curves.  Art.  186. 

(17).     Let  j:'-2ff3/=-3(i'y-2fl*T^  +  a'  =  0.    Fig.  II. 

Three  double  points  corresponding  to  j.'  —  a  and  ^  =  0, 
J"  =  —  (I  and  1/  —  0,  and  j  =  0  and  j  =  —  a  :  for  the  first 

two  points  ~  =  ±  \ /"i  and  for  the  third  -;^  =  ±  \ /-; . 
*^       dx  V  S  rfar  V  3 


1  #    =  w. 
in  eretj    ] 


Metiwires  de  rAcademie.   1716,  1725. 


] 
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(18).     Let  X*  +  y  —  2  ay  +  2*i»y  =  0.     Fig.  42. 

A  tripU  fnnt  or  daubh  node  at  the  origin  of  the  co-ordi- 
nates. 

If  ^  =:  0^  the  inferior  ovals  disappear  and  vanish  in  a 
point  A^  which  may  be  considered  as  an  itmsMe  triple  print. 

If  a  =  O^  the  superior  oval  disappears  and  the  point  A 
is  ztrgJe  point,  arising  from  the  coincidence  of  two  tangents 
and  a  third  tangent  coincident  with  the  axis. 

If  the  equation  bey— a:* +  2  ^  xt/^  =  0,  the  point  A  will 
be  a  triple  point  of  a  similar  nature^  though  the  form  of  the 
cunre  will  be  different.    Fig.  43.  ^ 

(19).    Let  a»y  =  x^. 

A  cusp  of  the  first  kind^  when  j?  =  0  and  y  =  0. 

(«0).    Let  (j?y  +  !)• +(x- 1)»  (:p-  2)  =  0.    Fig.  44. 

If  :r  =  1  and^  =  —  1»  there  is  a  cusp  of  the  first  kind 
Newton.  Lin.  Tert.  Ord.  Species  35. 

(21).     Let^  =  *  +  (a?-«)"^.    Fig.  43. 

If  x=a  and  y:^b,  there  is  a  cusp  of  the  first  kind. 

(22).     Let  y  =  *  +  r  J?*  +  (x  —  aY.    Fig.  46. 

If  X'=ia  and  ^=6  +  c  a\  there  is  a  cusp  of  the  second  kind. 

(23).     Let^  =  ±  (x-a)*  ^{x-b)^c.     Fig.  47. 

If  jr=:a  andy=r,  the  two  branches  have  a  common  tan- 
gent parallel  to  the  axis^  but  no  cusp ;  there  is  an  oval  be- 
tween r=sfl,  and  x^b. 


(84).     hety^±{x~ay  ^{T-6)+c.    Fig.48. 

If  7  =  0,  and  y  =  c,  the  two  branches  have  a  common 
tangent  and  equal  and  similar  curvature  at  their  point  of  in- 
tersection} but  no  cusp ;  there  is  likewise  an  oral  between 
x=:a  and  x=:b. 

In  this,  (as  well  as  in  the  last  example),  we  must  suppose 
a>i;  if  a  <  3,  the  dauble  point  in  question  is,  in  both  cases, 
a  conjugate  point- 

(85).     Let  ^  +  a  J*  —  i"  j;  j'  =  0.     Fig.  49. 

At  the  point  A,  the  origin  of  the  co-ordinates,  there  is 
an  inflection  of  the  infinite  branch  CAD  and  a  cusp  of  the 
first  kind :  the  point  A  is  properly  a  triple  point.  Cramer. 
Id.  'Art.  a21. 


(26).     Let  a>*  - 


Fig.  50. 


At  the  origin  of  the  co-ordinates,  we  find  what  is  called 
an  oscu-inflexion,  or  two  branches  of  the  curve  touch  each 
other  at  A,  one  of  which  experiences  an  iafiexien  at  that 
point.     Cramer.  Id.  Art.  220. 

(§7).     Let  X*—  ax* 9 -a xj/'  + 1  a" y'  =0.     Fig.  6l3 

At  the  origin  of  the  co-ordinates,  we  find  a  cusp  o 
second  species.     Cramer.  Id.  Art.  220. 

(28).  _ Let  ix'  +ffy~ta'i'^  =  0.     Fig.  52. 

A  quadruple  point  at  the  origin  of  the  co-ordinates. 

This  curve  is  thus  constructed  :  \i  a  circle  be  described 
whose  radius  AB  ~  a,  and  if  AM  be  always  taken  equal  to 
a  sin  3  BAM,  the  point  M  will  trace  out  the  curve. 
Cramer.  Id.  Art.  170. 

(29).  Letj:/  +  i'-(2  6  +  fl)  i'  +  (6'+ 2  a  A)j-o  6'=0. 
Fig.  53. 

A  double  point  corresponding  to  x=b  andy= 


I 
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The  construetbfi  of  this  curve  is  as  follows :  Take  C 
any  pcMnt  in  the  diameter  AB  of  a  circle  :  draw  the  ordinate 
P  N,  join  AN  and  draw  CM  parallel  to  AN :  th6  point  M 
traces  out  the  curve.    Cramer.  3.  Art.  174?. 


(SO).     Let  y* + j:*- 2  tf*  «•  -  2  a*  j/»H-  a* = 0.     Fig.  54. 

Four  douUe  points  corresponding  to  x  tsa  and  j/  t^  0^ 
x^^a  and^sO)  j?=0,  and^stf,  and  ar=0  and  yss-^a. 

This  curve  arises  from  the  intersections  of  two  ovals, 
whotfe  equations  are 

y^  +  ccy  v^2  +  a*  *-  o*  =  0,  and 

2/*  —  "^^y  v/^  +  ar*  —  a"*  =  0. 
Cramer,  i*.  173. 

The  description  of  curves  of  higher  orders  than  the  fourth 
and  the  determination  of  their  singular  points,  becomes,  in 
most  cases,  exceedingly  difficulty  from  the  extreme  compli- 
cation of  their  forms  and  the  difficulties  attending  the  solu- 
tion of  equations  of  higher  ordei:s  than  the  fourth,  to  which 
these  investigations  commonly  lead.  Curves  of  this  kind, 
Iu)wever,  seldom  occur  in  physical  enquiries,  and  their  dis- 
cussion is  therefore  of  little  importance^  unless  aa  a  subject 
of  analytical  curiosity. 

We  shall  have  occasion  to  notice  other  instances  of  sin- 
gular points,  in  enumerating  the  principal  properties  of  some 
particular  curves  which  have  become  celebrated  from  historic 
cal  or  other  circumstances.  The  reader  who  wishes  for 
^rther  information  upon  this  subject,  will  find  his  curiosity 
^mply  gratified  by  the  complete  discussion  of  a  great  num- 
ber of  excellent  examples,  in  the  very  elaborate  work  of 
Cramer  to  which  we  have  so  often  referred. 
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«  •  ■  - 

On  thfi  Curvature  of  Curve  Lines. 

Art.  87— 100.    Let  j/»  =  ^(^^  -  x^  or  -]  +  |*  =  1,      , 

If  we  make  a*  —  i*  =  a^  e*,  we  find  the  radius  of  the 
chrde  of  curvature,  or 

>•  -  .  ' 

*  r 

7  =    T 

If  a  and  13  be  the  co-ordinates  of  the  center  of  the  circle 
of  curvature^  we  have 


e^a^         ,    ^  e^ 


a  z=  _ 
a* 


,  and  /3= ^(^2_^9)«. 


and  by  eliminating  a  and  /S  from  these  equations^  we  get 

, .       a*  -  *'        ,     fl'  -  ^'       ., 
or  making  =  a^    — - —  =  b^ 

a  s=  x'  and  P  =  i/i  the  equation  of  die  evolute  becomes 


&  *  (ir-- 


£1*  ■—  ^* 

The   evolute  has  a  cusp   at   J5;   also    CE^ — 7 — , 
CQ^C(£-  "^^^^  and  the  arc  EQ^  =  ^-=^  .     Fig.  55. 
In  the  case  of  the  hyperbola  the  equation  of  the  evolute  is 


G>  -(%)'=•■ 


,  /       a"  ^  b^        J  ,,       <2*  +  ^'^ 

where  a  =  -,-^ — ^,  and  b  =  — ; — 

a  b 


161 

(2),    Let  xyssa^f  or  let  the  curve  be  the  rectangular 
hyperbola  referred  to  its  asymptotes. 

In  order  to  determine  the  equation  of  the  evolute,  we  find 

2  tx^      a»         Vx      fl/  >       2  Vo:      a/ 

consequently 

<l    V     2 

and  therefore 

(4  of  =  (a  +  /9)"^  -  (a  -  /S)^. 

The  evolute  has  a  cusp  at  £ ;   and  two  infinite  branches 
EQ  and  jBQ'.     Fig-  56. 

(3).    Let  a'  y  =  x^y  the  equation  of  the  cubical  parabola, 

_      (fl*  +  9  j:^)"^ 

This  expression  is  a  minimum,  or  the  curvature  is  the 
greatest  when 

X  =  -3-7-  and  u  zz  -— . 

Also   a= -.-r;      /5=—  +   --j; 

2      2    «*'  ex      2a* 

X 
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i 

The  eliminatiofl  of  x  from  these  equariohs,  leads  to  a  very 
complicated  expression  for  the  equation  of  the  evolute^  which 
does  not  seem  to  admit  of  reduction.* 

(4').  Let  ay^  zz  x^^  which  is  the  equation  to  the  semi* 
cubical  parabola:- 


3      \         4fl/  • 


If'x  =0,  7  =  0,  or  the  curvature  at  the  vertex  is  infinite. 


o  =  —  or  -  — , 


The  equation  of  the  evolute  is 

(5).     Let  a'^'-'y  zia"; 

If  m  >  2,  7  is  infinite  when  x=0,  as  in  Example  S ;  the 
curve  experiences  an  inflexion  at  this  point. 

If  w  <  2,  7=  0,  when  a:  =  0,  and  there  is  a  cusp  at  that 
point. 

(6).     Let  y  =  fvAfLlZlfl) .    (Ex.  4.  p.  144.) 

__    \  a*  +  4fax^  -  4V  }  i 

If  a:  =  0,  7  =  00  :   at  this  point  3^  =  oo ,  and  the  curve 
coincides  with  its  asymptote. 


1 


a  ss 
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Ti  X  ss  — ,  7  5S  00,   which  corresponds  to  a  point  of 
4 

iiAexion, 

2x»(3a— 4  a:)     ' 

The  only  difficulty  attending  the  determination  of  the 
equation  of  the  eyolute  of  an  algebraical  cunre,  arisft  from 
the  elimination  of  x  from  the  expressions  for  a  and  fi,  which 
generally  requires  the  resolution  of  equations  of  higher 
orders. 


i 

0^  the  Conchoid  of  Nicomedes^  the  Cissoid  of 
.  Diocles  and  other  remarkable  Curves,  both  Alge- 
:        hraical  and  Transcendental. 

(1).    On  the  Conchoid  of  Nicomedes.    Fig.  57,  5%. 

^  If  a  line  be  drawn  from  the  point  P,  cutting  the  in- 

I      definite  straight  line  CD  in  R^  and  if  RM  be  taken  equal  to 
f      ^  given  line ;  the  curve  EBe  traced  out  by  M^  in  the  different 
positions  of  PM,  is  called  the  Conchoid  of  Nicomedes. 

If  jR  m  be  taken  equal  to  RM^  the  curve  Fbf  traced  out 
^y  fn»  is  called  the  inferior  conchoid. 

The  indefinite  line  CD  is  called  the  rule,  and  the  given 
'^e  RM,  the  modulus  of  the  conchoid. 

If  a  line  PAB  at  right  angles  to  CD,  be  considered  as 
^e  axis  of  the  abscissae,  and  if  we  make  AB  or  RM  =  a^ 

-A-P=f,  AH:^x,  and  HM=:y,  we  shall  find 

x^ 
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which  is  the  equation  to  a  curve  of  the  fourth  order. 

The  determination  of  the  points  of  inflexion  of  this  curve, 
depends  upon  the  solution  of  the  equation 

If  a=i,  or  if  the  inferior  conchoid  pass  through  the  pole 
P,  t^e  roots  of  this  equation  are  <i(>/3  — 1),  — /i  and 
—tf  (  v^3  H- 1) ;  the  first  of  which  corresponds  to  two  points  of 
inflexion  in  the  similar  branches  EB  and  e  B,  and  the  second 
indicates  a  cusp  of  the  first  Icind  at  the  pole  of  the  conchoid : 
the  third  root  gives  imaginary  values  of  ^  and  therefore  cor- 
responds to  no  point  of  the  curve. 

If  b  be  greater  than  a,  there  are  four  points  of  inflexion^ 
two  in  the  superior,  and  two  in  the  inferior  condioid :  Ae 
pole  P  is  in  this' case  a  conjugate  point. 

If  b  be  less  than  a,  there  are  two  points  of  inflexion  in 
the  superior  conchoid :  the  pole  P  is  a  double  point  and 
there  is  an  oval  included  between  P  and  b.     Fig.  58, 

The  polar  equation  of  this  curve  is 

u  = +  y/a% 

cos  0 

where  u  =  PM  and  6  =  angle  MPB, 

If  its  rectangular  co-ordinates  be  expressed  by  trigono- 
metrical quantities,  the  conchoid,  from  the  nature  of  the 
resulting  equation,  may  be  considered  as  a  cycloidal  curve : 

thus,       y  ^  b  tan  6  +  ^^a^  .  sin  ^,     and 

X  =  >/a*  .  cos  6, 

» 

The  whole  area  included  by  the  curve  BE  and  its  asymptote 
AD  is  infinite  ;  but  the  solid  generated  by  the  revolution  of 
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the  same  area  round  jiD  is  ikiite  and  eqxxll  to  a  hemiaphere 
wKose  radius  is  a,  together  with  a  cylinder  whose  base  is 

»  tt*  and  whose  altitude  is  — .    This  property  Mras  discovered 

\)yWaUis* 

Nicomedes,  who  appears  to  have  flourished  about  two 
centuries  before  the  Christian  ara,  made  use  of  diis  curve  in 
the  practical  solution  of  the  two  problems  so  celebrated 
among  the  geometers  of  antiquity,  namely  the  trisection  of 
an  angle  and  the  insertion  of  two  mean  proportionals 
b^ttieeli  tlurb  given  lines,  upon  which  problem  the  duplica- 
tkm  of  a'  cube  depended  :  it  was  peculiarly  adapted  for  this 
purpose,  in  consequence  of  its  admitting  of  a  very  sithple 
mechanical  description  f. 

A  method  n^rly  similar  may  be  made  use  of  to  describe 
the  ellipse  and  hyperbola :  for  if  we  make  RQ  constantly 
equal  to  a  and  draw  QM  at  right  angles  to  AD,  the  point  M 
win  trace  out  an  hyperbola,  whose  asymptotes  are  KD  and 
•fL,  the  point  K  being  determined  by  making  AKesa,  and 
£^  being  parallel  to  AB. 

Again,  if  PRM  be  drawn  from  different  points  of  AP 
ui  such  a  manner  that  the  part  PR  may  be  constantly  equal 
to  h  and  RM  to  a,  then  the  curve  traced  out  by  M  will  be 
^  ellipse  whose  semi-axes  zxq  a-^-b  and  a  and  whose  centre 
'*  -A.  Also,  if  m  be  taken  m  RP  or  RP  produced,  the 
P^int  m  will  describe  an  ellipse,  who&e  semi-axes  are  a 
^d  b-Oy  if  a  be  less  than  b ;  and  a  and  a  —  b  when  a  is  greater 
^an  b. 

It  is  obvious  that  all  these  motions  may  be  executed 
Mechanically. 

?  Wallisii  Opera.  Tom.  I.  p.  350. 

t  Montucla.  Hisloire  des  Mathematiques,  Tom.  I.  p.  236.  and 
Newton.  Appendix  ad  Arith,  Universalenu     Art.  5. 
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(2).     On  the  Cissoid  of  Diodes.     Fig.  59. 

If  PQ  and  pqhe  two  ordiiiates,  drawn  at  equal  distances 
from  A  and  B,  the  extremities  of  the  diameter  of  a  circle ; 
and  if  we  join  A  q  cutting  PQ  or  PQ  produced  in  Mt  the 
curve  traced  out  by  the  point  M  is  the  Cissoid  of  Dioclea. 

If  we  malie  AB=at  AP—x  and  PM=y,  we  findj 


The  curve  consists  of  two  infinite  hyperbolic  branches 
AE  and  ^*,  with  a  cusp  at  Ay  and  an  asymptote  passing 
through  B  at  right  angles  to  AB, 

The  area  APM  of  the  Cissoid,  is  equal  to  three  times  the 
circular  segment  AQ^A  diminished  by  the  triangle  AQP,  and 
consequently  the  whole  area  of  the  curve  between  its  infinite 
branches  and  asymptote,  is  equal  to  three  times  the  area  of 
the  generating  circle :  the  solid  generated  by  the  revolution  of 
this   area   round  AB  is    infinite. 


The  polar  equation  of  the  curve  w  = 


This  curve  may  be  generated  mechanically  as  follows. 
Produce  CA  to  E  making  AE=AC  ;  and  let  the  ordinate  CD 
be  produced  indefinitely  ;  let  the  indefinite  line  KF  and  the 
line  EH  which  is  equal  to  AB  and  bisected  in  M,  be  placed 
at  right  angles  to  each  other :  then  if  KE  pass  constantly 
through  the  point  E  and  the  point  H  move  along  CD  or  CD 
produced,  the  point  M  will  trace  out  the  Cissoid*-     Fig.  60. 

Diodes  the  inventor  of  this  curve  flourished  in  the  sixth 
century  after  Christ,  and  was  one  of  the  latest  geometers  of 
the  school  of  Alexandria  :  if  we  take  for  granted  the  geo- 
metrical description  of  the  cissoid,  it  will   afford  an  easy 


'  NewLoQ.  App.  ad  Arilh.  UniveisaUm  Sect,  W, 
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solution  of  the  same  problems  which  suggested  the  invention 
o(  the  conchoid. 

'  If  we  suppose  AB  to  bfe  the  axis  or  a  portion  of  the  axis 
of  any  other  curve^  an  infinite  number  of  cissoidal  curves  may 
be  described^  by  a  similar  construction.  Thus  suppose  the 
locus  of  q  to  be  the  side  a  6  of  the  rectangle  Aab  B,  Fig.  61, 
the  point  M  will  trace  out  a  curve,  whose  equation  is 

X  t  =  (a  —  x)  ^, 

which,  by  making  a  —  x^xf  and^  +  ^=y,  may  be  trans- 
fonned  into 

x! y*  -=.  ahy 

the  equation  to  the  rectangular' hyperbola.  Any  other  fay- 
peibola  may  be  described,  supjposing  PQ  and  pq  to  make 
any  given  angle  with-  A  B.  ^ 

If  we  suppose  the  generating  curve  to  be  the  cissoid,  the 
secondary  cissoid  will  be  the  generating  circle  of  the  first : 
but  if  we  reverse  the  position  of  the  generating  cissoid,  this 
secondary  curvq  will  have  for  its  equation 


a  x"^ 


y  = 


(a  —  xy 


and  the  continuation  of  this  process,  will  give  us  a  series  of 
curres  whose  equations  are 


y  = 


x^  .  x^ 


•  = •   14^  =5 ,    &C. 

And  generally,  if  the  equation  ^  =  >/^  x,  of  the  gene- 
rating curve  be  required,  so  that  the  cissoidal  curve  corre- 
spon^ng,  may  be  any  given  curve  whose  equation  \^yz=,^x\ 
we  shall  find 

,  x<b(a  —  x^ 

a—x 
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(3).    On  the  Lemniscata  of  James  Bernoulli. 

If  from  the  center  C  of  an  equilateral  hyperbola  \^(2t 
a  perpendicular  be  let  fall  upon  the  tangent  QTM,  the  curve 
traced  out  by  the  point  M  in  different  positions  of  the  tan- 
gent, is  called  the  lemniscata.     Fig.  62. 

If  yiC  =  flf,  CPzzx  and  PM::^yy  the  equation  to  the 
curve  is 

which  is  therefore  of  the  fourth  order. 

It  consists  of  two  oval  figures  forming  a  double  point  at  C, 
with  an  inflexion  of  each  branch  at  that  point,  the  tangents 
making  an  angle  of  45^  with  the  axis. 

This  curve  consisting  of  two  ovals  which  intersect  each 
other^  admits  of  complete  quadrature  audits  whole  area s^ a*. 

Its  polar  equation  is 

'  M  =  «  .  cos  2  Bi 
»       where  u  =  CM  and  B  =  the  angle  ACM. 

If  we  take  s  to  represent  the  arc  A  My  we  shall  find 

,             a^  du 
as  -=.  — , 

or,  if  a  =  1, 

J  du 

as  = 


V(l  -  vS) 
This  curve  was  first  considered  by  James  Bernoulli  ♦, 

*  Jacobi  Bernoullii^  Opera,  Tom.  I.  p.  C09. 
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wha  shewed  that  its  arcs  were  equal  to  those  of  the  Elastic 
cuTve^  whose  differential  equation  is 

the  abscissa  x  corresponding  to  the  chord  u  of  the  arc  of  the 
Ijemniscata. 

He  also  shewed  its  use  in  the  construction  of  the  curve^ 
whose  differential  equation  is 

(xdx  ^ydy)^y  ^(ydx  -xdt/)  >/a, 

upon  which  a  body  descending  by  the  action  of  gravity,  will 
recede  uniformly  from  the  point  from  which  the  motion 
begins. 

Fagnaniy  in  the  same  work  in  which  he  demonstrated 
that  it  was  possible  to  determine,  in  an  infinite  number  of 
wzjSf  two  arcs  of  an  ellipse  or  hyperbola,  whose  difference 
is  assignable  geometrically,  also  exhibited  analogous  and  still 
more  remarkable  properties  in  the  Lemniscata :  thus  if  the 

chord  CM  =  M,  and  CN  =  4/   y 1 1 }  supposing  a  =  1 , 

then  the  arc  CM  is  equal  to  the  arc  j4N  :  and  again,  if  we 

take   Cir  =  ^  ^  \/(^  "■^'>     then  the  arc  CN'  is  equal  to 

1+w*  ^ 

twice  the  arc  CM.    The  second  of  these  properties  was 

generalized  by  Euler"^,    who  shewed  that  if  we  take  the 

chord  of  CM=:u  and  the  chord  CAT  of  n  times  that  arc=:z» 

then  the  chord  of  an  arc,  which  is  (n+ 1)  times  CN,  is 

■-.,4/f<'-:>"-'''^  ■ 

V   c(i+fO(i+2»)5 

•     '  T  " 

*  Nov,  Comweni.  Pfirop,   I7GI. 

Y 


Euler  in  the  same  Memoir  hss  mentioned  several  other  pro- 
perties of  the  arcs  of  this  curve,  which  are  deducible  from 
[he  preceding ;  and  the  same  subject  is  discussed  with  great 
elegance  and  generality  by  Legendre  in  his  work  upon  El- 
liptic Transcendents*- 

This  is  not  the  only  curve  to  which  the  name  of  Lem- 
niscata  has  been  given :  if  we  describe  a  circle,  with  a  centre 
C  and  radius  Cjl,  and  make  PM  or  _y  constantly  equal  to 
a .  sin  fl  .  cos  9,  where  B  is  the  angle  ^CQ,  we  shall  find  a 
curve  whose  equation  is 

X*  —  a'  x"  +  fl'y  =  0, 
which  in  its  form  and  singular  points  is  precisely  similar  to 
the  former,  though  its  arcs  present  no  analogous  properties. 
Fig.  63. 

(i).    On  the  Semi-cubical  Parabola. 

The  equation  of  this  curve.is 


4 


This  curve  is  the  evolute  of  the  conical  parabola  t  >  and 
its  arc,  reckoned  from  the  origin  of  the  co-ordinates  is  equal 

(5).    On  the  Logarithmic  Curve.  . 

This  curve  was  imagined  by  James  Gregory  §  :  its  most 
important  properties  were  discovered  by  Huygens||. 
If  _/JP  =  j,  and  PM=i/,  Fig.  (64.)  its  equation  is 


*  Exercises  du  Calcnl  Integral,  p,  39. 

+  Hiiygens  Horologivn  OacUiatorinm. 

X  This  curve  was  rectified  by  Neil  in  1057,  in  consequence  of 
a  remark  made  by  Wallis  in  his  Ariihmetica  t/ifinilorum  in  a  Scho- 
lium to  the  38th  Proposititm.     Wallisii  Opera.  Tom.  I.  p.  551. 

^  Geojoeinw  Pars  Universalis.  Padua  ISGS. 

II  In  his  treatise  De  Causa  Graviiaiis,  Opera  lieliquu,  Tom.  II. 
p.  U9. 
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Tie  ordinate  ABzzl^  and  is  therefore  independent  of  a,  or 
the  base  of  the  system  of  logarithms  which  are  represented 
by  the  al>scissae  of  the  curve,  the  corresponding  ordinates 
reptesenting  the  numbers. 

The  sujbtangent  FT  =  , ,  or  the  modulus  of  the 

log  a 

system  of  logarithms. 

The  area  ABMP-PT  {PM--  AB),  and  the  whole  area 
included  between  the  curve,  the  axis  or  asymptote  CPf  and 
the  ordinate  PM,  is  equal  to  twice  the  triangle  PTM* 

The  solid  generated  by  the  revolution  of  the  same  area 
round  the  axis  CP,  is  equal  to  one  half  the  cylinder^  whose 
altitude  is  PT  and  the  radius  of  whose  base  is  PM. 

(6).    On  the  Quadratrix  of  Dinostratus,  &c. 
If  CA  =  1,  AP  ==  X,  PM  -y,  Fig.  65,  then 

y-(\  -x)tan  — 

is  the  equation  of  the  curve. 

The  following  method  of  determining  the  point  3  is 
given  by  John  Bernoulli  *. 

Joii^  AD  and  draw  CE  perpendicular  to  it ;  with  centre 
C  and  radius  CE  describe  the  circular  arc  EF,  cutting  CX) 
inP;  join  JBJF  and  draw  CE  perpendicular  to  it  5  describe 
the  circular  arc  EFj  with  centre  C  and  radius  CE'^  and 
proceed  as  before :  the  point  F  approximates  nearer  and 
nearer  to  the  point  H  after  each  operation,  and  ultimately 
coincides  with  it.  The  points  -B,  E',  E"  &c.  are  also  points 
^  the  curve ;  and  by  drawing  the  chord  of  any  other  arc 
^ly  of  the  quadrant,  and  repeating  the  same  operations  as 
''rfore,  any  number  of  points  whatever  of  the  curve  may  be 
<l«termined. 


*  Corntnercium  Epistolicum  Leibnitzii  et  BemouUii,  Tom.  II, 
p.  177. 


=  ~  ,  and  is  consequently  a  third  proportional  to  the  qua- 
drantal  arc  and  the  radius- 
It  ie  obvious  from  the  mode  of  describing  this  curve, 
that  if  it  be  continued  without  the  circle,  it  will  consist  of  a 
series  of  infinite  hyperbolic  branches,  cutting  the  axis  jiCI 
produced  in  points  which  are  separated  from  each  other  by 
a  distance  equal  to  the  diameter  of  the  circle. 

The  tangent  at  B  is  parallel  to  the  axis. 

If  we  assume  CMssu  and  the  angle  BCM=S,  wc  find 


which  is  the  polar  equation  of  the  curve. 

If  wc  suppose  the  radius  ^C  of  the'circle  to  move  pa- 
rallel to  itself  and  uniformly  through  the  quadrant  AD, 
whilst  the  ordinate  PM  moves  uniformly  through  JC,  their 
common  intersection  will  trace  out  a  curve  whose  equation  is 


and  which  is  called  the  Quadratrix  of  Tschirnhausen.  Fig.GC. 

This  curve  has  likewise  an  infinite  course,  consisting  of  an 
infinite  number  of  curves  similar  and  equal  to  that  included 
in  the  circle  and  referred  to  the  same  axis  indefinitely 
produced.  This  curve  is  the  projection  of  a  curve  of 
double  curvature,  called  the  /le/ix,  upon  a  plane  coinciding 
with  the  axis  of  the  cylinder,  upon  whose  surface  it  is 
described. 


I 

J 
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Its  polar  equation  is 

.     rt  ir  u  COS  & 

II  Sin  6  =  COS . 

The  area  ii CD  of  the  curve  is  a  third  proportional  to  the  square 
described  upon  the  radius  and  the  area  of  the  semicircle. 

If  we  divide  any  abscissa  AP^  in  either  of  these  carves  in 
any  ratio  whatever,  the  radii  in  one  case  and  the  sines  in 
the  other,  which  pass  through  the  extremities  of  the  cor- 
responding ordinates,  will  divide  the  arc  AQ^  in  the  same 
ratio :  the  mechanical  description  of  these  curves,  therefore, 
would  furnish  us  with  the  multisection  of  an  arc. 

The  following  curve  is  called  the  Tiisectrix  from  its  cha- 
racteristic property''*'. 

With  centres  A  and  £,  Fig.  (67.)  and  the  same  radius 
AB^  describe  two  circles :  draw  any  line  AQ^  meeting  the 
second  circle  in  (2>  ^^^  in  ^Q  and  AQ^  produced,  make 
QP^QP'  =  AB :  the  points  P  and  P'  are  points  of  the  curve. 

Its  polar  equation  is 

u  z=l9,  cos  ^  ±  1^ 

where  u  =  AP  or  AP'  and  6  s  the  angle  PAB. 

Its  equation,  when  referred  to  rectangular  co-ordinates,  is 

or  ^  +  (2j;*  —  ^x  +  l)y  +  x^{x*  -  ^a?  +  3)  =  0. 

.  If  we  draw  any  line  BEF  cutting  the  curve  in  E  and 
the  circle  in  F,  and  then  join  AE  and  produce  it  to  meet  the 
drde  in  /,  the  arc  BF  is  always  triple  of  the  arc  Bf.  The 
description  of  this  curve,  would  therefore  enable  us  to  trisect 
any  arc  trom  0  to  360**. 


•  Trisection  de  V Angle,  par  Azemar  el  Garnier,  Paris  I8O9. 


4 


(Y.)    On  the  Ttactory,  SyntracWry,  Stc. 
•      Let  BE  (Fig.  68.)  be  a  curve,  referred  to  the  axis  JC, 
whose  tangent  MT  is  always  equal  to  the  given  line  AB  : 
if  we  make  AB=a,  AP=i;  and  PM=y,  the  differential 
equation  of  the  curve  is 

a 

which  becomes  by  integration 

:.  =  a  log  ^  "-isAsljZJl)}  -  V  («•  -  J-). 

Huygens  and  subsequent  writers  on  the  properties  of  this 
curve,  have  considered  it  as  described  mechanically,  by  at- 
taching one  extremity  of  a  string,  whose  length  is  AB^  to 
a  weight  at  B,  whilst  the  other  is  drawn  along  the  line  or 
directrix  AC :  the  weight  B  was  supposed  to  trace  out  the 
curve. 

This  conclusion,  however,  is  erroneous,  unless  we  sup- 
pose the  friction  of  the  plane  of  traction  to  be  infinitely  great, 
so  that  the  momentum  of  the  weight  which  is  generated  by 
its  motion,  may  be  instantly  destroyed  :  the  mechanical  trac- 
tory  of  a  straight  line  upon  a  perfectly  smooth  plane  is 
an  inveilcd  semicycloid,  the  extremity  of  whose  base  is  in  B 
and  whose  axis  is  equal  and  parallel  to  AB:  the  motion  of 
the  weight  B  being  supposed  to  commence  from  B*. 

The  arc  BM  =  a  log  -  ;   consequently,  if  we  describe 

a  logarithmic  curve  BF,  whose  axis  is  CA  produced  and 
whose  subtangent  is  AB  ;  and  draw  Mp  m  parallel  to  CA, 
meeting  the  logarithmic  curve  in  m ;  then  the  line  pm  is  equal 
'  to  the  arc  BM. 

If  with  centre  A  and  radius  AB,  we  describe  the  qua- 
drant Bm'b;  then  the  area  of  the  quadrant  is  equal  to  the 
whole  area  included  between  AB,  the  curve,  and  the  asymp- 
tote or  axis  AC. 


*  Euler  JVotia  Comm.  Petrop.  1784. 
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The  solid  generated  by  the  revolution  of  the  same  area 
round  AC  is  equal  to  one-half  the  hemisphere  whose  radius 
is  AB;  and  its  surface  is  equal  to  that  of  the  same  hemisphere. 

The  line  Mp  m'  ^  JT  ^  a  log  J  ijLvA^lzJtlU 

s  a  log  cot  3  ,  if  6  be  the  angle  tnA  b.     Consequently,  if  6 

be  the  co-latitude  of  a  place  upon  the  surface  of  the  earth, 
M/>  ni  or  AT  will  represent  the  length  of  a  degree  of  latitude 
upon  Wright  or  Mercator's  Projection  of  the  sphere,  the  length 
rf  a  degree  of  longitude  being  represented  by  AB^. 

If  from  the  points  M  and  T,  we  draw  perpendiculars  to  MT 
and  irrespectively,  meejing  each  other  in  O,  the  line  MO 
is  the  radius  of  curvature  'of  the  curve. 

The  locus  of  the  point  0  or  the  evoluie  of  the  curve  is  the 
common  catenary,  whose  vertex  is  B  and  the  constant  in 
whose  equation  is  AB, 

If  a  point  m  (Fig.  69.)  be  taken  in  TM  or  in  TM  or 
ilfT  produced,  so  that  TM  may  be  constantly  equal  to  i^  a 
given  line,  then  the  curve  traced  out  by  m  has  been  termed 
by  Riccati,  the  Syntractory  f. 

If  Ap  ss  Xf  and  pm  ^tf,  its  equation  is 

or 

x  =  alog{?L±AA*lllZ)}-^(6«-y). 

Ifb  <  fir,  the  syntractoty  has  a  point  of  inflexion  corres- 

b  s/  a 


ponding  to  ^  = 


v/(2^  -  ^) 


**    Perks,  Philosophical  Transactions,  ]715. 

"t"  Vincenzio  Riccati,  Comment*  Bononensia,  Tom.  IIL  1755. 


If  i  >  (1,  the  curve  has  no  point  of  infiexion  :  but  when 
y  =  V  ab,  the  tangent  is  at  right  angles  to  the  a«is. 
(Fig.  70.) 

If  b  be  negative,  there  is  a  point  of  inflexion  when  y  = 

V  (2  a  +  i) 

In  all  three  cases,  the  tangent  corresponding  to  r  =  O 
and  y  —  h,  is  parallel  to  the  axis- 

The  investigation  of  the  equation  of  the  tractory,  when  the 
directrix,  along  which  one  extremity  of  the  string  is  supposed 
to  be  drawn,  is  no  longer  a  straight  line,  but  any  assigned 
curve,  becomes  a  problem  of  great  and  Jn  most  cases  of  almost 
insuperable  difHcultjr :  Euler  has  solved  the  problem,  when 
the  directrix  is  a  circle  and  tlie  curve  of  traction  is  either 
within  or  without  the  circle*. 

The  following  curve  is  equitangential  in  a  certain  sense, 
and  possesses  some  curious  properties.  To  find  the  nature 
of  the  curve,  the  portion  of  whose  tangent  intercepted  by  a 
perpendicular  from  a  given  point,  is  always  equal  to  a  given 
line. 

Let  A  (Fig.  7 1 .)  be  the  given  point,  ME  the  curve,  a  = 
MT,  the  portion  of  the  tangent  MF  intercepted  by  the  per- 
pendicular JT,  X  =  AP  and  ;/  =  MP.  The  differential 
equation  of  the  curve  is 

a  particular   solution  of  which   equation  gives  us,  making 
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If  we  make  AM^'u^y/(x'^  +y)i  these  equations  give  us 

tan~*  -  =  0  =  ^^-^ -^ 

a  a 

which  is  a  polar  equation  of  the  curve. 

But  this  result  may  be  more  simply  obtained,  by  investi- 
gating the  polar  equation  of  the  curve  in  the  first  instance  : 
we  shall  thus  find 

6  +  sec     *  -  =  0  =:^^-^ •; 

a  a 

the  construction  of  which  is  as  follows :  with  centre  A  and 
radius  AB  =  a^  describe  a  circle  ££Q  and  from  JUT  draw 
MQ  a  tangent  to  the  circle ;  then  MQ  is  constantly  equal 
to  the  circular  arc  BEQ.    Fig.  72. 

The  curve  BM  is  obviously  the  involute  of  the  circle. 

At  the  point  B,  the  tangent  to  the  curve  coincides  with 
the  radius  AB. 

The  area  BAM  =  ^^g"??'  5  and  the  sector  BAQ  = 

the  triangle  MAQ. 

The  arc  of  the  curve  J3M  is  a  third  proportional  to  the 
diameter  of  the  circle  and  the  radius  vector  AM, 

The  locus  of  the  extremity  of  the  perpendicular  AY 
^fon  the  tangent  AfJT,  is  the  spiral  of  Archimedes,  whose 
polar  equation  is  a  0^=:u\  where  w'  is  the  radius  vector,  and 
^  Ae  angle  described  by  it  from  the  origin  of  the  curve. 

The  point  from  which  6'  is  reckoned,  will  be  determined 
"7  drawing  -^^  6  at  right  angles  to  ^  7i  ;  we  thus  have  «  ^  = 


The  involute  of  the  circle,  therefore,  is  the  curve  of  tnC' 
tion,  where  the  spiral  of  Archimedes  is  the  base  or  directrix. 

Amongst  curves,  related  to  this,  is  the  following  :  To  find 
the  curve,  the  portion  of  whose  tangent  intercepted  by  the 
spiral  subtangent,  or  by  a  perpendicular  to  the  radius  vectOTi 
is  always  equal  to  the  same  given  line. 

Let  AM  ~  u  (Fig.  73  )  and  MT  =  a,  the  portion  of  Ae 
tangent  intercepted  by  JT  the  subtangent ;  then  the  polar 
equation  of  the  curve  is 


-v^ 


li*")- 


where  6 


when  11  = 


In  order  to  construct  the  curve,  we  must  describe  a  cir- 
cle, with  centred  and  radius  ^B=tf,  and  from  JW  draw 
ME  perpendicular  to  AM,  meeting  the  circle  in  E : 
draw  also  Em  a  tangent  to  the  circle  at  E,  meeting  JM 
produced  in  m  ■■,  the  point  B  is  determined,  by  making  the 
arc  BE  equal  to  the  tangent  E  m. 

It  is  evident,  that  the  point  m  is  in  the  involute  of  the 
circle,  commencing  from  the  point  B.  The  lines  A  m, 
A  li  and  AM  are  in  continued  proportion  *. 

This  curve  is  called  the  Complicated  Traciri-i. 

The  arc  BM=aios-  ,  which  becomes  infinite  when  7(=0. 

The  area  BAM  is  equal  to  one  half  the  circular  area 
EDM\  and  the  wholearea,  between  u=a  and  k=0,  is  equal 
to  one  eighth  of  the  whole  area  of  the  circle. 

The  locus  of  the  point  T  is  expressed  by  the  equation 

'('  =  — - — -  ■  ■ sin  —  '  — , 
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where  tf  is  reckoned  from  the  point  6,  determined  by  making 
B  h  equal  to  a  quadrant. 

The  circle  is  an  asymptote  to  this  curve. 

This  is  the  curve^  which  is  the  directrix  of  the  Compli- 
caUd  Tractrix,  considered  as  a  curve  of  Traction. 

(8).    On  the  Catenary. 

This  is  the  curve  formed  by  a  perfectly  flexible  and  uni- 
form chain^  suspended  from  two  given  points. 

The  reader  will  find  an  elaborate  discussion  of  the  equa- 
dons  and  properties  of  this  curve  and  of  others  related  to  it, 
in  Vol.  I.  p.  169,  of  a  Treatise  on  Mechanics,  by  William 
Whewell,  M.A.  Fellow  of  Trinity  College,  Cambridge  : 
1819. 

(9).    On  the  spiral  of  Archimedes,  the  Hyperbolic  spiral^ 

the  latuus,  ^c. 

« 
The  equation  of  the  spiral  of  Archimedes  is 

u  :=:  ad 

where  u  and  6  are  the  polar  co-ordinates. 

If  tf  =  r,  when  ^  =  2  tt,  then  a  =  —  ,  and  the  equation 
becomes 

r 

u  =  — .  0, 

The  equation  between  the  perpendicular  p  upon  the 
tangent  and  the  radius  vector  u,  is 

_  u^d0 u" 

3  3 

The  area  of  the  spiral  JEM  (Fig.  74.)  =  ^  =  ^!^  ;  and 

Oa        3  r 

if  u  =  r,  the  whole  area  BE  Ay  included  within  the  circle 
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BDBf  whose  radius  jlBzzr,  is  one  third  of  the  area  of  that 
circle. 

The  arc  of  the  spiral  included  between  its  origin  and  the 
radius  vector  u,  is  equal  to  that  of  a  parabohi  whose  latus 
rectum  is  2  a,  included  between  the  vertex  and  an  ordinate 
=w ;  and  the  corresponding  area  of  the  spiral  is  equal  to  one 
half  the  corresponding  area  of  the  parabola. 

If  0  =  the  angle  JJUT,  between  AM  and  the  tangent 
MT,  then 

tan  0  =  -  =  ^. 
a 


w' 


The  subtangent  ^J  =  — . 

a 

The  locus  of  the  point  7*  is  a  curve^  whose  equation  is 

where  u  and  6  are  the  polar  co-ordinates,  B  being  reckoned 
from  a  point  6,  determined  by  making  Bb  zz  Off. 

In  the  same  manner^  if  T  be  the  extremity  of  the  sub- 
tangent  of  the  curve  which  is  the  locus  of  T,  T"  of  that 
traced  out  by  T\  T"  of  that  traced  out  by  T\  and  so  on, 
the  polar  equations  of  these  curves  will  be 

M=5  e%  w=:-iL  .  ^4    w  = ^ 65,  M  = ^ 0«   &c. 

2    *         2.3       '  1.2.3.4     '         2. 3. 4-. 5     ' 

We  thus  find  a  series  of  parabolic  spirals  of  ascending 
orders,  in  which  the  polar  co-ordinates  6  are  reckoned  from 
points  which  are  90^  distant  from  each  other. 

Amongst  the  spirals  comprehended  in  the  general  polar 
equation 

u  =  a 6-% 

the  most  remarkable  is  that,  in  which  n  =  1,  which  is  termed 
the  hyperbolic  spiral,  from  the  analogy  subsisting  between  its 
polar  equation,  and  the  equation  to  rectangular  co-ordinates 
of  the  conical  hyperbola,  when  referred  to  its  asymptotes. 
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If  we  describe  a  circle  with  centre  A  (fig.  75.)^  and 
radius  ABzza^  and  if  we  suppose  the  curve  to  cut  the  circle 
in  D,  the  point  J?,  from  which  B  is  reckoned,  is  determined 
by  making  the  arc  BD::za  \  and  whatever  be  the  radius  of  the 
circle  whose  centre  is  Ay  the  arc  intercepted  between  AB  ox 
AB  produced  and  the  curve,  is  constantly  equal  to  a. 

It  (p  zz  the  angle  AMTy  then  tan  0=^.  The  subtangent 
AT  =  a. 

If  we  draw  AE  perpendicular  to  AB  and  the  indefinite 
line  EJT  parallel  to  it,  the  line  EX  is  an  asymptote  to  the 
curve. 

The  area  of  the  spiral  from  its  origin  to  the  point  M  = 

—  =  the  triangle  TAM» 

The  radius  vector  makes  an  infinite  number  of  revolutions, 
before  the  point  M  reaches  the  centre  A  j  but  the  arc  ACM 
is  finite,  being 

=  a  log.  i    ^,  ,  ^  ,, 1  +  v^(a"  +  ttO-a. 

The  equation  between  p  and  u  is 

It  is  sometimes  convenient  to  transform  equations  of  spi- 
ral curves,  expressed  in  terms  of  p  and  u,  into  others,  which 
are  expressed  by  polar  co-ordinates*     ' 

Thus,  let 

bu 
P  = 


the  polat  equation  is 
where  c  =  ^(a*  —  b% 
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If  a  circle  be  described  with  centre  A  (Fig.  76. )»  and 
radius  AB^c^  then  6  is  measured  from  the  point  B^  where 
the  spiral  touches  the  circle^  and  out  of  which  it  can  never 
pass. 

Again,  let 

bu 

this  equation  represents  different  curves,  when  a:=.bf  a  <.  b, 
and  a>  b. 

In  the  first  case,  the  curve  is  the  h/perbolic  spiral,  which 
we  have  considered  before. 


In  the  sepond, 


where  c  =  y/{a^  —  6'). 

With  centre  A  (Fig.  77.),  and  radius  ABzzCf  describe  a 
circle,  cutting  the  curve  in  p  ;  ^  is  measured  from  the  point 
jB,  determined  by  making  the  arc  BC  =  b  log  (\/2-- 1). 

If  w  =  0,  6  =  a ,  and  if  w  =  oo ,  ^  =  0. 
In  the  third  case, 

^  =  -  sec  *~ '  -  , 
c  c 

cd 
or  M  =  c  sec  — " ; 
'  b 

where  c  =  \/(6*  —  «'). 

With  centre  A  (Fig.  78.),  and  radius  AB  =z  c,  describe 
a  circle  j  6  is  measured  from  B,  where  the  spiral  touches  the 
circle. 
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An  indefinite  line  EX  parallel  to  AB  and  at  a  distance 
ss&i  isi  in  both  these  cases,  an  asymptote  to  the  curve* 

Amongst  these,  may  be  comprehended  the  more  simple 
case,  where 


bu 
p  =  _, 

a 


which  gives 


e  = r-  log  -  > 


the  polar  equation  of  the  logarithmic  spiral,  which  will  be 
more  particularly  considered  hereafter. 

These  five  curves,  which  are  known  by  the  name  of 
Cotes*^  spirals*,  comprehend  all  the  trajectories  described 
by  a  body  projected  in  any  direction,  and  with  any  velocity, 
when  attracted  to  a  given  point,  by  a  force  varying  inversely 
as  the  cube  of  the  distance. 

The  following  curve,  whose  polar  equation  is 

tt»  =  a*  a-', 
is  called  the  Lituus-^,  from  its  form. 

If  a  circle  be  described  with  centre  A  (Fig.  79-)  and 
radius  JB=a,  cutting  the  curve  in  C,  then  the  6  is  reckoned 
from  the  point  B,  determined  by  making  the  arc  CB  =  a. 

The  radius  AB  produced,  is  an  asymptote  to  the  curve. 

Wherever  the  point  M  is  taken,  the.sector  A  ME  is  equal 
to  the  sector  ABC. 

If  0  =  the  angle  AMTf  then  tan  ^  =  2  6, 


*  Cotes.  Harfnonia  Mensuramm.  Pars  11.  p.  31. 
t  Id.  lb.  Pars  III.  p.  85. 
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The  triangle  AMT  =  2  sector  ABC^  and  is  therefore  a 
constant  quantity. 

The  area  CAM  =  a'  log  -  5  and  the  area  CAM  is  con- 

a 

stantly  equal  to  the  area  CMEB. 

It  is  unnecessary  to  mention  the  properties  of  other  spiral 
curveS}  included  in  the  more  general  equation 

few  of  which  are  sufficiently  remarkable  to  merit  particular 
attention. 

(10).    On  the  Logarithmic  Spiral. 

The  characteristic  property  of  this  curve  is,  that  the 
angle  between  the  radius  vector  and  the  curve  is  constantly 
die  same ;  it  has  hence  been  termed  the  Equiangular  Spiral, 

If  <p  represent  this  constant  angle,  the  equation  of  the 
curve  expressed  in  terms  of  p  and  u  is 

p  =s  u  sin  ip^ 

which  being  transformed  into  an  equation  of  polar  co-ordi- 
nates, gives 

0  =  tan  0  .  log  -  . 

With  centre  A  (Fig.  80.)  and  radius  -4JB=sr,  describe 

a  circle  cutting  the  curve  in  J3  5  then  0  is  measured  from 

the  point  B^  and  the  arc  BC  is  equal  to  the  logarithm  of 

AM 

-jjy  to  modulus  r  tan  0,  or  the  subtangent  of  the  curve  at 

AB 

JB ;  it  is  hence  called  the  Logarithmic  Spiral, 

The  triangle  ^-<4^r  is  constantly  similar  to  itself. 

The  whole  arc  of  the  curve,  between  A  and  Af,  is  equal 
to  the  tangent  MT\  the  corresponding  area  is  equal  to  one 
half  the  area  of  the  triangle  AMT. 
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Those  logarithmic  spirals  are  similar  and  equal,  in  which 
the  angle  AMT  or  ip  is  the  same. 

The   radius  of  the  circle  of  curvature  MO  =:  — -  = 
dp 

t-^t  snd  its  chord  passing  through  the  centre  A  =  -£ — - 

=  2  a. 

TTie  ruoluU  of  this  curve  is  a  logarithmic  spiral  similar  to 
the  original,  the  distance  from  B  of  the  point  from  which  9 
is  measured,  being  =  r  tan  ip  log  tan  ip . 

The  involute  of  this  curve  is  the  locus  of  the  point  T,  which 
is  also  a  spiral  similar  to  the  original :  and  in  general,  the  loci 
of  all  points,  which  are  the  extremities  of  lines  making  con- 
.  stantly  the  same  angle  with  the  radius  vector  AM  and  which 
bear  a  constant  ratio  to  it,  are  logarithmic  spirals  similar  and 
therefore  equal  to  the  original. 

Consequently,  its  caustic,  by  reflected  rays,  the  focua  of 
incidence  being  A,  which  is  traced  out  by  the  point  a, 
determined  by  making  Ma  :=  MA,  and  the  angle  OMa  = 
the  angle  OMA  ;  as  well  as  its  caustic,  by  refracted  rays, 
traced  out  by  the  point  6,  determined  by  making  the  angle 
AMb  equal  to  the  angle  of  deviation  and  drawing  Oi  at 
right  angles  to  Mh;  are  logarithmic  spirals  similar  to  the 
original. 

The  properties  of  this  curve  appeared  so  remarkable  to 
James  Bernoulli,  that  he  usually  denominated  it  tpira  tnira- 
a/is  :  and  in  a  paper  in  the  Leipsic  Acts*,  in  which  he  no- 
ticed its  singular  property  of  reproducing  itself  in  its  evolute, 
caustic,  Stc,  he  concludes  with  this  quaint  and  singular  para- 
graph. 

'*  Cum  auteoi  ob  proprietatem  tarn  singularem  tamque 
admirabilem  mire  mihi  placeat  Spira  h^c  mirabilis,  sic  ut 


ejus  contemplatione  satlari  vix  queam  ;  cogitavii  illam  ad 
varias  res  synibolice  repra?sentandas  non  inconcmne  adhiberi 
posse,  Quoniam  enim  semper  sibi  similem  et  eandem  spiram 
gignit,  utcunque  volvatur,  evolvatur,  radiet;  hinc  poterit  esse 
vel  sobolis  parentibus  per  omnia  similis  EmWema  ;  Simtlfima 
Filia  Matri.  Vel  (si  rem  EEternre  Veritatis  Fidel  mysteriis 
accommodare  non  est  prohibitum)  ipsius  Eeternfe  generatioms 
Filiij  qui  Patris  veluti  imago,  ct  ab  illo  ut  Lumen  a  Lumine 
emanans,  eidem  o'/jo'iuVia;  existit,  qualiscunque  adumbratio. 
Aut,  si  mavis,  quia  curva  nostra  mirabilis  in  ipsa  tnutatione 
semper  sibi  constantissime  manet  similis  et  numero  eadem, 
poterit  esse,  vel  fortitudinis  et  constantiE  in  adversitatibus  ;  vel 
etiam  carnis  nostr*  post  varias  alterationes,  et  tandem  ipsam 
quoque  mortem,  ejusdem  numero  resurrectura;  symbolum; 
adeo  quidem,  ut  si  Archimedem  imitandi  hodienum  consuetudo 
obtineret,  libenter  spiram  hanc  tumulo  mco  juberem  incidi  cum 
Epigraphe  :   Eadem  numero  mutata  resurgo. 

(11).     On  the  Cycloid  and  Cycloidal  Curves. 
\i  AE,  (Fig.  81.)  the  radius  of  the  generating  circle^ 
AF  =Xt    PM:=y,  and  tie   angle   AEM  =  B,  iiiea   the 

equations  of  the  common  cycloid  are, 

1/  =  a  (sin  d  +  e)  and  x  =  a  {I  -  cos  O). 

The  equations  of  the  trochoidal  curves  described  by  a 
point  within  or  without  the  generating  circle  and  moving 
with  its  plane,  are 


i/  =  a  (sin  e  - 


I  and  x  =  a  {I  - 


These  equations  may  be  made  more  general,  bysuppi 

J  =  a  (n  sill  9  +  ffi  8)  and  a:  =  a  (I  -  cos  0), 

If  «  =  0  and  m  =  1,  these  equations  belong  to  a  curves 
called  the  Companion  of  the  Ci/clsid.  • 

It  is  unnecessary  to  put  these  equations  under  a   more 
general  form,  since  they  include  all  those  cycloidal  curves. 


M 
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generated  upon  a  rectilinear  base,  which  have  been  the  object 
of  particular  remark. 

(1).  We  will  now^  mention  the  principal  properties  of  the 
common  cycloid. 

A  tangent  MT,  at  the  point  M,  is  parallel  to  JQ,  the  cor- 
responding chord  of  the  generating  circle. 

If  Q/  be  a  tangent  to  the  circle  at  Q,  meeting  MT  in  t, 
then  Qt  =  QM  zz  the  arc  JQ. 

The  locus  of  the  point  /  is  the  involute  of  the  generating 
circle. 

If  tangents  be  drawn  to  two  points  M  and  Af'  of  the 
cycloid  and  produced  to  meet  in  f,  the  angle  Mt'  M'  is  equal 
to  the  angle  CLAQ[^  of  the  circle. 

If  the  rectangle  CLL*D  (Fig.  82.),  be  completed,  and  if 
Mf  and  iHY  intersect  LL'  in  0  and  O',  the  line  00  is  con- 
stantly equal  to  the  arc  QAff  of  the  circle. 

If  the  points  Q  and  Q'  be  the  extremities  of  a  diameter, 
the  angle  Af  /  ilT  is  a  right  angle,  and  the  locus  of  the  point 
^  is  a  curtate  cycloid,  whose  equations  are 

y  =  — I    sm  Q  +  — 1,  and  x  zi —  (1  —  cos  v)  : 

the  curve  passes  through  L  and  Zr',.and  its  base,  which  is 
parallel  to  L  U  at  the  distance  —  below  it,  is  double  of  the 
axis. 

In  all  other  cases  when  the  arc  QjiQzza  0,  and  the  angle 
^^M'ss  w  -w-^,  the  locus  of  the  point  /  is  also  a  curtate 

cycloid,  whose  equations  are 

^   •    <t> 
2  sm  i 

3^a-i^Kin6  +  ?  e[  and.r  =  -^^^(l-.cos(^X 

2  sm  ^  2  sm  - 

2  2 


The  curve  passes  through  two  points/  and  /'  in  Al,  xai 
AL'  or  ill  these  lines  produced,  which  are  determiiied,  by 
making  Al  ::=.  Al'  =  aip-^  and  its  base  intersects  AU  or 
AB  produced,  in  a  point    ff  determined  by  making   AK  = 

2  tan  I 

The  arc  AM  =  twice  the  chord  AQ,  and  the  whole  arc 
CAD  of  the  cycloid  is  equal  to  four  times  AB,  the  diameier 
of  the  generating  circle. 

If  the  rectangle  -dPilfiS  be  completed,  the'area  AMR  is 
equal  to  the  segment  AQ  P  of  the  circle.  ^ 

The  whole  area  of  the  cycloid  is  three  times  the  area  of 
the  generating  circle. 

The  ordinate  PM  is  proportional  tq  the  mixtilineal  area 
ABQ,  included  between  the  arc  AQ,  the  diameter  AB  and 
the  chord  BQ. 

The  area  AMM',  cut  off  by  the  double  ordinate  MM' 
which  bisects  AE,  is  equal  to  the  equilateral  triangle  flQ^'. 
This  quadrature  was  discovered   by  Huygens.     (Fig.  S3.) 

If  the  ordinate  EF  be  drawn  from  the  centre  of  the 
generating  circle,  the  cycloidal  segment  AFMJ  is  equal  to 
the  triangle  EBq,  or  to  half  the  square  described  upon  the 
radius  of  the  circle. 

If  two  ordinates  PM  and  PM'  be  drawn  in  such  a  man- 
ner, that  AP'=EP,  and  the  points  M  and  M'  be  joined,  the 
area  AMM'  is  equal  to  the  sum  or  difference  of  the  triangles 
BPQ  and  BP'Q,  according  as  the  ordinates  are  upon  the 
same  or  different  sides  of  the  axis.     (Fig.  84.) 

If  a  double  ordinate  M  F'M,  pass  through  P'  and  the 
lines  PM  and  PM  be  drawn;  then,  if  AP' =  EP,  the 
cycloidal  sector  MPMA  is  equal  to  the  isosceles  triangle 
BQQi.    (Fig.  85.) 

UxiQ-  0  and  AQ:=  nO,  and  if  the  points  P  and  P'  be 
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detenuined  by  the  solution  of  the  equation 

I  K  4  3 

Aen  the  area  MM'P'l'  is  equal  to  E^g'  +  A^F-EAQ 
-  AQP,  vhich  aie  known  quantities*.     (Fig.  84.) 

The  radius  of  curvature  of  the  cycloid  at  the  point  M= 
ifl  cos  I  =  2  BQ. 

The  evolute  of  each  semicycloid,  is  an  equal  semicycloid 
in  are?ersed  position. 

If  a  series  of  equal  cycloids  be  described,  whose  bases  are 
in  the  same  straight  hne,  the  curve  which  cuts  them  all  at 
right  angles,  is  an  equal  cycloid  in  a  inverted  position:  this 
i«  one  of  the  simplest  cases  of  the  problem  of  orthogonal 
tnjectoriet  t- 

If  any  curve  whatever  AB  (Fig.  85.),  whose  tangents  a 
-4  and  B  are  at  right  angles  to  its  rectangular  co-ordinatei 
AC  and  BC  respectively,  be  evolved  into  the  curve  BA',  be- 
diming from  B;  if  again,  BA'  be  evolved  into  the  curve 
B'A',  beginning  from  A',  and  B'A'  into  B'A",  beginning 
inm  B,  and  so  on  continually  :  each  successive  evolute  will 
approximate  more  and  more  to  a  common  cycloid,  whose 


*  These  quadratures  were  discovered  by  John  Bernoulli, 
1699,  a  century  after  the  idea  of  this  curve  first  occurred 
Galileo :  after  enumerating  the  controversies  (o  which  this  ci. 
P'e  (i»e,  and  the  many  wonderful  properties  which 
he  proceeds  thus  :  "  At  vero  non  prius  de  palMstrS  cJiscedere  velle 
'i^Mur,  quam  per  integrum  exactum  sificulum  omuia  sua  exu 
"lyderia,  uobisque  pandieset  quicquid  in  extremis  haberet 
'^bus  suis.  Prodit  enim,  ecce  denuo,  in  sceiiam  nobilts  nostra 
cutva,  apectatoribus  quasi  cum  agonizante  hoc  ssculo  valedictura, 
It  landed  candide  sistat  inhnitorum  suorum  segmentorum,  alii 


"jue spatiorum  quadratur 
V-  324,  390. 

t  Johannis  Berm 


n."  Johannis  Bernouliii.    Open 


■a.  Tom.  I.      ^^J 


axis  is  equal  and  parallel  to  AC,  and  will  ultimately  coincide 
with  it. 

This  singular  property,  the  discovery  of  John  Bernoulli, 
was  first  demonstrated  by  Euler*. 

Several  problems  concerning  the  solids  of  revolution 
round  the  axis  and  base,  their  surfaces,  and  the  centres  of 
gravity  of  those  solids  and  surfaces,  and  of  different  portions 
of  them,  were  proposed  by  Pascal  under  the  assumed  name 
of  Dettonville,  and  resolved  by  him  and  WalUs  t  in  1 658  and 
l659-  Those  problems  were  of  extreme  difficulty  for  the 
time  at  which  they  were  proposed,  but  they  lead  to  no  result 
worth  notice. 

(S).  The  prolate  and  curtate  cycloids  are  included  under 
the  equations 

y  =  a  (sin  fl  +  m  fl)  and  x  =  a  (1  —  cos^). 
The  greatest  ordinate  of  the  curtate  cycloid,  corresponds  to 
y  =  fl  (1  +  m). 


The  prolate  cycloid  has  a  point  of  inftejisn  corresponding  to 


^^^  In  both  cases,  the  base  of  the  trochoid  is  a  tangent  to  it, 

M  at  the  points  where  it  meets  the  curve. 

I  The  whole  trochoidal  area  =  (B  wi+  1)  times  the  area  of 

I  the  generating  circle. 

I  The  arc  AM  (Fig.  86),   of   the   trochoid   is  equal    to 


■  Comm,  Petrop.  1766;  Legendre  Exerckes  du  Ctdc.  IM^, 
Tom.  U.  p.  541.1817. 

iWallJMi  Opera.  Tom.  I.  p.WI. 
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reckon^  from  the  centre  C,  which  is  equal  to  sin  ~  ;  when 

b  is  less  than  a^  or  for  the  prolate  cycloid^  the  semi-axis 

a  —  b  •  *    * 

minor  of  the  ellipse  is ;  *. 

a  +  o 

The  prolate  cycloid  is  the  trochoid  of  Wallis  and  Newton, 
and  was  applied  by  them  to  divide  the  area  of  an  ellipse  in  a 
gifen  ratio  f. 

(S).    The  companion  of  the  cycloid^  whose  equations  are 

y  =  a  a  and  X  =  a  (I  -  cos  a).     Fig.  (88). 

possesses  many  properties  analogous  to  those  of  the  coinmon 
cycloid. 

An  ordinate  to  the  centre  meets  the  curve  in  a  point  of 
^Jlexioftf  and  the  area  which  it  cuts  oiF,  is  equal  to  the  square 
described  upon  the  radius  of  the  circle. 

The  whole  area  of  the  curve  is  equal  to  twice  that  of  its 
S^erating  circle. 

If  the  line  AC  be  drawn,  cutting  the  curve  in  H,  the  area 
^Jtff=thearea//AC. 

If  the  rectangle  JPMm  be  completed,  and  the  chord 
-^Q  be  drawn,  the  external  area  AMm  of  the  curve  is  equal 
to  twice  the  segment  AL(l  of  the  circle. 

If  the  points  P  and  F  (Fig.  89.),  be  equidistant  from  the 
centre  E  of  the  generating  circle,  and  the  points  M  and  M\ 
^«  extremities  of  the  corresponding  ordinates,  be  joined,  the 
segment  MAM'  of  the  curve  is  equal  to  the  rectangle  under 
^  ordinate  PQ,  and  the  diameter  of  the  circlej. 


•  Wallisii  Opera,  Tom.  I.  p.  539. 

t  Id.  p.  540.     Newton,  Princ.  Lib.  I.   Sect.  vi.  Prop,  31 
t    Joh.  Bern.  Opera,  Tom.  J.  p.  334. 


(4).     If  the  equations  are 

y  =  n9,  and  ,r  =  _ 


-  cos  fl). 


the  portion  of  the  curve  which  they  represent,  which  is  cut 
off  by  a  double  ordinate,  passing  through  the  centre  of  the 
generating  circle,  constitutes  the  harmonic  curve,  or  one  of  the 
figures  which  a  vibrating  chord  may  assume  in  its  different 
positions.     Fig,  90. 

The  radius  of  curvature  or  ' 


which  varies  very  nearly  inversely  as  cos  S  or  p  M,  when  wi 
is  considerable. 

If  any  two  harmonic  curves  be  constructed  upon  equal 
bases  and  upon  the  same  straight  line,  but  whose  centres  are  at 
any  given  distance  from  each  other,  the  curve  whose  ordinate 
is  equal  to  the  sum  of  the  corresponding  ordinates  of  the 
given  curves,  is  likewise  an  harmonic  curve. 

(5).  If  one  circle  revolve  upon  another  as  its  base  and  in 
the  same  plane  with  it,  the  curve  described  by  any  point  in 
its  plane,  is  called  the  ILpUrockoid,  which  becomes  the  Epi- 
a/clnid,  when  the  describing  point  is  in  the  circumference  of 
the  revolving  circle.  If  a  circle  revolve,  in  a  similar  manner, 
upon  the  concave  part  of  the  circumference  of  another  citcle, 
the  curve  described  by  a  point  in  its  plane,  is  called  the  Hy- 
potrockoid,  which  becomes  the  Hypocycloid,  when  that  point  is 
in  the  circumference. 

If  a  be  the  radius  of  the  base,  h  the  radius  of  the  gene- 
rating circle,  C  the  angle  ACQ^  (Fig.  91-),  A  and  Q  being 
the  points  of  the  base,  which  are  first  and  last  in  contact  with 
the  generating  circle,  C'P  =  j-,  and  PM=y,  then  the  equa- 
tions of  rhc  Epicycloid  are 
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a:  =  (a  +  6)  cos  6  —  fe  cos  — - — .  6 

b       '   ^'*^' 
y  =  (a  +  6)  sin  0  —  d  sin  — r —  •  B 


If  &  be  negative!  these  equations  represent  the  correspond- 
ing Hffppcgchid\  in  this  case  Fig.  92* 

a?  ==  (a  —  6)  cos  ^  +  6  cos  — ^ — .  B 

a-h       '  ^^' 
y  =  (a  —  6)  sin  0  —  6  sin  — 7 —  •  6 


If  b'  be  the  distance  of  the  describing  point  from  the 
centre  of  the  generating  circle,  the  equations  of  the  Epitro' 
cJund  are 

jr  =s  (a  +  6)  cos  6  -^  6'  cos  — r — .  B 

b 

y  =  (a  +  6)  sin  0  -  6' sin  2-±i .  6 


The  equations  of  the  corresponding  Hypetrechoid  are 
*  =  (a  —  6)-cos  fl  +  6'  cos     ~     .  tf  *J 

y  =  (a  —  6)  sin  0  -^  6'  sin  — -r — .  B  J 

If  in  the  general  equations  (^),  for  the  hypocycloid,  we 
suppose  ^  =  a  +  C|  we  shall  find,  making  -JL.  0  :=iff^ 

a:  =  (a  -h  c)co8  ^  -  c  cos  ^L±-£^/, 


3^  =  (a  +  c)8ina'  -  c  sin  ^L+^a', 


B  B 
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\ 

which  are  the  equations  of  the  epicycloid^  whose  base  is  a  and 
generating  circle  c  *. 

Again,  if,  in  the  same  equations  (fi\  we  suppose  b  =: 
^ ^ ,  we  find 

"  (^0  -  »  H.  (if  0  CO.  {^)  . 

If  we  also  make  *  =  ^  "  ^ ,  and  ( J  ^  =  ^,  we 

find 

X  =  (1^)  CO,  .  .  (If)  CO.  C^«)  . 

equations  which  are  identical  with  those  preceding  (c) :  the 
same  h^pocycloids  are  therefore  generated,  by  generating  circles 

whose  radu  are and  . 

\ 

The  angle  MTP,  between  the  tangent  to  the  epicycloid  at  M 

and  the  axis  is  =  f^  — — —  j  d :  when  the  curve  is  the  ht/po- 

cycloid^  the  corresponding  angle  is=:w  — f  — — I  6, 

The  arc  AM  (Fig.  91.),  of  the  epicycloid 
= I  1  —  cos      v  I 


*  Euler,  Acta  Petrop.  1784  ;  de  dupiici  genes i  tarn  epict/cloi- 
dum  quam  hypoct/chidum. 
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4  6  (fl  +  ^)  .    <p 

= ^^  ver.  sm  -^ , 

a  2 

n  0 

where  0  :±  —  =r  the  angle  MBQ^  or  the  angle  subtended 

b 

by^  the  arc  of  the  generating  circle  which  has  been  in  contact 

'^V'itli  the  base ;  in  the  hypocycloid^  this  arc 

=s  — i i  ver.  sin  -  *• 

a  £ 

The  radius  of  curvature  of  the  epicycloid 

4^(a  +  ^)     .0 
as  —  — i — L-^  .  sm  I . 

The  evolute  of  the  epicycloid  is  an  epicycloid  similar  to 
original,  the  radii  of  whose  base  and  generating  circle 

and —, ,  and  therefore  in  the  proportion  of 


a  +  2*         £1  +  2^ 
to  b. 

The  centre  of  the  base  of  the  evolute  is  in  the  centre  C  of 
original  epicycloid  (Fig.  93.) ;  it  consists  of  two  semi- 
icycloids  AE  and  BE,  which  pass  through  A  and  B  the 
^^treme  points  of  the  original  curve,  forming  a  cusp  at  E. 

The  same  is  true,  mutatis  mutandis^  of  the  evolute  of  the 
^ypocycloid.     Fig.  94. 

The  equation  between  Cl^  or  pthe  perpendicular  upon  the 
tangent  of  the  epicycloid,  and  the  radius  vector  CM  or  t/,  ia 

p«  —  — i __z^  where  e  =  a  +  2  3 ; 

e*  —  a' 

in  the  hypocycloid  this  becomes 

e  (a*  -  w')       u  o  A 

-.  — i L    where  6  =  a  —  2  ^. 


,a  

a'  —  e 


t  Newton  Princip,  Lib.  1.  Sect,  x.  Prop.  48,  4-9. 
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The  area  CAM^  included  between  the  arc  AM  of  Ae 
epicycloid,  the  radius  CA  and  the  radius  vector  CM, 

and  the  corresponding  area  of  the  hypocycloid 


J»-^™<.|. 


Qtre  of  1 


If  d5  be  a  semicvcloidal  arc  (Fig.  95  ),  B  the  centre 
the  generating  circle  at  Ey  and  BH  at  right  angles  to  ED 
and  if  a  circular  arc  HM  be  described  with  centre  C  and 

radius   C//i  the   curvilinear  space  EHM  =   ,  and 


If  i  =  -  ,    the  hypocycloid   is  a  straight  line,    and   the 

space  ek'm  becomes  equal  to  the  triangle  hfe;  the  quadra- 
ture is  in  this  case  identified  with  that  of  Hippocrates  of 
Chios*. 

We  have  seen  before  (p.  190,)  that  the  rectification  of  the    ' 
trochoid  depends,  upon  that  of  an  elliptic  arc ;  in  a  similar 
;r,  we  shall  find  that  the  arc  AM  of  the  epitrochoid 

-  multiplied  into  an  elliptic  are 


abscissa  CP  =  cos  * ;  when  1/  is  less  than  t  the  semi-axes  of   j 

the  ellipse  are  1  and  -^  .     The  same  propotation  is  true,   1 

p  +  p  j 

mutatis  mutandis,  of  the  arc  of  the  h^patrochaid.  j 

All  these  curves  are  expressible  by  finite  algebraical  equa- 
tions, whenever  a  is  to  ^  in  the  proportion  of  two  finite  inte- 

•  Caswell.  PM(.  TTaiuaa.  lOW;  Halley,  Id.  1095. 
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gral  numbers.  For  in  no  other  case  will  the  curve  return 
into  itself,  but  its  course  will  be  infinite  and  the  same  straight 
line  will  cut  it  in  an  infinite  number  of  points. 

The  same  conclusion  may  be  drawn  from  a  consideration 
of  their  equations :  for  whenever  a  and  ^  are  to  each  other 
in     the  proportion  of  integral   numbers,   cos  6y  sin  B^   cos 

B  &c.  are  expressible  by  finite  series  (see  p.  80.)  in  terms 
of  sin  /  or  cos  /,  where  /  is  some  common  sub-multiple  of  6  and 
I  ■  -  r  1  6 :  the  elimination  of  cos  /  or  sin  /  from  the  re- 
sulting expression^  for  x  and  y^  will  lead  to  an  algebraical 
equation  of  finite  dimensions. 

Thus  if  ^z  =  ^,  the  equations  for  the  epicycloid  become 

X  :=z  a  (2  cos  ^  —  cos  2  6) 

3^  =  tf  (2  sin  6  —  sin  2  d) 

f«*om  which,  we  deduce,  by  eliminating  the  trigonometrical 
4^>>andtieSy  the  algebraical  equation  of  the  curve, 

^liicfa  is  therefore  of  the  fourth  order. 

This  curve  from  its  heart-shape  form,  has  been  called  the 
Corifcu^*,  (Fig.  97.) 

Its  polar  equation  is 

M  =  tf  (1  —  cos  \f^), 
"^^here  u  =  AM  and  >//•  =  the  angle  MAP. 

O  J     ^   ft 

Its  greatest  ordinate  is  =  — '^ — ,  which  corresponds  to 

*»5. 


k 


*  CastigUone.  PhiU  Transact,  1741. 
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Its  whole  area  is  equal  to  six  times  the  area  of  the  gene- 
rating circle. 

This  curve  is  one  of  the  caustics  of  the  circle,  the  radi- 
ating point  being  in  the  circumference  '^^ 

The  equation  of  the  epitrochoid^  when  a  :^  b,   is 

+  fl(^i  -  2^)y  -hy  =  0: 

which  becomes,  by  putting  ^  +  a  in  the  place  of  x,  or  by 
making  the  point  J  the  origin  of  the  co-ordinates, 

a:*  -F  2  *V  ~-  (/J*  —  *'  ^)x^  +2(x  +  b')  a:/  +  y  -  fl»y  =  0. 

Again,  if  ^  =  -- ,  the  equation  of  the  epicycloid  with  two 

cusps,  is 

a*  3^*  =  (a?*  —  2  fli  J?  +  /)» ; 
or  if  ^  be  the  origin  of  the  co-ordinates. 

This   curve  is  one  of  the  caustics  of  a  circle,  when  the 
incident  rays  are  parallel  to  a  diameter  f. 

If  *  =  -  ,  the  general  equations  for  the  typocycloid  (/3),  p.  1  gs. 
become 


X  :=:   a  cos.  Q^ 

y-0.  J 


In  this  case,  therefore,  the  hypocycloid  becomes  the  dia- 
meter of  the  circle  which  passes  through  A, 


*  Wood's  Optics,  Prop.  99. 
t  Id.         lb.         Prop.  98. 
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The  general  equations  for  the  h^potrochoidy  in  this -case, 

become 

■ 

^=(|-*')8inO: 

these  are  the  equations  to  an  ellipse^  whose  semi-axes  are 
2  +  *'  and  -  -  v. 

If  ^  =  -  ,   the  equation  of  the  hypoa/clotd  is 
3 

a:*  -  i  df  a:'  +2  a?'/  —  12  a  ^/  +  y  +  12  ay  =  0 ; 
the  co-ordinates  being  reckoned  from  A* 

If  6  =  -,  the  equation  of  the  hfpocycloid  is 

27  fl»A?*y  =:  (fl*  —  a:«  — /)» 
the  co-ordinates  being  also  reckoned  from  A. 

This  is  the  curve,  which  has  been  considered  by  John 
Bernoulli,  in  the  solution  of  the  following  problem.  A.  line 
HE  (Fig.  98.)  is  moveable  between  the  lines  AC  and  CjB, 
which  are  at  right  angles  to  each  other  :  to  find  the  curve 
which  touches  it  in  all  its  positions ''^.  In  a  certain  sense, 
therefore  the  hypocycloid  with  four  cusps,  may  be  considered 
as  an  equitangential  curve. 

If  a  be  infinite,  the  epicycloid  and  hypocycloid  coincide 
with  the  common  cycloid :  if  &  be  infinite,  they  coincide  with 
the  involute  of  the  circular  base.  The  gpitrochoid  described, 
when  h  is  infinite,  by  the  point  C,  is  the  Spiral  of  Archi- 
medes, whose  equation  is 

«  =  a  e.    (See  p.  177.) 


*  Joh.  Bern.  Opera^  Tom.  III.  p.  447. 
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On  the  Differentiation  of  Functions  of  ttoo  or  more 

f^ariables. 


Art.  120-132.     Ex.  (1.)    Let  «  =  — : 

I 

J         d u  J         du  1 
««  =  --—  rfj:  +  --—  dvy 

dx  ay 

_j  j:"  — >  (nydx  —  mxdy) 

(Q)    Let  «=  ^(^"-9'\ 

,  9,xi/(j/dx  --  xdy) 

(3.)    Let«=log^— ^L_^J|, 

t 

^(t/dx  —  xdy) 

X 

(4.)    Let  u  =  sin"~^-, 

,        V  dx  —  j:dv 

(5.)     [iCt  «/  =  log  tan  -  , 

y 

0 

1     _  y  irtr  —  oc  dy 

m  m  X  X 

If  sin  -  cos  - 

y      y 

The  following  theorem  of   Euler^  is    of    considerable 
importance   in    the   integration    of  Jiomogeneous   differential 
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equations  :  if  n  be  the  sum  of  the  exponents  in  each  term  of 
the  homogeneous  function  u,  of  the  variables  x,  y^  z^  &€.» 
and  if 


then 


.         du  ^      ,  du  J      .  du  J     .   o, 
du:=:^—dx+---^dy+'--~.dZ'{'  &c. 
ax  ay  dz 


du  du  du       .    o 

««  =  ---.  ^  +  -7-"^  +7-2:  +  &C. 
dx  dy  dz 


AlsOy  if 

then 

ax*  dxdy  d  y* 

(See  Art.  266.) 

The  four    last  Examples  afford  a  verification  of  this 
theorem,  for  the  case  in  which  «  =  0. 

—    < 

(6).     Let  u  r=  ^       ^  ;   where  h  =  2,' 

X  —  y 

,        2x^dX'-'Sx'*ydX'-y^dx  +  3xy*di/'-2fdy'{'X*dy 

a  u-»  — — ■    '■      9 

{X  -  t/f 

putting  X  and  y  in  the  place  of  c?:r  and  dy,  we  get 

2X*  -  2x^y  +  2  1:3/*  —  2/      2  a:'  +  Sj^' 

■  — -     !Z!  ——————    ^  Xi  U» 

(a  —  y)»  r  -  .V 

(7).    Let  «  =  ^^.  ^ y,^, }    where«  =-  4: 
.    _  —  4(jrfx  +  ydy) 


.4\* 

c  c 
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0 

(8).     Let  u-  >^^-^v/y     ^heyg  n  =  -  i: 

dw= z — ; — rr 

and   ~  a(y  n/J^  +  tVi^  +  J^  ^/■r  +  y  ^y) 

(r  +  yy 

_  -  i  (^/^  +  \/y)  ^       I  ^ 


(9).    Let  w  = ^^ ;  where  n  =  1 : 

dw  =5  ^^'^y  +  bxzdy  +  byzdx'-bTydz 

and   -— -^ -— ^  = ^---  s  u. 

{ax  +  b  zY         ax  +  bz 


(10).    Let  u  =  sin-'  ^4^^ — 4;  where  w  =  0 

v/(^  +  ^) 

and  ,. i^     "^  ^j^ Q  --  ^  ^^ 

(11).     Let  «=  log    {  :r  +  y  +  ^(2.r^+y)  I  ; 

du^ : >^(?£^^-!)_. 

^+3/+\/(2.Tj^+y) 


a03 

and  putting  x  and  y  in  the  place  ofdx  and  tly,  we  get 

The  reader  must  take  care  not  to  consider  functions  of 
this  nature  as  homogeneousi  wluch  are  only  apparently  so : 
thu8>  in  the  case  before  us^  if  we  make  y  zs  xt^  we  find 

tt  =  log  }  X  +  X/  +  X  VC^Z+O  \ 

=  logj:  +  log  {  l+<+>/(2/  +  0  J  ; 
the  parts  of  which  expression  are  evidently  not  homogeneous. 

In  general,  i£u=:<pv,  where  v  is  a  homogeneous  function 
of  ^9  S%  &c*>  then  u  is  not  a  homogeneous  function  of  these 
▼ariableSj  unless  u  be  also  a  homogeneous  function  of  v :  this 
condderation  would  exclude  the  example  just  given,  as  is 
einulent  from  the  form  of  the  series  for  log  v. 

The  example  M=sin-»  V(^*-y)=cos-*  \/(l  -J^'+jf*) 
would  place  this  remark  In  a  still  clearer  light. 

The  functions  given  in  Examples  2,  3,  4,  5  and  10,  are 
strictly  homogeneous,  in  the  sense  of  the  theorem. 

(12).    Let  u^x  >/(2:ry4-y),  where  w=2: 

'        Again, 

dx*       '      dxdtf  dy* 
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1  * 


and  putting  x  and  ^  in  the  place  oi  dx  and  cfy,  we  get 
=  -iLJ Z y^    y  )  ^  2x  V(2J^y-fy*)=»(nr-l)tt. 

The  theorem  expressed  by  the  equation 

rf*M  d'u 


dxdy      dydx 


,  Art.  122, 


is  of  great  importance  in  the  integration  of  differential  equa- 
tions of  the  first  order  and  first  degree,  involving  two  va- 
riables, as  it  enables  us  to  ascertain  whether  they  result  from 
the  simple  differentiation  of  a  function  of  x  and  ^,  or  from 
the  elimination  of  a  constant  from  the  equation  in  which  they 
are  involved.    (Art.  262.) 

03).    Let  w  =  j:  sin  y  +  y  sin  a? : 

du 

-r—  =  sm  tf  +  y  cos  j: 

ax 

du 

-; —  =  sm  X  -{■  X  cos  V, 

dy 

d^u  d'u 

=  cos  y  +  cos  X  = 


dxdy  dydx' 


(14).     Let  u:=ix^ 


du  „_.     du        „  , 

-—  =  i^  0:2'-  ^    :^  =  ^^  log  X, 
ax  dy 

s  J*'—*  +  yx'^  —  [  log  J  = 


d^rfy  ^  dydx' 
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dx~  "^x*  ' 

du      -y~>/(a?*+y')  .    1  . 


d^u    _  2^jf2x/(£Nhy) _ 


a: 


di^dx  x^  x^  ^/{x^-^y*y 

and  by  reduction  we  shall  find 

dxdy'^  dydx^  x^       x*  >/(A'+y')' 

The  reader,  may  make  use  of  this  or  of  any  of  the  pre- 
ceding Examples^  in  illustration  of  the  theorems^ 

d^u  d^u  d^u 


dxdy'      dy^dx       dydxdy' 
d^u  d*u  d*u 


d  X*  dy*      dff'  d  x^       dydxdydx 
d*u  d*u  d*u 


"  dxdydxdy      dxdy^dx      dydx^dy 
&c.  &c. 

(16).     Let  M  =    f^  ^^ 


(0. 


a   —  2 
d*  M  2  j:  d^u 


dxdy      a^  —  z'      dydx' 


(2). 


(3). 


(*). 
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d'M     _    4x1/ z   _    d'u    ^ 


dxdz 

(a' 

-z7 

dzdx' 

d^u 
dydz  "" 

2x^  z 

d'u 
"*  dzdy* 

d^u 

4x 

z              d*w 

dxdyd 

zy'^dydxdz 

d^u 

d» 

u            '    d^u 

dxdzdy       dydzdx      dzdxdy 

__       d^u 
'^dzdydx' 


^ft..9 


(17).    Let  u:=i-f^: 

z*  +  v"" 

d*u  _  S2xy  zv  ^ 

dxdydzdv^  (z'  +  v')'  * 

the  same  result  may  be  obtained  by  as  many  processes  of 
differentiation^  as  are  denoted  by  all  the  different  permutations 
of  the  four  quantities  dx,  dy,  d  z,dv,  in  the  denominator 
of  d*  Uf  which  are  24  in  number. 

We  have  seen  (p.  72.)  in  what  manner  the  Differential 
Calculus  may  be  applied  to  eliminate  one  or  more  constants 
from  an  equation  involving  two  variables  :  when  the  equation 
involves  three  variables^  we  may  apply  a  similar  process  to 
eliminate  functions^  whose  forms  are  absolutely  unknown. 

(18).     Let  the  equation  be 

Z  =iXy(py, 

d  z 

from  which  two  equations  we  deduce  the  partial  differential 
equation 
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dz 
z  —  x-j—  =  0: 

ax 


in  which  <py  does  not  appear. 
(12).    Let.=lf±iL±5. 

%  dz  ^  2  0^  +  1 , 

dx  ""  1  —  x<pi/  * 

and  by  eliminating  0  y  from  these  two  equations,  we  get 


(20).    Let ;«  =  *  QLJL^  . 


d 
d 


i=-<^)e-^). 


rfy 


by  eliminating  0'  (^l! — ^ )  from  the  two  last  equations, 


we  find 

dz 
d 


X       \9^xy  ^  dy 


Hi    "^  A 

It  is  hardly  necessary  to  state,  that  if  u  ^^ , 

and  is  consequently  the  same,  whether  x  or  y  be  considered 
as  variable. 


(2 


1).     Let  z  =  a  >/(!'+/)  +  «  (p  : 


dz  _        ay         _     ,  /^x\     £ . 
by  eliminating  0'  f  -  )  ,  we  get 

ax  ay 


(22).     Let  2;  =  (x  +3^y  0  (x«— 5^) 
—  =  a  (X  +5'y  - '  0  (Jc*-y')  +  2  (a:  +y>'  0'  (ar'-j**)  x 

and  eliminating  0  (^*— j/*)  and  0'  (^*-j/*)  from  these  three 
equations,  we  get 

dz   ^      dz  ^ 

y  - — f-a-; 02  =  0. 

^a?  dy 


(23).     Letz=J  +  0  (i  +log3/) 


j^=,^<..(i+,<,g,).i, 

and  eliminating  9'  (-  -f  log  j/ Y  we  get 


/ 
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12*).     Let.=x^(|)  +  ,/,0. 

Since  this  equation  involves  two  arbitrary  functions  of  x 
and  y^  we  must  proceed  to  the  second  differential  coefficients 
of  z,  in  order  to  eliminate  them  :  this  process,  however,  will 
not  terminate  generally,  without  proceeding  to  the  third 
differential  coefficients  of  z  i 

If  we  eliminate  ^'  (^"^  >  from  these  equations,  we  find 

ax      X  ay  \x/  . 

in  this  case  0  (^^  ^  ^so  disappears :  but  in  general  we  shall 

find  0  (r,  y)  »id  0'  (x^  y)  in  the  equation  resulting  from  this 
operation,  and  their  elimination  from  it  would  present  the 
same  difficulties^  as  that  of  <p  (x,  y)  and  yp^  {x,  y)  from  the  pri- 
mitive equation. 

Again,  in  order  to  eliminate  ^  (^  \  from  equation  (fi)^  we 

must  proceed  thus  : 

d*z      y      d'z        y    dz  ^,/y\    V 

dx^      X    dydx      a*    dy  \x/    *** 


d^z     ,  y     d^z  ,   1    d 


dxdy       X    dy*       X     dy 

^y 


'^O-i- 


and  eliminating  ^^  /"^  ^  from  these  equations,  we  find 

-rf*2      ^         d^  z  T       » d*  z      ^ 
dx*  dxdy  dy* 

a  partial  differential  equation  of  the  second  order. 

D  D 
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(25.)    Let  !«  =  ^*  (f)  +  3'"^  (j)  » 

theeliminationof  >/^f -J  and  yj/  (^j  from  these  three  equa- 

tionS)  will  likewise  cause  <!>  (^)  and  <l>'  f  ^  J  t6  disappear^ 

d  z         d  z 
and  we  shall  have  x  -7-  +  y  ---  —  « 2;  =  0. 

dx         dy 

In  this  case,  however,  z  cannot  be  considered  as  invoMng 
two  different  arbitrary  functions  of  x  and  y^  as  they  may  both 
be  comprehended  in  one : 

* 

<26.)    Let  z  ss(l>{y  •{-  ax)  +  \l^{y  ^  ax). 
In  this  case,  we  find 

dz  ^  adz  ^  ., ,  .  V 
:T"  +  -3—  zz9,a4>  {y  -¥  ax) 
dx        dy 

.  d*  z       ad^z 

and  -p-r =---  =  0. 

dx^        df 

(27.)    Let  z  ssi<p{y  •{■  ax)ylr  {y--  ax). 

If  we  denote  the  functions  <p  {y  -^^  ax)  and  >Ky  —  a x), 
by  <p  and  \^,  we  find  , 

dz      adz       ^        .     ,,      ^       <t>' 
dx       dy  0 
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Again, 

d^z  ^  ad^z       ^      dz    (!>'      ^  ^^    4>'' 
J-;  +  ' — 7-=  2a.  —  .i-  +  2fl'j?.  2-. 

ax*      dydx  ax    <i>  0 

<Pg     ,    ad'z      ^     dz    (p'      ^     ^    <p'' 
dxdy        dy*  dy    ^  tp 

—  2  a ;?;  21  . 

Multiplying  the  last  equation  by  a,  and  subtracting  it  from 
the  former^  we  get 

dx^        rfy    ""    '^\dx      ^)     i> 

(dz       adz\    /dz  .  i££\ 
rfj:         dy  ^    \dx        dy  / 

_  d%^      a^dz^ 

(28.)    Let  z  s  0  (^  +  II  a:)  +  x^  xKy  -  «  a:)    (!)• 
^^a^'  ^y^  -axy>\r'  (2). 

ay 

We  have  now  four  functions  ^,  ^',  \^,  >/r',  to  eliminate, 
and  only  three  equations  :  we  must  therefore  proceed  to  the 
second  differential  coefficients  of  z*    , 

"Lf  =  a*  0"  -  2  a  V  >^'  +  /»*  jry  V      (4). 
dx'^ 
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J{ yssi  and  x=l  —^2,  we  have 

I 

E  =  JUL^  —  0 
dtfdx 


In  this  case  D  and  F  are  ^oM  negative,  and  DF  >  £* : 
therefore 

ti  =  3  +  4^2,  a  maximum. 
If  ys=2-y/S,  or  2+  >/3,  and  a?=:  1  +v/2,  we  find 

2)  =  24,  JS  =  0,  i?  =  6  v/2 : 

we  have  therefore  D  and  F  both  positive,  and  J3-F  >  JE* : 
consequently 

1*  =  — 6  —  4>/2,  a  minimum. 

If  y  =  2  +  ^3,  or  2  -  ^3,  and  xzzi-  >/2,  we  find 
D=24,  jB=:0,  and  -F=:  —6  ^2 :  in  this  case  D  and  i^"  have 
difierent  signs,  and  the  function  u  is  neither  a  maximum  nor 
a  minimum,     Euler.  Ca/^.  JDj^.  Pars  II.  C/y.  xi.  -4r^.  287. 

(2).     Let  w=y-8y  +  18/— 8j^— j^^  +  S^'  +  Sa;. 

If  y=2,  and  x  =  l  -^2,  then  D=s  — 12,  and  F=z6x/^  ; 
therefore  u  is  neither  a  maximum  nor  a  minimum. 

If  j/=2+n/3  or  2  — v/3,  anda?=:l-^2;  then  Z)  =  24, 
JB=0  and  i^=6  v^2  :  therefore 

u  =  4  —  4  ^2,  a  minimum. 
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If  y  =  2,  and  a?  =  1  +  ^2  :  then 

D  =  -  12,  £  =  0,  and  -F  =  -  6  A/a : 
therefore  u=:13  +  4V2^^  maximum.        Euler.  i(. 

(3).    Let  ussx^+xy+s*—ax—btf: 

If -r  =HiL:i*,  and^=:i^,  we  have 

D  =:  2,  E  zz  I,  F  :^  2,  znd  DF  >  E"  \ 

and  u  =  ^! — "^  ^  "" —  •  a  minimum^    Euler.  iJ. 

3 

(4«).     Let  m=:j?*  +  y^  ^  S  axy: 

If  :r  =  0,  and  ^  =  0,  te  is  neither  a  maximum  nor  a  mi- 
nimum^ 

K  X  ss  a,  and  3^  =  a,  we  have 

D  =  6  a,  £  =  -  3  fl,  and  jF  =  6  fl,  and  DJF>  jB»  : 

consequently  t^=  —  a^  is  a  minimum  when  a  is  a  positive,  and 
a  maximum  when  a  is  a  negative  quantity.      Euler*  lb, 

(5)      LetM=sx*+y-a^'3^-flar^'  +  c'a:'  +  e'/: 
-r~  =4^'— 2aya:-df/  +  2c'a;  =  0 
—  43/'— 2  ay  a:— a  j:'  +  2c'5^  =0 

If  we  subtract  these  equations  from  each  other,  we  find 
4  (x'-y3)-a  (j?'-^y)-|-2  c»  (a?-^)=0, 
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of  which  equation  a:* --3/  is  a  factor  :  consequently  ^=:  1*9  and 
4  x^—S  ax^  +  2c^  x=:0 :  which  gives 

if  =:  0,  and  x  =: ^  ^- . 

8 

If  xsO,  andrj/=0,  we  have 

D  =z2c%  JS  =  0,  and  P  =  2  c* : 
therefore  m  =  0,  is  a  minimum. 

It  cr  = 31^2 {  —  y   we  have 

8  ^* 

D  =  ^^  q'-32c'  +  7  flt/(9  a'-32  Q  _  ^ 

8  ' 

and  iB  =  J  1^^'  +  ^^V^(9^'-^^^') . 

27 
and  DjF  >  JP,  for  9  a^  >  32  c"* ;  consequently  «  =  —  — -  a* 

+  -^  <^^  c*  —  -  c*  -  -^  (9  a»  -  32  r^)i,    which   is    a   iw/- 
16  2  256^  ' 

nimum. 

If  :p  = ^^-^ ^  =  y,  we  have 

^      21a*-32i:«-7a  v^(9a»-32r*)       j. 
D  = g =i^, 

and  jB  ==  -  1^Q'-4>^  V(9«^-32f^), 

8 

and  DF<  E*; 

in  this  casei  therefore^ 

uzz  --^a*  +  ^a'c'-lc'  +  -£- (9  a^  -  32  i:% 
256  16  2  256^  ^ 

is  neither  a  maximum  nor  a  minimum. 


If  w€  consider  the  other  factor  of  -^ -p-  s  0  or 

ax      ay 

and  eliminate  j^  from  this  equation  and  the  equation  —  ss  0^ 

a  X 


shall  get  a  final  equation  of  six  dimensions!  the  solution 
of  which  would  be^  required  in  order  to  determine  the  other 
values  of  x  and  y.    Euler.  lb* 

(6).    Lettt»=x*+j^-x*  +  a'5^-^*: 

du 

~  «r  4a?»— 2x+y=B0 

ax 

du       ^    ,     ^  ^ 

-—  =r  4y  — Sj^-l-JtateO 
dy 

eliminating  y  from  these  equations^  we  get 

256  a*  -  384  Jf'  +  192  ;t*-40a:»  +  3  xm±0    v 
=:a:(4j*-  l)*(4a?*  -  3). 


1        4y3 

The  values  of  x  are  0,  ±  -  ,   ±  aC . 

If  x=ys=0,  we  have  D=  —2,  £=1  and  Fss  -2;  there- 
fore u  zzOf  is  a  maximum. 

If  j=i^=±  i,D  =:^=:JF=:1;  in  this  case  DP=  £•, 

and  II  s  —  ^  ,  a  minimum. 
8 

If  X  =  ±  ^,  andy  =  ^  ^,  we  have  D  «  2?  «  7? 
and  £  =:  1 :  consequently  DF  >  jE^  and 

9     .  .  . 

a  =  —  3 ,  is  a  minimum' 
o 

I  I 
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(7).     Let  a'  =  «  jN- 2  ^x  V  +  ry  -  <  T  —fy  :  this  is  the 
general  equation  of  curve  surfaces  of  the  second  order,  and 
'4t  is  proposed  to  find  in  what  cases  the  ordinate  %\%z  maxU 
mum  or  a  minimum,  " 

Ibe  equations  ^—  =  0,  and  -y—  =  0,  gire  us 

dx  dy 

ec—fb  eb^fa 

%{ac-py  ^       2{ae--b*) 

Also  2) = 2  ly ,  E=2bf  F=  2  r :  M  and  therefore  z  is  a  wiiw- 
mum  when  a  and  r  are  positive,  and  aob^i  a  maximum  when 
'  n  and  r  are  negate  andt}r>3*;  but  neither  a  maximum 
tior  a  minimum,,  when  a  and  ^  have  difierent  signs,  or  when 
ac  <^b^,  in  which  last  <cases  the  surface  is  infinite  with  a  coni- 
•cal  asymptote.    Lagrange,  Mifc.  Taurinensia.  Tom.  I  p.  SI. 

<8).    Let  uziax^—bxy-^-xz+yz* 

If  we  make   -—  =  0,  -—  =  0,  and  --—  =  0,   we  find 

dx  dy  dz 

x=zyi=z=zO:  again,  to  find  whether  u=0,  is  z  maximum  or 
a  minimum^  we  must  proceed  to  the  second  differential  co- 
efficients of  u: 

dx*  dxdy  dy* 

r.  _    d'u     _        rr      d^u       r^   V  ^    <^'^^  ,  . 

O  =  -T--  ,-  =  1,   /2  =  -- —  =  0,  A  ==    ■      ,     =  I  : 

dydz  d  z*  dzdx 

znd  2a  h''-2bhk'\-2k  i-\-2/ii 

rzlaXh /      +2a^  ^^ .  A:'  >  , 

I  2fl3  \       a  4  a'         3 

the  second  part  of  which  expression   may  evidently  become 
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negatirc  and  greater  than  the  first;  consequently  mkO,  is. 
ntither  a  maximum  nor  a  minimum. 

(9).    Let  u  =  ; —-, ^-j^ — 77 -r  . 

Considering  log  uszydy  as  the  function,  and  making  -~  «  o, 

"7-^  as  0,  -r*-  ==  0,  we  get 
dy        *  dz        *        ^ 

ay  zzx^y  X  z  =^  y%  and  ey  =r  z%  or 
fl  :  JT  ::  jr  :  y  ::  y  :  ;?  ::  5?  :  e, 

and  xasa  ^/^szam^y^a  m%  and  zssam^,  if  mst  1/ -  • 
Again^  if  we  put  a*  m  (I  +  mYssAy  we  find 

dx*^       A^       '^dxdy'^mA  dy*        m*  A 

dydz^m^A'      "^  dz^'^     m* A^  dxdz 


=  0: 


consequently  (DF^E')(DH-'K*)  ^-—^ 

m**  A* 

and  DG-EK  zz  -  -1^ :    therefore 

(DiJ'-JB*)  (Z)/f  -  a:  )  >  (DG  -  £JSr)% 

^'^d  the  value  of  m',  and  therefore  of  m,  determined  by  this 
V^cesSi  is  a  maximum. 

This  is  the  solution  of  a  well-known  mechanical  problem  : 
^o  find  the  magnitudes  of  the  perfectly  elastic  balls  jr,^,  z^ 
"iterposedOietween  the  given  balls  a  and  <?,  so  that  the  vc- 
'<^ity  communicated   by  o,    moving  with   the   velocity   r, 
"trough  Xy  y  and  \  to  e,  may  be  the  greatest  possible."     La-». 

ff'^nge.  Misc.  Taur.  Tom.  I.  p.  29. 


(10).    tjetu:=:2xy  +  2xz+^i/z:  which  is  subject  to  tl:^. 
equation  of  condition 

xyz^zn  a*  I         (a). 

Eliminating  z  by  means  of  equation  (a%  we  find 

from  which  we  readily  find,  making  -—  =  Q,  and  -7—  ==  0> 

dx  dz 

x=^^a  and  therefore  also  2  r=  a ;  and  t<  =:  6  a*  a  Minimum* 

This  is  the  solution  of  the  following  problem  :  **  Amongfct 
all  parallelopipedons  of  given,  volume,  to  find  that  which  ha» 
the  least  surface.** 

(11).     Let  u=(j:  +  l)(y+l)(r  +  l):  which.is  subject  to- 
the  equation  of  condition  "        "^ 

Eliminating  z,  we  find 

«=(x+i)cy  +  i)  {14.^-^  -  i^|i 

C  log  c  log  c  log  c   > 

J       , .      du       ^    du       - 
and  making  -—  =  0,  -—  =  0,  we  get 
dx  dy 

a*  + '  =  *»  -^ '  and  therefore  also  =  r'  + '. 

Therefore  x  =  ^^g^"^^^^^g%y=:^^g^"^"-^^8^, 

3  log  a  ^^  iJlog*  ^ 

J  log  db  A  —  9,  loe  c  , 

and  z  zz  — « ; s—  •  consequentir 

3  log  V  ^         1 

u  =  {  log^(^^^^)}^^ 
log  a  log  b  log  c 

which  Is  a  max'imunu 
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This  is  the  solution  of  the  following  problem  :  ^*  If  a»  h 
c,  be  the  prime  factors  of  a  number  ii,  to  fiad  the  number  of 
times  each  factor  must  enter  into  that  number^  so  that  it  may 
admit  of  the  greatest  possible  number  of  divisors." 

If  the  converse  problem  had  been  proposed  :  **  Given  the 
number  of  divisors  and  the  prime  factors  a,  b^  c  of  z  number^ 
to  find  the  exponents  x,  ^,  z  of  these  factors,  so  that  the 
number  may  be  the  greatest  possible  ;**  we  should  have 
found  the  same  relation  subsisting  between  these  exponents 
as  in  the  solution  of  the  preceding  problem.  Waring.  Med. 
Alg,  p.  344 • 

the  equation  of  condition  being 
Eliminating  z,  we  find 

$f aking  ---  =  0,  and  ---  a=  0,  we  find 
d  X  dy 

?7?       "■       Ta       * 

an  impossible  equation,  unless  «i'  +  ' =3''^*  and  therefore  als9> 

The  values  of  jt,  y^  z  are  determined  as  in  the  preceding 
example,  and 

u  zz  ■   ^  ■ — ; — - — ■  •  ■- ■,  a  maxtmum. 
(a-l)(*-l)(^-l) 


<:x: 


This  is  the  solution  of  the  following  problem  :  ^*'  If  a,  ^ 
c  be*  the  prime  factors  bf  a  number  A^  to  find  the  reliitidn 
subsisting  among  their  exponents^  so  that  the  sum  of  ^  the^ 
divisors  of  ji  may  be  the  greatest  possible."    Waring.  A. 

(12).    Let   M  =  ^(l-i)   (l  - -)   (l-^-)tth€=5 

equation  of  condition  being 

x«y  z«  s=  A, 
Eliminating  z,  we  find 


m       » 


■'-<-i)('-i)('-^)v 

makmg  -7-  z=  O,  and  -^—  =  0,  we  get 

a  (x—  1)  =  6  (y—  1)  and  therefore=c  (r—  l)i 
The  nature  of  the  equation 

prevents  our  proceeding  further  in  the  direct  determination 
of  X  or  of  M. 

In  this  as  well  as  in  the  two  preceding  examples,  when 
the^parts  of  which  the  functions  are  composed,  are  symme- 
trical, the  conclusion  which  has  been  deduced  for  two  or 
three  variables,  may  be  extended  to  any  number :  the  same 
remark  may  be  extended  to  the  application  of  the  test  for 
determining  whether  the  result  is  a  maximum  or  a  minimum. 

In  the  last  example,  if  -4  be  a  number,  and  x,  ^,  z  its 
prime  factors,  u  is  the  expression  for  the  number  of  integers 
less  than  J,  which  are  also  prime  to  it.  Legendrc.  Thiorie 
des  Nombres.  p.  8. 


In  considering  any  of  these  examples  as  the  solutions  of 
problems  in  the  theory  of  numbers^  it  is  of  course  under- 
stood that  the  integei;8  which  approach  most  nearly  to  the 
*rue  values  of  x,  y,  z  &c.  are  to  be  assumed. 

(IS).     Let  u^a  4-\J^a*  4- j^*). 

This  expression  is  evidently  a  minimum^   when  :r  =r  0^ 
^nd  jf  =s  0  5  but  in  this  case,  we  have 


du  ^        2x  du  ^         2y 
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"^^Hich  are  both  infinite,  when  x  and  y  vanish. 

A  function  of  two  or  more  variables,  may  therefore  be  a 
^'^^^mum  or  a  minimum,  when  its  first  diiFerential  coefficients 
infinite.    See  Example  15,  p.  113.    For  an  explanation 
the  meaning  of  this  circumstance,  in  the  theory  of  curve 
^^i^aces,  see  Lacroix,  Traiti.du  -Calc.  Hiff.  p.  588. 

(14).    Given  the  three  sides  ABy   BC,  and  CD,  of  a 
rilateral  figure  :  to  find  the  angles  at  B  and  C>  when  its 
*^^  in -s^  maximum.     Fig.  100.. 

If.^Bc=a,  JBG=6,  CD=:Cy  tt-^  =  the  angle  JBC  and 
— *  ^  =  the  angle  BCD,  we  have  the  area  or 

I*  =  ti  6  sin  ^  -f  A  r  sin  ^  +  a  c  sin  ((?  4-  O 

^  =  «   {  6cos0  +  rco8(^  +  aO{  =0    (a). 
do 

i^- c{b cos e'^a cos {e  +  e')]=o.     (fi). 

By  eliminating  6",  we  find  that  the  determination  of  cos  (t, 
^^pends  upon  the  solution  of  the  cubic  equation 


only  one  root  of  which  is  possibjie. 

The  conditions  expressed  by  the  equations  (a.)  and  (J3)  arc 
satisfied^  by  supposing  the  quadrilateral  figure  A  BCD  in- 
scribed in  a  semicircle,  of  which  the  unknown  side  AD^  is 
the  diameter ''^^  for  in  this  case,  if  we  describe  a  circle  ttp<m 
BCi  cutting  AC  and  D3  in  n  and  n\  and  AB  and  DC  pro- 
duced in  ^and  JV',  we  have  BNssCn  or  b  cos  ^=  —  ^  cos 
(^  +  a'),  and  CN'^Bfi  or  6cosa'«-fl  cos  (^  +  a');  It  it 
very  easily  shewn  that  these  conditions  cannot  be  fulfilled 
upon  any  other  hypothesis. 

Tl»  diameter  AD^s/  {«*  +  i*+r*  +  «aA.  cos  a  \ 

=  V^{a*4-*«+f*-h«*ir.cosy}  ; 

which  expressions  are  identical,  since  a  cos  ^  ss  r  cos  ^. 

If  we  suppose  the  figure  to  be  pentagonal,  four  of  whose 
sides  a,  3,  r,  d  are  given  \  and  if  »  — d,  •»■— .0',  tt  — 6^'  be  the 
angles  included  by  a  and  3,  h  and  c,  x:  and  J,  then  the  area  or 

2«=a*  sin  i^^hc  sin  a'-f  crfsin  r  +  flr  sin  (^+^) 

+  3rfsin(0'4-^'0  +  ^^sin(d  +  ^'  +  n 

^  =  tz  {  *  cos  a  +  r  cos  (a  +  6')  +  d  cos  (a+a'+a'O  }  =  0  (a). 

4^,s:;d{(:cosr+*cos(e'+r)+flcos(d  +  a'+r)|  =o  (/?). 


»  - 


Cresswell.  Maxima  and  Minima,  p.  71 
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~,=  i{rcose'+d  cos  («'  +  fl")  ] 

-fa  {  ^cos(a  +  a')+rfcos(a  +  d'+6"  }  =0. 

Thb  last  equation  being  reduced,  by  means  of  the  first, 
l>ecomes 

c  cos  6^ —a  cos  6  +  d  cos  (6^  +  a') =0.    (7). 

These  equations  are  also  satisfied,  by  supposing  the  pen- 
tagonal figure  inscribed  in  a  semicircle,  of  which  the  unknown 
Mde  18  the  diameter.  Thus  suppose  ABODE  (Fig.  101.)  the 
pentagon  and  JE  the  diameter  of  the  circumscribed  circle  : 
produce  AB  and  ED  to  meet  in  i^,  AB  and  DC  to  meet  in 
H,  and  BC  and  ED  to  meet  in  Ki  draw  Dd,  Ca  perpen- 
diculars upon^P:  then  Bc^b  cos  <>,  Bd^-^d  cos(^  +  ^ 
+  ^'0  and  dc  z=:  c  cos  (B-{-  d'):  therefore  since  Be  +  dc  — 
-B  d:=zO^  the  first  equation  is  satisfied  by  this  hypothesis  :  and 
Ae  same  may  be  readily  shewn  of  the  second.  Again,  if  we 
join  A  and  C,  C  and  E,  we  find 

-^jP  =  a*  +  ^^  +  c*+d*  +  2fl^cos  a  +  2^Jcosa" 

=  «*+** +r* +i/*+2  r  d  cos  0"  +  2  *  .  CjB  .  cos  ECK : 

consequently  CE  cos  .  ECK  znacosd:  draw  D  m  and  EAf 
Perpendiculars  upon  CK  or  CJC  produced  : 

then    Cm  :=:c  cos  ^,  and 

-*r  rri  =  £2)  sin  DEM-d  sin  |  ^  -  O'  -  r  |  =:d  cos  (^'  +  &'), 

Consequently, 

CM  =  c  cos  ^  +  d  cos  (e'  +  d")  =:  a  cos  e^ 
^Hich  is  the  condition  expressed  by  the  third  equation  (7). 
If  the  figure  be  hexagonal,  five  of  its  sides  being  a,  b,  r,  d^ 


T  -  6, 9r— .6',  IT  -  e'\  w  -  0"',  the  angles  included  by  a  and  *, 
^^d  c,  c  and  rf,  d  and  e  respectively,  then  the  area  or 


2^ 

u=:ah  sin  d^bc  sin  6' +  cd  sin  r+i^shi  &" 
+  ac  sin  (e-\'e')  +  bd  sinid"  +  6'^)  +  ce  sin(ff'  •{-  O 
-\'adsin(e  +  e'  +  e")  +  besin(e'  +  e''^&") 

Makmg   ^  =  0,    -  =0.    ^  =  0,   ^  =0,  we 

should  get  four  equations  of  condition,  which  would  be 
satisfied  by  supposing  the  hexagon  inscribed  in  a  semicircle^ 
of  which  the  sixth  side  x  is  determined  by  the  resolution  of 
the  cubic  equation 

x^-^a^-^-O-^D^x^^CDa^O,    where 

C=v/  {  b^+c^+2bccose'  \  ^ndD=ix/  {  d^+e^+2decose'"  \ . 

(14).  To  find  a  point  within  a  trianglC)  from  which,  if 
lines  be  drawn  to  the  angular  points,  their  sum  is  the  least 
possible. 

Let  JBC  be  the  triangle  (Fig.  102),  P  the  point  re- 
quired:  let  BCzia,  ACzzbf  AB:=zcy  PM  a  perpendicular 
upon  BC  =  y,  and  CM  =  x :  then 

+  \/  \  >i'+y +  ^'-2  ^  Or  cos  C^-y  sin  C)  }  , 
du  X     (a— x) 


x—b  cos  C 


v/  {  x»+3/*  +  ^*-2^(x  cos  C+3/ sin  C)] 
djf  _  y  y 

^  —  ^  sin  C 
V  }  A*+5^*  +  **— 2^(a:cosC+i^sinC)  } 


=  0. 


=  0. 


The  elimination  of  j  or  of  ^  from  these  equatioitii,  would 
lead  to  equiitious  of  great  complexity  ;  by  a  simple  artiticCf 
howerer,  they  .may  be  made  to  exhibit  the  geometrical  con- 
ditions, upon  which  the  minimum  depends  :  let  0  =  the 
angle  CPM,  ff  =  the  angle  BPM:  then 


sin  e  —  sin  ff  = 


A  cos  C  - 


^  f  ^' +/  +  *'— 2  *  (J  cos  C  +  y  sin  C)  f 

.  fl,  _  b  sin  C  —  1) 

_  V  }  J^'+i/'+i'-SACxcos  C+ysinC) ! ' 

if  we  square  each  of  these  equations  and  add  them  together, 
we  Bnd 

cos  (9  +  ff)=  -1,  and  therefore  0  +  ^=the  angle  BPC=  120» ; 

in  the  same  manner  we  may  shew  that  the  angle  APB,  and 
therefore  also  the  angle  APC  is  =  120°*. 

If  we  represent  the  distances  AP,  BP,  CP,  by  /,  v,  :, 
we  find 

t^  +  tv  +  v^  =  u' 
t^  +  tz  +  z'  =  b' 
u*  +  u  s  +  z^  =  c' 

The  elimination  of  v  and  z  from  these  equations  would   ' 
lead  to  an  equation  of  four  dimensions,  from  which  the  value 
of  t  may  be  determined  :  the  same  method  may  be  applied  to 
the  determination  of  ti  and  z. 

(15).     To  Hnd  the  point   within  a  quadrilateral  figure,  ' 
from  which,  if  lines  be  drawn  to  the  angular  points,  their 
aggregate  is  the  least  possible. 

Let  ABCD  (Fig.  103.)  be  the  four-sided  figure,  and  P 
the  point  required;  and  let   AB=a,   BC=i,  CD=d,  and 

*  Cresswell.  Maxima  and 
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Djissc,  PM,whichis  perpendicular  to  ^B=y,  and  JMssx: 
then 

+  x/  {  c^A-x^-^-r  -  2r  (x  cos  ^  +  y  sin  J)  \ 
+  {  ^*  +  (a-a:)*-f  5^»  —  2*  [(«— x) cos  B  +  .y  sin  B]  } 

du    X    (a-x)    x—ccos  A     /(a-x)-b  cos  B\     „    ,. 
di'"t ~^ ? i.      '      f )-^'  <">• 

ry-t^7^ — 7 — + — 7' — -°'   ^^' 

From  C  and  D,  draw  Cc  and  Dd  perpendiculars  upon 
AB  or  AB  produced:  call  the  angle  ilPiM=^,  BPMzze^, 
cCP  =:  0,  and  dDP  =  <p' :  then  the  equations  (a)  and  ij3) 
give  us 

sin  0  —  sin  0'  =  sin  0  —  sin  </>', 

cos  6  +  cos  ^  =  cos  <p  +  cos  ^', 

equations  which  can  only  be  satisfied,  by  making  ^  =  0)  and 
6'  zz  <p' :  the  point  P,  therefore,  is  situated  in  the  concourse 
of  the  diagonals  AC  and  BD*. 

(16).  To  find  a  point  within  a  triangle,  from  which  if 
lines  be  drawn  to  the  angular  points,  the  sum  of  their  squares 
is  the  least  possible. 

Making  use  of  the  same  construction  and  notation  as  in 
Ex.  14.,  we  have 

ii=:x^+y-|-(fl-J^y+J^*  +  A^*+y  +  6*— 2^  {x  cosC  +  v  sin  C). 


*  Cress  we]  I.  Maxima  and  Minima,  p.  117. 
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Making  ^  =  0,  and  ^  =  0,  we  find 
ax  a  V 

fl  +  ^cosC        J         bmtC 
X  =: ,  and  y  = 


consequently  AP  =  s/ \^c^+^b^  -  ^^  \  ^ 

This  point  is  the  centre  of  gravity  of  the  triangle. 

(17).  To  find  a  point  within  a  quadrilateral  figure  from 
^^Kich,  if  lines  be  drawn  to  the  angular  points,  die  sum  of 
Aeir  squares  is  the  least  possible. 

Slaking  use  of  the  same  notation  and  construction  as  in 
•  \b.f  we  shall  find 

Mz=(x^+i^*)  +  }(«  -  xy  +  y^\ 
4-  {  ^*  +  x*  +  J/*  —  2  r  (a:  cos  ^  +  3^  sin  JB  } 
{  b''  +  (a-xY+y'^  -  2^(tf-  x)cos  j?  +  ysin  JB  {  . 

M^ing  —  =  0,  and  —  =  0,  we  find 

2  a  +  ^  cos  A  —  b  cos  B 

X  zz.  — ■ • 


^  sin  -4  +  i  sin  B 

y^ -7 


If  we  apply  the  test  of  a  maximum  or  minimum  in  this 
^  we  shall  find 

£?u_         d^u    _^^   d'u_ 
ax^  ax  ay  dy^ 
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consequently  DF  >  £^,  and  D  is  positive!  and  the  values  of 
X  and  y  which  we  have  found,  make  u  z  minimum. 

If  it  was  required  to  determine  a  similar  point  within  the 
pentagonal  figure  ABCDE  (Fig.  104.X  we  should  find^  making 
jIB  =fl,  BC=*,  CD^c,  DE=d,  EJ=e^  JM^Xj  and 
PMzitf,  that 

+  {  c*+x*4-y*— 2  tf  (ar  cos -rf+i^  sin -4)  I 

+  {  i*+(a— a?)*+y— 2  *  [(«-^)  cos  B+y  sin  jB]  J 

+   {  d*+tf' +a?'  +^*  —  2  ^  (x  cos  ^  +  ^  sin  -A) 

+  2  J  [x  cos  (A  +  E)  +y  sin  {A-\-E)'}  \  j 

and  making  -r—  =  0,  and  --—  ==  0,  we  get 
ax  ay 

9,  a +  2  e  cos  A  —  b  cos  B  —  rf  cos  (-4  +  E) 

X  —  — , 


2  ^  sin  -4  +  A  sin  B  —  rf  sin  (A  +  £) 
^=  5 


If  the  figure  was  hexagonal  and  its  sides  a^  b^  Cy  dy  e^ff 
we  should  find 

+  [  6'  +  a:'  +^*  —  2/ (a:  cbs  A  +  j/  sin  ^)  | 
+  {  *«  +  (a  -  j7)»  +  /  -  2^  [(a  -  :r)  cos  B  +  5^  sin  jB]  \ 
+    I  e'-2efcos  F+f  +  x^  +  /~2/(a?  cos  il  +^  sin  A) 
+  2e[x  cos  U  +  -F)+5(  sin  (^  +i^)J  J 
+  {  f'*  -  2  *^  cos  C  +  **  +  (a  -  xY 
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+  y*  —  2b[{a  —  x)  cos  B  +  y  sin  B] 

+  2cl(a  -  x)  cos  (jB  +  C)  +y  sin  (^B  +  C)]. 

The  ccMirdinatea  of  the  point  P  are 

^    8  a +2/ cos  ^--«  3  cos  JB -^  cos (^  +  -F)  +  r  cos  (B +C) 
r g , 

2/ sin  A+^bsixiB—esiniA  -\'F)'-€  sin{B±C) 

'  5g  -  ^1  I.,    .i .  I.  ■    ■  ^. —   ■  ■  • 

6 

If  the  £gttre  was.heptagonaly  and  its  sides  a,  ^^  c^  d,  e,/y  g, 
^ould  find 

-f  {  A*  +  (a  -  a:)»  +  y  -  2  ^  [(a  -  :r)  cos  B-hy  sin  5]  J 
+  {/*  -  2/g  cos  G  +^*  +  X*  +y  —  2g  (a:  cos  ^  +^  sin  A) 

+  2/  [^  cos  (J  +  G)  +^  sin  (A  +  G)]  f 
+  {  6«-2  6ccos  C+*'+(a-j:)*+y— 2A[(a— x)cos  JB 

■j-y  sin  B]  +  2  (^  [(«  -  x)  cos  (5  +  C)  +y  sin  (jB  +  C)]  } 

+  {  e'--Qefcos  -F+/*— 2/g  cos  G+^' 

—  2^^cos(G  +  i^)  +  ar*+5(*  —  2  g  (^  cos  ^  +  y  sin  J) 

+  2/[ar  cos  (^  +  G)  -f  3^  sin  (-^  +  G)] 

—  2  ^  [x  cos  (^  +  G  +  i^)  +^  sin  (^  +  G  +  F)]  ] 

and  the  co-ordinates  of  the  point  P  are  x  = 

g  cos  ^—gfrcos  B— ^2/ cos  (A+G)-\'C  cos  (B+C)+e  cos  {A+G-\'F) 

7 


fi^sin  JB~2/sin  (^  +  G)-c  8in(iJ+C)  +e  sin  (A +  G  +  F) 


These  formulae  sufficiently  indicate  the  law  of  formation 
of  corresponding  formulae  for  polygons  of  any  number  of 
sides  whatever. 

(18).  To  find  the  point  within  a  triangular  pyramid, 
from  which  if  lines  be  drawn  to  the  angular  points,  the  sum 
of  their  squares  is  the  least  possible. 

Let  A  BCD  (Fig.  105.)  be  the  triangular  pyramid^  P  the 
point  required ;  let  PM  be  perpendicular  to  the  base  DBCf 
and  MQ  perpendicular  to  the  edge  DC:  let  d,  d',  d"  be  the 
edges  opposite  to  the  solid  angle  at  D,  and  D,  I/y  Df'  the 
plane  angles  by  which  it  is  formed:  let  AD'zza^  DC=^tf 
DB=Ci  DQzzx,  MQ  —  t/y  PM:=:z,  and  let  0  represent  the 
angle  of  inclination  of  the  face  ADC  to  DBC :  then 

u  -(x^  +y  +  z«)  +  }  (^  •  ooy  +y  +  z*  } 

+  {  ^*  +f  +  z^  +  c^  -  2  c(x  cos  D+y  sin  D  I 
+  {  ^^  +f  +  z'  +  «*  -  2  a  a:  cos  J> 
—  2  fl  sin  JD'  (^  cds  0  +  z  sin  0)  }  ; 

and  making  -rr-  =0,  -—  =  0,  and  --—  =  0,  we  find    . 
^  dx        '  dy  d% 

h  +a  cos  D'  +  c  cos  D 
x=  —L , 

4 
(•  sin  D  +  a  sin  D  cos  d) 

>,  = J — , 

a  sin  D'  sin  0 

z  = . 


V,       -r  cos  D^  —  COS  D  cos  D 

Also,  it  we   put   COS  d)  =  ; — j:r—. — =- ,    we 

^  sin  D  sm  D 

shall  find 

DP  =:l^[(r+o,rh  cos  D'+b^+2bccosD +  c^'Y2accos  D'] 


1 


J 
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CP^ly  {  S  *'  +  3  d'  +  3  d'»  -  (a»  +  c'  +  d"»)  }  , 

^P«i  {  S a»  +  3d'»  +  3 d'^»  -  (^  +  c'  +  <3^)  }  • 

The  point  P  is  the  centre  of  gravity  of  the  triangular 
pyramid. 

If  the  point  P  was  required  within  a  pyramid^  whose 
base  is  a  quadrilateral  figure,  from' which,  if  lines  be  drawn 
to  the  angular  points,  the  sum  of  their  squares  is  the  least 
possible ;  if  we  make  AD- a  (Fig.  106),  DC=d,  DE  =r  cf, 
CB:^a,  Ae  angle  CDEzzD^  the  angle  ADC^iy^  the  angle 
DCBssC,  the  angle  of  inclination  of  the  face  ADC  to  the 
base  DEBC  =  ^  ^,  ^,  z*  the  co-ordinates  of  the  point 
P^  referred  to  the  plane  DEBC  and  the  axis  DC^  their  origin 
being  at  D :  then  we  shall  find 

+  \  J^^+y*  +  2*  +  d'*-2d'  {X  ?os  D  +i^  sin  D)  | 
+  {  {d-^)\  +y*  +  2*  +  **-2 3  [(d-a:)  cos  C  +  ^  ^in  C]  } 

+  {  ^*  +y  +  2*  +  a*  -  2  a  a:  cos  D' 
—  2  a  sin  Zy  (y  cos  ^  +  z  sin  0)  J  ; 

from  whence  we  get,  as  before 

2d  +  d'co8  jD  +  a  cosIX  —  icos  C 

.•  = ^ , 

G   G 


334 

d!  sin  D  +  ^  sin  C  4-a  sin  U  cos  d> 

y   = -f^ 5E, 

a  sin  jy  sin  0 
5 

If  the  solid  be  an  irregular  triangular  prism^  within  which 
a  similar  point  P  is  requised  to  be  determined  ;  if  we  make 
CBzza  (Fig.  107.x  Cil  =  *,  AB^  c,  BE  =  /,  -FC=/, 
DJzzr,  the  angle  £BC=BS  BCF=C,  DABziA', 
4>  and  0'  the  angles  of  inclination  of  the  quadrilateral,  planes 
EBCF^  DABE  to  the  base  ABC,  xziBQ^  y-QM  and 
z  =:  PM  ;  then  we  shall  find 

+  {  a:*+y +«*+tf*— 2  c  (x  cos  jB-fj/  sin  B)  \ 

+  1  J:^*  +  5^*  +  2*  +  /*  -  2/a:  cos  -y 

—  2  /  sin  JB'  (y  cos  0  +  «  sin  0)  I 

.    -i-  \{a-^xy +y^  +  z*  +  n^2 1' (a-x)  cos  C 

—  2  A  sin  C  (^  cos  0  +  z  sin  ^)  } 

+  M*  +  3/*  +  2*  +  r*  +  /^'*  -  2rr  cos  A 

''  -  2  (^  -  /"  cos  J')  {X  cos  JB  +  3/  sin  B) 

—  2  /"  sin  ^'  [(j:-  sin  JB  —  5^  cos  B)  cos  0'  +  z  sin  ^'j  }  : 

and  making  —  =z  0,  —  =  0,  -_  ==  0,  we  find 
dx  dy  dz 

^  _  2  a+2  c  cos  ^+7  cos  B'-fcos  C- 1"  cos  A'  cos  JB  +r  sin  A'  sin  ^coi 

6 

^^  _  2gsin  B+(/8in£^+/^sinCOcos0-rcos^'sinig-rsin^^cosjBcoi 
y  ^  -  ^ 

^  _  (/  sin  B'  +  /'  sin  (7)  sin  </>  +  /"  sin  ^  sin  0' 
If  0=0'  =90^  and  /=/'=/",  or  if  the  quadrilateral  planes 
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are  peipendicttlar  to  the  bases  which  are  equal  and  parallel, 
tben 

a  ^  c  cos  B  r  sin  £  / 

3  S  2' 

tlie  pduit  P  is  the  centre  of  gravity  of  the  prism. 

(19).  To  find  a  point  within  a  triangle^  from  which^ 
if  perpendiculars  be  let  fall  upon  the  sides,  the  sum  of  their 
squares  is  the  least  possible : 

Let  JBC  (Rg.  108.)  be  the  triangle,  P  the  point  re- 
quired, PM,  PQ,  PR  the  perpendiculars  upon  the  sides, 
Bifcf =jr,  PMszy ;  P(2=y,  PJJssy :   then  we  have 

«i  =s  y*  +  (j?  sin  jB— y  cos  By  +  { (a^x)  sin  C—y  cos  C  }  * ; 

and  making  --—  s  O  and  -7^  s  0,  we  find 
ax  ay 

■ 

^  "  a'+y  +  c**  ""  ~  a*  +  **  +  e»*  ^  "  «»+*»  +  c' 

2  (a»  +  *»  +  ^) 

i20).  To  find  a  point  within  a  triangular  pyramid,  from 
which  if.  lines  be  drawn  [Perpendicular  to  the  several  faces, 
the  sum  of  their  squares  is  the  least  possible. 

Making  use  of  the  same  notation  and  construction  as  in 
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Ex.  IS.,  the  angles  of  inclination  of  the  faces  to  the  base^  being 
represented  by  0,  0',  0",  and  the  perpendiculars  by  z,  /, 
2",  A  we  shall  find 

=  2*  +   { ^  sin  0  —  z  cos  0  }  *  .     , 

+   Kof  sin  D  —  y  cos  D)  sm  0'  —  «  cos  0' )  * 
+    l[(*  -  ^)  sin  C  -  y  cos  C]  sin  0"  -  z  cos  ^'^  J  ». 

Making-T-  ss  O,  -—  =:  0,  -—  =  0,  we  shaU  get  three  equa- 
dx  dy  dz 

tions  for  the  determination  of  x,  y^  z,  of  the  form 

Ax^By-VCzzzD 

A'x  +  By+Cx^iy 

A"x^B"y^c'%^  jy 

but  the  coefiicients  J,  By  C,  &c.  are  very  complicated,  and 
a  complete  solution  of  these  equations  would  be  a  work  of 
considerable  labour. 

A  more  simple  method  of  solving  this  problem,  is  the 
following  :  let  E,  JP,  £",  E'\  represent  the  areas  of  the  faces 
DBC,  ADC,  ADBy  ABC,  and  let  Tbe  the  solid  content 
or  volume  of  the  pyramid  :  then  we  have  j;  =  z*  +  z'*  +  z"^ 
+  2'"%  subject  to  the  equation  of  condition 

SV^Ez^-Ez'^  E'V^  +  E" z'". 

Eliminating  z"\  we  shall  find  by  the  ordinary  process,  making 

^  =  0,  4^  =  0,  1^  =  0, 

dz  dz'  dz" 

3F£ 


z  = 


£^  +  E'^  +  E"-  +  E"^ 


J'=-n 


3  V  ( t"  +  E  cos  <(>) 


sin  ^    £'  +  E'^  +  £"*  +  £"" 
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sin  D  sin  tp  sin  <^' 

{J5^8in04-^cosD8in0'+ Jg(cos0'sin0  -fcosjOcos^  sin^Ql 
JP  +  .E^  +  £"* -I- £"'•  /• 

(2 1  )•  Amongst  all  triangular  pyramids,  of  given  base  and 
^titude,  to  find  diat  which  has  the  least  surface. 

Making  use  of  the  same  notation  as  in  the  preceding 
sunple,  if  h  be  the  altitude  of  the  pyramid,  and  t,  c,  d  the 
es  of  the  base,  we  find 

A  '^ 

w  =  -  (^  cosec  fp  ■¥  c  cosec  <p'  +  d  cosec  0'O 

"^^^Ixich  is  subject  to  the  equation  of  condition 

^  ijb  cot  0  +  f  cot  0^  +  £^  cot  0")  =  £,  where  E  is  the  area  of 

^^«  base. 

Eliminating  ^'  and  making  ^—  =  0,  -~-  -  0, 

"M^e   get  ^  =  ^  and  therefore  also  =  0" :  or  the  faces  of  the 
Pyramid  are  equally  inclined  to  the  base. 

Amongst  all  triangular  pyramids  of  given  volume,  the 
^^^Sfttlar  tetraedron  has  the  least  surface.  This  is  an  imme- 
^^ate  corollary  to  the  last  problem. 

The  same  proposition  is  true  of  pyramids  whose  bases 
^'^^  any  polygonal  figures  whatever. 

(£2).  From  a  given  point,  to  draw  the  shortest  line  to 
^^^  surface  of  a  given  sphere. 

Let  a,  ^,  r,  be  the  co-ordinates  of  the  given  point;  a,  /?,  7, 
«x«  co-ordinates  of  the  centre  of  the  sphere,  whose  radius  is 
^  -    the  equation  of  the  sphere  is 

(X  ~  a)'  +  (y  -  fiy  +  (2  -  7)'=  r% 
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and 


16  the  lengdi  of  the  line  d[awn  from  the  given  point  to  the 
point  in  the  sphere,  whose  co-ordinates  are  x^  y^  %. 

•J  Jl  mm 

Eliminating  (z  -*  cf  from  u,  making  -7-  =  0  and  -^  =  O 

and  puttmg  <i  =  v/  K«  -•)*  +  (*  -^  /^)*  +  (^  -  'y)*  J »  *« 
distance  of  the  given  point  from  the  centre  of  the  sphefe,  we 

find 

a:  =:  »  ±  -^  («  —  «) 
a 

and  2£  s  c/  qp  r,  according  as  the  upper  or  lower  sign  pre- 
vails,  in  the  expressions  for  x^  y^  and  z ;  the  first  being  the 
expression  for  the  minimum  and  the  second  for  the  maximum 
valae  of  u. 

(£3).    To  find  the  shortest  distance  between  two  given 
lines,  not  in  the  same  plane. 

Let  x^az-k-ety  y^bz-i-fiy 

and  :r^  =z  aV  -f  a,  y=  b'  z'H-  ^, 

be  the  equations  of  the  given  lines  :  the  distance  of  the  points 
whose  co-ordinates  are  x,  y,  z,  and  or',  y,  z',  or 

u=  s/  {{z-2fy  +  {x^x^f  +  (y  -y)' } 

-—  =  _   \  z  -  z'  -\-  a(ci  '-  ot/  ■\'  az  —  a  z) 
az      u 

+  *(y^~  /^'  +  tZ'-6^z')\    =0, 
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il=  -I   {z-z'  +  «'(u-a'  +  az-a'2') 

+  «'(/8-/8'+*z-*'z'|=0. 
From  which  equations  we  find 

_  ^,_(a^t-al>')  |(^  -y)(a  -  gQ  -(a  -  af)(^  -  ^  \ 
-  (a  _  a')«  +  (*  -  VY  +  (a'6  -  a  6')* 

J   _  y-(y-»)(»-^') 

a(h-  ab' 

y_y-('>'-«)(^-g') 

If  the  angles  which  this  shortest  line  makes  with  the 
given  lines  be  required^  we  find,  since  x^  y^  z  and  x'y  j/y  %' 
are  co-ordEilates  of  two  points  in  it,  that 

where  «"=     ■  ""    „  and  b"  =  \f"~^,,,  the  equations  of  this 
a  b—ab  ab—ah 

line  being  x" = a"  z"  +  « '  and  y = b"  z"  4-  ^'' :  consequently 

_  ad'  Jt  bb"  +  1 _ 

since  aal'  •\-  bb"  -\-  1=0} 

and  therefore  6=90 :  in  the  same  manner,  it  may  be  shewn 
that  ^^sQO;  the  shortest  line  is  therefore  perpendicular  to 
both  the  given  lines.      Lacroix.  Traiti  du  Cole*  iHff,  p.  524. 

(24).    To  inscribe  the  greatest  rectangular  parallelopipe- 
don  in  a  given  ellipsoid. 
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Let  the  equation  of  the  ellipsoid  be 


©■  -  (f  )■  -  C-)" = '. 


which  is  therefore  ah  equation  of  condition  to 

which  is  the  expression  for  the  inscribed  parallelopipedon. 

If  we  eliminate  z,  and  make  -—  =  0,  and  -—  =  0,  we 

ax  ay 

find 

a  b  .  c 

X  =  — --  ,  y  =  — ,  and  z  =  — - » 

J          S  ab c 
and  u  = — -  •  a  tnaxtmum, 

3^/3  ' 

(25).     From  a  given  point  in  the  surface  of  ^  ellipsoid^ 
to  draw  the  longest  line  to  the  surface  again. 

Let  a,  /3,  7  be  the  co-ordinates  of  the  given  point ;  then 
we  have 

which  is  subject  to  the  equation  of  condition 


©•^  ©•-©•=■ 


Eliminating  z  and  making  —  =  0,  and  —  =:  0,  we  find 
the  following  equation  for  the  determination  of  x, 
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-  2a«a^^'(<?  +  ^')a:«-  a* e* e'^ x^  zz  Oy 

where  *  = ,  and  e'  = .      See  Ex.  67,  p«  132. 

a*  a* 

In  most  of  the  preceding  examples^  we  have  not  put 
down  the  actual  verification  of  the  maxima  and  minima  by 
Lagrange's  test^  as  the  reader  will^  in  general,  find  little 
difficulty  in  supplying  it. 


On    Curve   Surfaces  and    Ctsrves  of  Double  Cur- 
vature, 

Art.  137 — 144.     Ex.  (1).     Let  the  surface  be  that  of 
a  cone,  the  sections  perpendicular  to  whose  axis  are  circles. 

Its  equation  is 

z=e{x^  4-y*}*, 

the  line  upon  which  z  is  measured  or  the  intersection  of  the 
planes  of  j:  2:  and  y  z,  being  the  axis  of  the  cone,  the  origin 
of  J^,  ^  and  z  being  at  its  vertex,  and  e  being  =:cot  0,  where  6 
is  the  semi-angle  of  the  cone. 

c.       dz      e*x         .dz      e*y     ,  .        -.     ^ 

bmce  -7-  =  — ,  and  -—  = ,  the  equation  of  its  tan- 

dx        z  ay        z 

gent  plane  is 

«'_z=.|£(,/_a.)+^(y'_y) 
ax  ay 

H  H 
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z  z 

or  z  z'  =  #*  (xx'  +  ^y). 

In  order  to  find  where  this  plane  cuts  the  axis  of  the 
cone,  we  must  make  ar'  =  0,  y  =  0 :  this  gives  also  2'  =  0 : 
or  the  tangent  plane  passes  through  the  vertex  of  the  cone^ 
as  is  evident  from  the  nature  of -its  genesis. 

The  equations  of  the  normal  are 


If  the  point  of  its  intersection  with  the  plane  of  x,  z^  be 
required,  we  must  makey=:  0 :  this  gives  us  — ^ i  si, 

and  therefore  x^—x-^^x^^x' =0 ;  or  the  normal  intersects  the 
axis  of  the  cone. 

~   The  general  equation  of  conical  surfaces  is 

z=x^(0 

the  origin  of  the  co-ordinates  being  at  the  vertex :  they  are 
all  characterized  by  the  same  property,  as  the  cone  of  geo- 
metry, that  their  tangent  plane  constantly  passes  through  the 

vertex :   thus  since  --  =  -  —  ^  .  ^ ,  the  equation  of  this 

ax      X      X    ay 

plane  is 

z' -z  =  f  (X'- X)  +  ?l£Zlf>.f  (^n  : 

X  X  \x/ 

and  if  we  make  a'  ==  0,  y  =  0,  we  have  also  2'  =  0,  as  in 
the  common  cone. 
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(2).  Let  the  curve  surface  be  the  ellipsoidi  whose  equa- 
tion is 

where  a^  t,  c  are  the  semi-axes  and  a:,  y,  z  are  reckoned  from 
the  centre. 

If  we  makex=:0,  y^O^z^Oy  successively^  we  shall  have 
die  intersections  of  the  surface  with  the  planes  oixy^  xz% 
y  Zf  which  are  expressed  by  the  equations 

these  sections  are  ellipses,  and  are  sometimes  called  ih&  prin- 
cipal ellipsis  of  the  ellipsoid.  It  is  also  evident  from  the  form 
of  this  equation,  that  all  sections  parallel  to  each  principal 
section^  are  ellipses  similar  to  the  corresponding  principal 
ellipse. 

ry*  dz  c^ X         m    dz  C*  tJ        t  .  r 

Since  -r-  =  —  — *   and   -—  =:  —  r^,  the  equation  of 
ax  a*z  dy  h^  z 

the  tangent  plane  is 

c^ X  c^v  ,  J        \ 


fl« 


+ 


*^-i^'=©"KO"-ay--  ^ 


If  we  make  z*  zz  0,  we  find 


a  (T 


which  is  the  equation  of  the  line  of  intersection  of  the  tan- 
gent plane  with  the  plane  of  x,  y:   this  line  makes  with  the 

axis  of  X  an  angle  whose  tangent  is  —  —  . 

The  distances  from  the  centre  or  origin  of  the  inter- 
sections of  the  tangent  plane  with  the  axes  of  x,  y  and  ^ 

respectively,  or  its  rectangular  subtangents  are  f.  ,  —  j  — : 

these  three  points,  or  any  two  of  them  and  the  given  point 
upon  the  surface,  determine  the  tangent  plane. 

The  equation  to  a  line  perpendicular  to  that  expressed  by 
equation  (y),  is 

y  =-/x'+_,    (8). 

which  is  the  projection  or  tract  upon  the  plane  of  x,  y,  of 
that  line  in  the  tangent  plane  which  makes  the  greatest  angle 
with  this  plane,  which  is  obviously  perpendicular  to  their 
common  intersection :  this  is  called  the  line  of  greatest  incli- 
nation* :  the  equjttion  of  its  tract  upon  the  plane  of  x  z,  is 


(<)■ 


These  two  equations  (e)  and  (e)  determine  the  line  in 


The  equations  of  the  normal  of  the  ellipsoid  a 


jr"-  .T  -  ^  (e'-  2)  =  0,   ") 


"  Ligne  dc  plui  grande  ptntc.    Moiige.    Application  de  PAnalysc 
i  la  Giofnelrie.     p.  45. 


md 
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If  r= 6,  or  if  the  ellipsoid  become  a  spheroid,  we  find^ 
when  sf  ssO,  that  also  y  s  0^  or  the  normal  intersects  the 
axb  of  x^  which  is  that  of  revolution,  at  a  distance  jf  = 

— ; — X  :   if  a  =:  ft  =  c>  the  ellipsoid  becomes  a  sphere,  and 

when  a^=  0,  we  have  also  y  =  0,  and  ap'=  0 :  or  the  normal 
passes  through  the  centre  of  the  sphere. 

The  length  of  the  normal  between  the  surface  and  a 
point  whose  co-ordinates  are  j/,  /  sf,  is  equal  to 

V  {  («'-  z)'+  (a/-  xy+  (y-  9)*  ]  , 
whidi  becomes,  when  /sO, 


— 4S^^?} 


If  B,  6^,  B"  be  the  angles  of  the  triangle  formed  by  the 
intersections  of  the  (angent  plane  with  the  planes  of  xy^ 
yz,  xZf  we  find 

tan  ^  =5 ,  tan  ^  =:  -  — — ,  and  tan  ff'^z—-.-^..  ; 

d^xy  a^yz  b*xz 

and  the  area  of  this  triangle 

a*6V    ,  Cjt*  .  y''   .  zn  a^b^\ 

2xyz       Ca*      **       c*>  2xyz 

and  the  areas  of  its  projections  upon  the  planes  of  xy^  xz,yz 
are 

a'*'       a*c"       b^c"  .    , 
,  - —  9  ;r 9  respectively. 

9,x y     2  xz^  2yz        ^  ^ 
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If  e  be  infinite,  the  equation  («)  becomes 

or  the  equation  of  a  cylinder,  whose  sections  perpendicular  to 
the  axis  of  z  are  ellipses^  equal  to  the  principal  ellipse  of  the 
plane  of  xy  :  the  equation  of  its  tangent  is 

a*   ^    A*         * 

whichr  i$  that  of  its  trace  upon  the  plane  oi  x  y\  it  is  there* 
fore  constantly  parallel  to  the  axis  of  the  cylinder^  which  is 
in  this  case  the  axis  of  2  :  a  property  which  is  characteristic 
of  all  cylindric  Burfa^es  *t* 

If  the  equation  be  ' 

It  will  represent  a  surface  of  the  second  order,  called  the 
h/perbohnd  of  one  surface^  or  the  typerbohid  of  four  summits  : 
its  principal  sections  in  the  planes  of  cy,  x  z,  yz  are  ex- 
pressed by  the  equations 

©'-©■=■•"'•=?('• -°*'' 

the  first  of  these  is  an  ellipse  and  the  others  are  hyperbolas ; 


*  Monge,  lb.  p,  .4. 

t  Hyperboloide  a  une  nappe. 
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and  all  the  sections  parallel  to  each  of  these^   are  figures 
respectively  similar  to  the  originals. 

The  four  summits  of  this  fyperboloid  are  the  extremities  of 
the  axes  of  the /7mcf/?/i/ ellipse. 

The  conical  surface  whose  equation  is 


©■^  ©•-(;)"  =  »• 


nehose  vertex  is  in  the  origin  of  the  co-ordinates^  is  an  asymp- 
totic surface  to  this  hyperboloid. 

If  n  =:  &>  the  principal  ellipse  becomes  a  circle  and  all 
sections  made  by  planes  passing  the  zxis  of  z  are  hyperbolas 
equal  to  each  other :  in  this  case  the  surface  is  generated  by 
the  revolution  of  the  conical  Jiyperbola>  whose  semi-axes  are 
a  and  r.  round  its  minor  axis. 

The  surface  of  the  second  order^whose  equation  is 

©■  -  ©"-  & = '■  • 

is  calted  the  h/perboloid  of  two  surfaces*  or  the  hyperboloid  of 
t'wo  summits :  its  principal  sections  are  represented  by  the 
equations 


/ 


Hyperboloidc  a  deux  nappes. 


the  first  two  are  hyperbolas  i  the  third  equation  is  impoisiblei 
and  shews  that  no  part  of  the  surface  is  situated  in  the  plane 
of  y  2 :  its  iiuo  summits  are  the  vertices  of  the  principal 
hifperbelas. 

This  hyperboloid  consists  of  two  distinct  surfaces  sepa- 
rated from  each  other,  like  the  two  portions  of  the  conical 
hyperbola :  the  former  is  one  continuous  surface. 

It  also  admits  of  a  conical  asymptote,  whose  equation  is 

©'-©■-(;)■=»■ 


If  (7  =  i,  all  sections  made  by  planes  passing  through  the 
axis  of  X  are  hyperbolas  equal  to  each  other  ;  the  surface  is, 
in  this  case,  generated  by  the  revolution  of  the  hyperbola, 
which  constitutes  one  of  its  sections,  round  its  major  axis. 
The  reader  will  have  no  difficulty  in  the  solution  of  the  same 
problems  concerning  the  tangent  planes  and  normals  of  these 
surfaces,  which  have  been  previously  solved  in  the  case  of  the 
ellipsoid. 

(3).  Let  the,  curve  surface  be  the  varabohid,  whose 
equation  is 


which  is  likewise  of  the  second  order  j 
are  represented  by  the  equations 


Its  prmcipal  sections 


'  =  4  fl 


'v/(-D^ 


the  first  two  are  parabolas,  whose  lattra  recta  are  4  a'  and 
4  a  -.  the  third  is  imaginary,  and  shews  that  no  part  of  the 
surface  is  situated  in  the  plane  of  n  z :  all  sections  parallel  to 
this  plane,  when  .r  has  any  positive  value  «,  are  ellipses 
whose  equations  are 
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this  surface  has  from  hence  been  called  the  elliptic  paraboloid  i 
it  may  be  conceived  to  be  generated  by  the  second  section 
moving  parallel  to  itself,  in  such  a  manner  that  its  vertex 
may  be  constantly  found  in  the  first.  If  a  =  a\  the  elliptic 
sections  become  circular,  and  the  surface  is  the  paraboloid  of 
revolution. 

The  equation  of  its  tangent  plane  is 

zz'  zz9,a{x*  ^  x)  —  ^^ . 

a 

Its  sub-tangents  upon  the  axes  of  x,  y,  ^z,  are 

^    2  a'x        ^  2  ax  .    , 

—  ^,    ^  and respectively. 

Tlie  equations  of  the  normal  are 

z 
,/     ^y    'j_  («'  -  a) 

i'  =  -7-  z  +  -i^ — —^y* 

a  z  a' 

The  co-ordinates  of  the  point  where  it  meets  the  plane  of 
jty  are^ 

j/as  2  a  Ar  X  and  /  =  — p—  v,  the  second  of  which  vanishes 

a 

inrhen  J  -tl  a. 

Its  length  from  the  point  of  contact  to  this  point,  is 

and  if  ^>  ^^  ^'  be  the  angles  formed  by  the  intersections  of 
the  tangent  plane  with  the  planes  xy^  xz,y  z,  we  find 


tan(?=:-^,  tan6'=-;i^andtan^'=-?fl^ 
2a*if^  2a'z  zy 


1  I 


N 
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If  the  equation  of  the  surface  be 


2;*  5=  %y'^  -  4^/:r, 


a 
the  principal  sections  are 

^*=4  /?' .r,  z'^  =  —4  a x^  and  z  s=  ±  ffx/-, ; 

the  first  two  of  which  are  parabolas,  whose  branches  are  on 
different  sides  of  the  plane  oi yz\  the  third  represents  two 
straight  lines  passing  through  the  origin^  on  different  sides  of 
the  plane  oixy  and  making  an  angle  with  the  axis  of  y  whose 

tangent  is  ==  SJ^i  • 

This  surface  would  be  generated  by  the  second  of  the  prin- 
cipal sections  moving  parallel  to  itself,  whilst  its  vertex  moves 
in  the  curve  of  the  first  section. 

All  sections  parallel  to  the  third  are  hyperbolas,  whether 
X  be  positive  or  negative :  it  has  hence  been  called  the  hypers 
hoik  'paraboloid • 

The  centres  of  the  hyperbolic  sections  are  in  the  axis 
of  X :  their  major  axes  will  be  parallel  to  the  axis  of  z»  when 
A' is  positive  and  to  that  of>,  when  x  is  negative;  and  if 
these  sections  be  projected  upon  the  plane  of  yz,  their  asymp- 
totes will  be  the  straight  lines  which  together  constitute  the 
principal  section  in  that  plane  :  two  planes  therefore  which 
pass  through  the  axis  of  x  and  through  these  lines  respec- 
tively, will  include  the  whole  surface  of  this  paraMoid 
between  them  and  may  be  considered  as  asymptotes  to  it- 
If  a  =  a',  these  planes  make  each  an  angle  of  45**  with  the 
plane  of  xy  and  are  therefore  at  right  angles  to  each  other. 

• 

(4);     Let  the  equation  of  the  curve  surface  be 
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or  such  that  the  parallelopipedons  inscribed  between  it  and  the 
planes  of  xy,  x  z  and  y  z  may  be  constantly  equal  to  a  given 
cube. 

The  planes  of  xy,  x  z  and  y  z  are  asymptotes  to  the  surface^ 
and  all  sections  made  by  planes  respectively  parallel  to  each 
of  diem>  are  rectangular  hyperbolas. 

The  equation  of  the  tangent  plane  is 

xy  z'  -\r  yzx'  •{-  x  zy'^Sa^. 

Its  subtangents  are  3^,  3^,  3  :r,  respectively. 

The  area  of  the  tangent  plane  included  between  the  co- 
ordinate planes  is  % 

9  fl3  A 

""       ^Iz" 
-where  a  =s  —  21*4  /  5  —  +  —  +  -l  f ,  is  the  length  of  the 
normal  between  the  point  of  contact  and  the  plane  of  x  y. 

The  triangular  pyramid  included  by  the  co-ordinate  planes 
and  the  tangent  plane  is  a  constant  quantity  and  equal  to . 

f 

(5).  Let  the  surface  be  generated  by  the  revolution  of 
a  drcle  round  a  given  line  as  an  axis,  which  is  in  the  same 
plane  with  it. 

Let'  C  D,  Fig.  109.  be  the  given  line,  B  the  centre  of  the 
revolving  circle,  £  J.  a  perpendicular  upon  C  D  cutting  the 
circle  in  E\  let  ^  be  the  origin,  A  D  the  axis  of  x :  let 
^Q^^9  Q,M=yi  MP=z,  JB=a,  BE  =  r:  then  we  have 

and  ^  (2*  =  **  =  r*  -  [a-  s/(y^  •-  z*)  \  * 
or    J  x'  +  J/-  +  z^  +  a'  -  r^  }  '=  4  fl»  (j/'  H-  z*) 
for  the  equation  of  the  surface. 
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This  is  the  equation  of  the  surface  of  an  annuius  or  ring^ 
The  equations  of  the  normal  are 

JT  —  j:  = ^^^„ (z  —  z)f 

2^'  -  2/  =  7  (2^  —  ^). 

z 

If  z'ssO,  we  have  also  j/'=0,  or  the  normal  passes  through 
the  axis  of  revolution. 

The  length  of  the  normal  between  the  point  o£  contact 
and  the  axis  of  x,  is 


=-V{^*}- 


which  is  infinite  and  therefore  parallel  to  that  axis^  when 
The  equation  of  its  tangent  plane  Is  - 

If  the  generating  circle  be  inclined  at  an  angle  6,  to  the 
plane  passing  through  the  axis  of  revolution  and  its  centre, 
and  if  <p  be  the  angle  which  its  intersection  with  that  plane 
makes  with  the  line  AB,  then  the  equation  of  the  surface 
generated  is 

r'  =  z^  +  w'  -j-  {u  sin  <p  '^  X  cos  </))^  tan*  B, 

where  u  is  determined  in  terms  of  x,  y,  and  z,  by  means  of 
the  equation 

2au  =a''  ■\-  r"  —  x''  -  y^  —  z\ 

(6).  Let  the  surface  be  the  cono'Cuneus  of  Wallis,  which 
is  generated  as  follows. 

Let  ABCD  (Fig.  110.)  be  a  rectangular  parallelogram 
in  the  plane  of  x^ :  upon  CD  describe  a  semicircle,  whose 


^53 

plane  is  parallel  to  the  plane  of  ^  2; :  the  surface  is  described 
by  a  line  FR  parallel  to  the  plane  of  y  2;,  one  extremity  b£ 
inrluch  moves  in  the  line  AB  and  die  other  in  the  circum- 
ference of  the  semicircle  CRD^ 

The  solid  partakes  of  the  form  and  generation  of  a  cone 
a  wedge^  from  whence  its  name  is  derived. 

If  AP  zr  X,  PQ  =y,  QM  =  z,  AC  =  0  ^nd  CDzz2r, 
equation  is 

y  ^     • 

The  equation  of  its  tangent  plane  is 

TMs  solid  was  the  subject  of  a  particular  dissertation  of 
^ATallis,  who  determined  its  volume,  centre  of  gravity,  &c.* 

If  we  suppose  the  point  P  to  move  in  a  semicircle,  de- 
^^•'ibed  [upon  AB  and  in  the  plane  of  xy,  we  shall  have  a 
^^arf  ace  whose  equation  is 

r  *- x*-^  2?  =:  (»  —  3^)  V  (•'*- «*> 

Instead  of  supposing  the  curves,  which  guide  the  generating 
^^'^^  to  be  straight  lines  or  circles,  we  may  suppose  them  to 
*^^  any  curves  whatever,  and  we  shall  thus  get  .a  scries  of 
^^xfaces  of  a  similar  character  f,  whose  equations  may  be 
^^ermined  in  the  same  manner  as  in  the  cases  we  have 
Considered. 


*  Wallirii  Opera,  Tom.  II.  p.  66U 

f  Denominated  by  the  French  Analysts  *^  Sutfaces  gauches : " 
Memoires  preseruis  d  V  Academic  des  Sciences  par  les  Savans 
^irangers.  Tom.  IX.   p.  623.  1780. 


•v 
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(7).  Let  the  curve  of  douhle  curvature  be  the  heliXy  or 
the.curv^  formed  by  a  thread,  wrapped  round  the  surface  of 
a  cylinder,  so  as  always  to  make  the  same  angle  with  the 
axis.  Or  a  cylinder  being  supposed  to  be  generated  by  the 
uniform  revolution  of  a  parallelogram  round  one  of  its  sides, 
the  helix  is  traced  out  by  a  point  moving  uniformly  upon  the 
other,    (Fig.  111.) 

Let  the  axis  of  z  be  the  axis  of  the  cylinder :  the  plane  of 
X  y  which  is  perpendicular  to  this  axis,  and  all  planes  pa- 
rallel to  it,  will  form  circular  sections  with  the  surface  of  the 
cylinder,  whose  equations  are 

Also  %  bearing  a  constant  ratio  to  the  arc  described, 
whose  cosine  is  x^  sine  y  and  radius  n,  we  find 


which  are  the  equations  of  the  helix. 

The  projection  of  this  curve  upon  the  plane  of  y  z  is  a 
curve  called  the  Line  of  Sines,  which  becomes  the  Quadratrix 
of  Tschirnhausen 


when  e  =z  — .    See  p.  172, 


Since  -r-  = $  and  --—  =  - ,  the  equations  of  its  tan- 

dx  y  dy      x  ^ 

gent  are 
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z'-'  z  =  -  1  (x'  —  x), 

y 


X 


The  co-ordinates  of  the  point  where  it  meets  the  plane 
of  X  y,  when  z'  =  0,  are 


e  a 


y—y—  —  =5^  — J?  cos-*-. ; 
e  a 

and  its  distance  from  the  origin  of  the  co-ordinates 

=  ^x/^l-l-lcos  —  ^-.l  ^,  which  is  therefofti  Indepen- 
dent oi  e. 

If  a  be  the  constant  angle  which  the  curve  makes  with 
the  plane  of  xy,  we  have 

for,      ^  ^^  ~  e  _e 

tan  a  = 


The  position  of  the  osculating  plane  is  determined  by  the 
equation 

(a/  -  xyidyd^z  -  dzd^tj)  +  {!/ -^ y) {d xd^ x-^dx d^ z) 

+  (21'  —  z){dxd^y  --dyd^x)  =0: 

but  if  we  consider  z  and  5^  as  functions  of  the  third  variable 
Xj  we  shall  have  d^  x  -izOjhy  which  the  formula  wiU  be  sim- 
plified :  thuS|  we  have,  in  thi3  case 
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^  =  1;  therefore  il£.^f4l^=-'J^ 
dy      X  ay*  x* 

.  dvd^z  --  dzd^y  e     dy*     ,  *    ^    j^ 

= dxi 

dz e     j^2_f   ^y— — .!£ 

dx^      y  dx"^"^  y^*  dx'^      y^ 

dx  v/(a*  -  x^)         dx^  (a"  ^-  ar*)f  f' 

and  the  equation  of  the  osculating  plane  is 

a*  (z*  —  z)  —  ^  (xj/  -  yx^  =  0. 

If  we  make  x'  =  0,  andy=0,  we  find  z'rzz,  or  this  plane 
cuts  the  axis  of  the  cylinder,  at  the  distance  z  from  the 
origin,  as  is  likewise  evident  from  a  consideration  of  the 
genesis  of  the  curve. 

The  equation  of  the  norma/  plane  is 

(0/  -  x)^  ^{y^y)i^  +  (/  -  Z)  =  0, 
dz  dz 

which  becomes  in  this  case 

e  (z'—  z)  +  {xy  --yx')  =  0  : 

the  equation  of  its  intersection  with  the  plane  of  xy^  when 
z'  =  0,  is 

y   =1^  X    +  —  • 

X  X 
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(8).  Let  us  take  the  curve  surf ace^  which  is  generated 
by  a  horizontal  line  passing  constantly  through  the  vertical 
axis  of  z  and  whose  extremity  is  always  found  in  the  helix  of 

the  preceding  example. 

# 

If  a  plane  pass  through^e  axis  of  z^  it  will  intersect  the 
generating  line  in  one  of  its  positions  :  and  if  any  point  what- 
ever be  taken  in  this  line^  whose  co-ordinates  are  z^  x,  y, 
then  z  will  bear  the  same  ratio  to  the  angle  described  by  the 
plane  from  its  first  position^  as  in  the  case  of  the  helix,  which 
guides  the  generating  line  :  and  this  angle  is  evidently 

=  tan^*^  =  sin  —  * ^ rr 

X 

=  cos""*  :   consequently 

z  =  ^  tan-'  ^  =  <f  sm-^  — j— f — —  =  ^cos-'-        '■ — - 

is  the  equation  of  the  curve  surface  in  question, 

# 
A  more  general  method  of  determining  the  equations 
of  surfaces,  subject  to  this  mode  of  generation^  is  given  by 
Monge*. 

The  equation  of  its  tangent  plane  is 

,       ^  _  e{xyr-y3(f)  . 

if  we  make  a/=  0,y=  0,  we  have  z!^Zy  as  was  the  case  in 
the  osculating  plane  of  the  heUxy  with  wluch  it  coincides 
when  a:*  +  y*«  a*. 


Application  de  V  Analyse  d  la  Geometries  p,  26, 

K  K 
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Th^  equations  of  the  normal  are 

Off —  a?  — 


y- 


y  +  --fi_(z'  — z)  =  0;1 


and  its  length  from  the  point  of  contact  to  the  plane  of 
xy  or 


If  j:  or  y  be  very  large,  we  have  A  =  —  z,  or  the  nonnal 
is  perpendicular  to  the  plane  of  xy  and  the  tangent  plane 
parallel  to  it :  if  xzzO^  andy =0,  we  have  A  =  oo,  or  the  normal 
is  {Parallel  to  the  plane  of  xy  and  the  tangent  plane  perpen- 
dicular to  it. 

This  surface  possesses  some  remarkable  properties  :  it  is 
one  of  those,  whose  area  included  by  any  given  curve  through 
which  it  passes,  is  a  minimum*. 

If  the  helix  J  through  which  the  generating  line  passes,  was 
described  upon  the  surface  of  a  cylinder  whose  sections  pa- 
rallel to  the  base  are  elliptical,  the  surface  would  be  the  same 
as  before :  for  these  sections  in  the  helix  merely  determine  a 
relation  between  x  and  ^,  which  have  no  such  dependence  in 
the  equation  of  the  surface. 

This  is  the  surface  presented  by  the  superior  and  inferior 
surface  of  a  staircase,  attached  to  a  vertical  column  round 
which  it  winds,  or  to  the  concave  wall  of  a  circular  or  ellip- 
tical tower ;  its  thickness  being  supposed  to  be  uniform  and 
no  regard  being  paid  to  irregularities  caused  by  the  form  of 
the  steps. 


Mcusnier^  Menioires presentes  d  V  Academia.,, Tom »  X*  1785 
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(9).  Let  the  curve  of  double  curvature  be  the  spiral  of 
Pappus. 

This  spiral  is  generated  by  a  point  moving  uniformly 
upon  a  quadrantal  section  of  a  hemisphere^  from  the  pole  to 
the  base,  whilst  the  section  moves  uniformly  through  the 
circumference  of  the  base.    Fig.  1 12. 

• 

Let  C  be  the  centre  of  the  base,  D  the  pole  of  the  hemi- 
sphere, AD  the  generating  quadrant  in  its  first  position  :  let 
DB  be  any  other  position  of  the  quadrant:  PJIf  a  perpen- 
dicular upon  the  base^  MQ  a  perpendicular  upon  jIC  :  let 
CA  =  r,  CQzz  X,  QM  =y,  PMzzz  :  the  angle -rfCJ5=  0 : 
then  since  the  arc  DP  is  one  fourth  part  of  the  arc  AB,  we 
have 

z  4>  y  ,  ^         X 

-  =s  cos  3^ ,  — -2 — -  s=-  sm  d>,  and  — =  cos  0 : 

from  whence  we  get 

4  I 

{8  2*-8r*2'   +  r*|v^(r^  — 2»)-r«jr  =:oJ 
the  equations  of  the  spiral. 

'  The  spherical  area  which  is  included  between  the  quadrant 
ADf  the  spiral  and  the  base  of  the  hemisphere,  is  perfectly 
quadrable  and  equal  to  the  square  described  upon  the  dia- 
meter of  the  hemisphere.  This  singular  property  is  demon- 
strated geometrically  by  Pappus''^. 

The  equation  of  the  surface  generated  by  a  line  parallel 


*  Math,  Colled.  Lib,  iv.  Prop.  30. 
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to  the  plane  oixy^  which  passes  through  the  axis  of  %,  and 
is  guided  by  this  spiral,  is 

4  COS""*  -    =  cos      '  — ; . 

The  equation  of  its  tangent  plane  is 

If  ^'=0,  y  =  0,  we  have  a/=  z,  as  in  all  surfaces  gene- 
rated in  this  manner :  the  other  subtangents  are 

4g(x^4-y)    ^j  _  4  2  (a^»  +  y») 

If  the  spiral  be  generated  by  a  point  describing  the 
quadrant  uniformly^  whilst  it  moves  uniformly  through  a 
quadrant  of  the  base  ;  we  shall  find,  assuming  the  same  axes 
and  origin  as  before^  that  its  equations  are 


2*  — r*  +  ry  =  O)  ' 


and  the  equation  of  the  surface,  generated  in  the  same  man- 
ner as  in  the  former  case^  is 


r  X 


>/(^*+y) 


(7).  Let  the  curve  of  double  curvature  be  formed  by  the 
intersections  of  a  sphere  and  cylinder,  the  axis  of  the  cylinder 
not  passing  through  the  centre  of  the  sphere. 

Let  the  origin  of  the  co-ordinates  be  the  centre  of  the 
sphere,  and  let  the  axis  of  the  cylinder  be  in  the  plane  of  x  z, 
parallel  to  the  axis  of  z,  and  distant  from  it  by  a  line  equal  to 
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c:  let  a  and  b  be  the  radii  of  the  sphere  and  cylinder  ;  then 
we  have 

x*+y +  2*  =  a%  the  equation  of  the  sphere  ; 

(x— r)*+y*  =  A%  the  equation  of  the  cylinder  :     . 
.  <. 

from  which  we  get 

z'  =  e'-2rj:,  if  ^"  =  a*  +  r*-6*; 

z"  =  /*-2ry  {  6*-y  } ,  if/*  =  fl»-r»-i% 

which  are  the  equations  of  the  projections  of  the  curve  upon 
the  planes  of  xz  and  y  z. 

li  a>h  ■\-  c,  the  cylinder  penetrates  entirely  within  the 
sphere  and  the  second  projection  consists  of  two  separate 
ovals :  the  limits  of  the  values  of  jr  are  v'  {  «•  —  {b  —  c)*  { » 
and  v'  {a*  —  (A  +  r)*  }  :  for  all  other  values,^  is  impossible, 
or  the  curve  has  no  existence,  (Fig.  113.  No.  1.) :  if  ass  6 +  r, 
the  cylinder  falls  just  within  the  sphere  and  the  two  ovals 
meet,  (Fig.  113.  No.  2.) :  if  a  >  r  <  ^ +r,  a  part  only  of  the 
diameter  of  the  cylinder  penetrates  the  sphere,  and  the  pro- 
jection is  a  single  oval  with  points  of  flexure,  (Fig-  1 13«  No.3«): 
as  ^+^— o  still  dinunishes,  these  points  disappear,  and  when 
the  cylinder  cuts  off  a  very  small  portion  of  the  surface,  it 
assumes  the  form  of  an  ellipse.    (Fig.  113.  No.  4.) 

The  equations  of  the  tangent  are 


The  lengdi  of  the  tangent  between  the  point  of  contact, 
and  the  plane  of  x^  is 


^  "  .»  ,.9 
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The  equation  of  the  osculating  plane,  is 

Thus,  if  we  apply  this  to  the  points  P  or  P'  of  the  curve, 
which  are  most  distant  from  each  other,  and  in  the  plane  of 
j: « :  we  have  y  zzQy  x  :=:  c  -  i,  2*  =  a*  —  (r  —  *)*  and  the 
equation  becomes 

{z'  —  z)z  -¥  c{3f  —  x)  :=.  0,    or 

2:  «  +  ^a^  =  2*  +  cXy    or 

isV  {  «*  -  (c  —  ^)*  1+  r  x'  =  a*  +  *r  -  ^; 

the  plane  is  parallel  to  the  axis  of  ^  and  the  equation  is  that 
of  its  trace  upon  the  plane  of  z  Xy  which  makes  an  angle  with 

the  axis  of  x.  whose  tangent  is  ±  — r-- — ; Trrrr* 

If  6  =  r  =  -  ,  the  equations  of  the  curve  become 

z*  =  a  (a  —  4:) 

if  similar  sections  be  made  on  the  other  side  of  the  centre,  we 
shall  have  four  similar  and  equal  sections  upon  the  surface  of 
the  sphere,  which  possess  these  remarkable  properties,  that 
if  they  be  subtracted  from  the  surface  of  the  sphere,  the 
portion  that  remains  is  absolutely  quadrable  and  equal  to  the 
square  of  the  diameter,  which  is  likewise  equal  to  the  area  of 
the  cylindrical  surfaces,  which  are  enveloped  by  the  sphere. 
The  first  of  these  properties  constitutes  the  celebrated  problem 
of  Viviani. 

(8).  Let  the  curve  of  double  curvature  arise  from  the 
intersection  of  two  cylinders,  whose  axes  intersect  at  right 
angles. 
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Let  the  origin  be  the  intersection  of  the  axes  of  the  cy* 
linders^  and  let  these  axes  be  assumed  as  the  axes  of  x  and  y  : 
the  equations  of  the  intersections  are 


5*  +  j:*  =  0*1 


The  equations  of  the  tangent  are 

zz' 
z  z' 


The  co-ordinates  of  the  point  where  it  meets  the  plane 

of  xi^  zre  x'zz—,  and  y  =  ~;   and  its  length  from  the 

X  y 

point  of  contact  {o  that  plane 

=  —  >/  {  a:*y*  +  2*  x^  +  z«y  {  . 
xy 

The  equation  of  the  osculating  plane  is 


**  ..        .        a 


9 


(^  -  a:) :i  -  (y  -  y> 


(4*  -  z»)*  (o»  -  2»)* 

+  (/-z)        ("^-^')^  0,    or 

4*  (o*  -  2»)ta:'  -  «•  («•  -  2'')5y+(a*-«'')z»2' 

+  (a*  -  «•)  a*  4*  =  0. 

Thus,  if  we  take  a  point  where  y  ~0y  and  therefore 
z  =  4  and  X  =:  v/(«*  ~  4*)i  the  equation  becomes 

I 

x'  sj{a^  -  4»)  +V  *  +  a^  =  0. 
If  z  =  0}  and  therefore  x  -=.0^  and^  =  h^  it  becomes 


264 

In  the  first  case  the  tangent  plane  is  parallel  to  the  axis 
of  j/ ;  in  the  second,  it  is  parallel  to  that  of  z. 

The  equation  of  the  normal  plane  is 

xyTi  —  %y^  —  xzyf  +  xy%  =  0. 

(10).  Let  the  curve  of  double  curvature^  be  formed  t>y 
the  intersections  of  two  cones,  whose  axes  intersect  at  right 
angles.    Fig.  114. 

,  Let  V  and  V  be  the  vertices  of  the  cones,  A  V  and  A  V 
their  axes  which  intersect  at  right  angles  at  A ;  assume  A 
as  the  origin,  AV  the  axis  of  r,  and  AV  that  of  y ;  then  if 
AV  =  a,  and  AV'^a\  the  equations  of  the  cones  are 

a^-xsze  ^/  {  2*+y*  {  ,  and  a'+J^=^'\/ {  z*+a?*  \  ; 
from  which  we,  get 

— T-^  +  X*  =  ^^ — jf^  +  y^ , 

and    ^'+  y^  ^^" ±5)-  -  2*1  =  ^V  M^  +  ^M  , 

for  the  equations  of  the  projections  of  the  curve  of  double 
curvature  upon  the  planes  oi  xy  and  x  z. 

If be  greater  than  — -; r-—-,  the  second 

cone  penetrates  entirely  within  the  first,  and  the  projections 
upon  the  plane  oi  xy  are  two  figures  with  their  convexities 
opposed  to  each  other,  such  as  are  represented  in  Fig.  115. 

No*  1 . ;  if = — 7-  »  these  figures  touch  each 

other  as  in  No.  2. :    if     ^.f,    ^,  <     .,f ,    .,. ,  the    figures 

possess  points  of  flexure,  and  assume' the  form  represented  in 
No.  3.  which  approximate  more  and  more  to  straight  lines 


converging  to  the  vertex  of  the  second  cone,  as  the  excess 
of  the  second  of  these  quantities  above  the  first,  continues  to 
increase.  The  corresponding  projections  upon  the  plane  of 
X  X  are  ovals  included  within  each  other  in  the  first  instance  as 
in  No.  *  i  which  in  the  second  touch  in  two  extreme  points, 
as  in  No.  5  ;  and  in  the  third  they  become  pairs  of  curves, 
with  their  concavities  opposite  to  each  other,  the  lines  join- 
ing the  extreme  points  of  each  pair  of  curves  being  parallel, 
aa  in  No.  6. 


(The 


The  equations  of  the  tangent  are 
I  <■•  +  (!  +/-)y\ 


c>|a  +  (l  +.')i| 


-Ci'-i). 


i 


I  a  +  x{l  +  eV*)  v^(z'  +  t')-  a'ee'x 

The  only   difficulty  attending  the  determination  of  the 
osculating  plane  arises  from  the  complication  of  the  expres- 
19  which  it  is  necessary  to  differentiate. 

(11).  To  find  the  equatioh  of  the  curve  of  double  cur- 
vature, in  which,  if  any  point  be  taken,  the  sum  of  its  dis- 
tances from  two  given  points  is  equal  to  a  given  line  and  also 
the  sum  of  its  distances  from  two   other  points  is  equal  to 

another  given  line.     Fig  116, 

Let  B  and  C  "be  two  of  the  given  points  and  B"  and  C 
the  two  others  :  let  a  plane  pass  through  if,  C  and  C,  which 
may  be  assumed  as  that  of  2't/ :  bisect  BC  in  ji,  and  assume 
A  as  the  origin  and  AC  as  the  axis  of  x  :  let  AB^AC=a  : 
and  let  c,  c    be  the  co-ordinates  of  C,  and  b,  b',  b"  the  co- 

Ef   B' :  then  the   distance  of  a  point  whose  co- 
e  X,  y,  z, 
mi?    =  ^/  {(T  +  fl)'+_y'  +  i' j, 
imC    -^  \  (a-fl)'  +  v'  +  -M. 


J 


irom  C  =  V  1  (''-f)'  +  {j'~c')'+«'  !  > 
and  from  B'  =  V  {  (-r-fti'  +  Cy-ST+Cz-ft")'  I  = 
tonsequently  if  (  and  e'  be  the  given  lines,  we  have 
V'lC^  +  aV+J'^  +  ^M  +v'i(*-a)'+y  +  zM  '=^-     (")■ 

from  which  the  equations  of  the  projections  of  the  curve  of 
double  curvature  upon  the  co-ordinate  planes  may  be  ob- 
tained. 

The  equations  («)  and  (/3)  are  those  of  two  spheroids, 
whose  foci  are  B  and  C,  &  and  C  and  whose  axes  of 
revolution  are  e  and  i'  :  the  curve  itself  results  from  the 
intersections  of  these  spheroids. 

These  examples  may  be  sufficient  to  give  ^  atvdCBt 
some  notions  of  the  elements  of  the  theory  of  curve  surfaces, 
and  curves  of  double  curvature,  and  to  eKcite  his  curiosity 
in  the  pursuit  of  a  more  accurate  and  extended  knowledge 
of  them  :  but  the  nature  of  this  work  and  the  want  of  any 
treatise  upon  the  subject  in  our  own  language,  to  which 
reference  could  be  made,  has  prevented  our  discussing  many 
questions  of  great  and  essential  importance  in  this  subject : 
such  as  the  curvature  of  curve  surfaces,  their  evolutes,  in- 
flections, remarkable  points  and  lines:  the  nature  and  cha- 
racteristics of  surfaces  which  admit  of  developement  upon 
a  plane,  Scc. ;  the  whole  of  which  are  treated  with  singular 
elegance  and  generality  in  the  celebrated  work  of  Moage,. 
to  which  we  have  referred  before- 

We  have  chosen  examples,  which  are,  for  the  most,  only 

simple  cases  of  more  general  problems,  as  the  best  calculated 
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lor  a  student  to  whom  this  subject  is  new :  the  contemplation 
of  figures  possessing  three  dimensions,  is  at  all  times  attended 
with  conaderable  difficulty^  which  is  not  much  dimimshed 
hj  any  representation  upon  a  plane  surface  :  and  it  is  only 
by  a  careful  study  of  particular  examples^  that  the  mind  is 
enabled  to  grasp  the  full  force  and  meaning  of  general 
theories,  where  aU  reasoning  must  be  conducted  by  symbolical 
language. 


r 

PART  It 


\ 


INTEGRAL   CALCULUS. 


On  the  Integration  of  Rational  Functions. 


xdx         X      a 


(a+6  ar) 
xdx 


*       _.  ^  log  (a  +  *  x). 


(Q\     f     ^^^      ^  /x*      6  a^x      9a^\         1 


-7plog(a.+  *j). 


r 
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\ 


INTEGRAL   CALCULUS. 


On  the  Integration  of  Rational  Functions. 


xdx         X      a 


y/^\      r*  x^dx         x^        ax*  ,   a*x      a^  *      •     .    t    \ 

(3).    /•_£!:^=/'^^^_l__?flog(a+*x).A    ^ 

V 


1       _^log(a  +  *i). 


(a+6  ar) 


(*>  /(a  +  Tx)*  -  ~  6  "^ 


^®^' ./  (a  +  b'xr  =  VT  ~ 


c- 

ib*/{i 

1 

«» 

6a*x 

9  a»^         1 

i^         2  6V  (<i  +  *  xy 


-^log(a  +  *j). 
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/ — ,   z   vV  +  -Tt"  log  («  '^rhx), 


/o\     r    x^dx         /Sax'*   ^  9d*x      lla*\ 


L  +  —  log  (a  +  bx). 

(a+bxf      b*    ^^         . 


(10).  /^ir^  =  iiog-£-. 

(II)-    /  — ri — »:— -^ — r  +  -r log . 


^^^^-  /  (l+T^ 


1 


/I  (tf  +  ^  x)      fl 


1.2*' 


-  log  -^ 


J  {a-\-bxy         \ax     a^/(a+h:)     a^  ^^ 


2b.      a+bx 


a-^bx 


(14).    /^;~/^  =  (:l+^)— i ilogSii 

(15).  /-fz:^  =  -  f  JL  +  9i     3^y 


1  3^.       a  +  bT 
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v,cx      rx-'dx       /\\    .   &bx   ,  b^x*\ 


*  (a  +  i^^)'       «* 


+  -r  log r-*. . 


<18).  /  ^,  = -i^,  tan- (,  y/- ) 
«  +  ^**       V(«ft)  ^     V    a/ 

=     ■  ,    „  sin""*  A/  I    — r-; —  1  =    «i  ■»■      qo8^"' 


(19).    /^_£l^  =  _J^log^/i±£^ 


1       ,      ^fl  -¥  X  s/b 


log 


V(aft)     ^v^(a--*j*)' 


/on     r      ^^     ^  (  ^  ,  ^  "^r 


3 


8  a»  t/     flf  + 


a:*dj: 


dx 


*x^ 


.    (Ex.  18.) 


dx 


//*/*V       P      X'dX  X         (I      P         O^'  /17^     iQ  X 


373 


(23>.    f   ^    ,   ^  =  ^  -  -5L  log  (a  +  Ax*). 


x^dx 


dx 


gJi--^  +  2-   /^    ";     .    (Ex.18.) 


y^         T^  /ft  1?  ^  JT^  3?  ^  1 


+  JL    f     fl  ^.    (Ex.18.) 
Qab*y     a-\rbx^      ^  ' 


(01)    r  ^^*    -  _  /'Iff  +  i£f^      > 

^     ''■./  (a  +  frx»)>~"       Vsft         8«»>'  (a  +  ft**)" 


(7j7 


+  »^/7xf?-  <^-"-' 


(28). 


/x^  dx      _  _  /  ^    .      <i    \  1 


(29)     f   ^   -^    _/3^j?V    llj:^  ,     ll3:»       ^ax\ 
'•/(^  +  6a?*)*""\128fl«     128a       128*     1283»>' 


X 


dx 


1  ^  /»     ax  .J,     -Q  V 


(30).  r--if_=-..-L_*  / 

*/   ;t*(fl  +  *x')        ax      a*^. 


dx 


ax      a      »  a+Ax* 


(Ex.  18.) 


dx 


(31).   /^_££_==^ 


1  B    .  X' 


2ax^      2  a' 


o+*a? 


dx 


9?73 


p-.f-~T-.'    (Ex.18.) 


) 


,2  •• 


2a 


S^^g 


;tf 


a  +  J^' 


0 


16  «•  /  (a  +  6  x*)»  ""  16  a*  c/   a +*  ^' '     ^   ^ 


18.) 


d  x 


(36).    /    . — ; 1-  -s 


2  .  ^         ,      2cx+b 
~"  tan""" 


V^(4  fl  r  --^*) 


^/(4a^-ft^) 


.> 


£^X 


Q-cx-i-b 


2  r  /*         d  X  ^ 

+  •  --•■-.:  J  — r—* — ;  •    ^E35.  se.) 

(4a<?-A*)*^     a  +  ftar+irx*:^  . 

^^®^'  •/   (a+.^:r  +  <^^*?"  {2  {4,ac-^bi'){a+bx+cxy 


(^ac 
(4a.r-.6Y^    ^ 


dx 


+bx+cx^ 

M   M 


.    (Ex.36.) 


\ 
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dx 


% 


_-L    f ±£ _.  (Ex.36.) 

Qc  ^    a  +  ^x  +  cx 

\      /^         X  d  X  1         '  t 

(40).    /   -— =:  ' i :: X 

^     ^  J    (a-^hxArcx'y  2  c  (a+J  Ar  +  rx«)       2  c 

%cX'{'h h  r         dx 

(4tac-b*)(a'\-bx  +  ex*)      {^ae-^V)        A+Jx+rap** 

(41).    r ^ '  =  ilog ^ 

-~    /       /"      .'        (Ex.36.) 

(42).    /^ 4£ ==-i Llog         ^ 

+  (il.l)    f_J±_.        (Ex.36.) 


Let  -  =  jD^  in  the  (1 1)  following  Examples. 

(43).  r  -i^  =  4-5  -'  log  -i£±£L. 


+  v/8.tan—  -i^^^   |. 

2»  —  a:  3 


(44).  /.±^  =  -  —  Ji  log-ii± 


2^7  —X  3 
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<*^)-/;ife=-:-:/«-Tf^-   <^--) 


(46).    /--££—=: ^__+-^,x 

^^    (a  +  ft  a:»)»       3  a  (a  +  6  j:»)      9a  hf 

f47>     f-J!Al—  = f! i_ 

Ji  log -^l£±^.  _  ^3  tan- ^  L 


dx 


+  ^    /--^.         (Ex.  43.) 


(49).    /- 
*/     X 


dx 


=  r~i<>g 


^ 


(a  +  bx^)       3  a     '^  a  +  b  x* 
dx 


(50).    f  -AZ--^-J-.^i  f-^.     rEx.43.) 


dx 


+b 


a  +  bx^ 


(51).     f—l^ =-..A-  +  -^W 

--  V      /^         d.r  _^ 1 1    ,      a+bx^ 

^     ^' J   X  (a+bx^f^  Sa{a  +  bx^)'^  Sa"^  ^^      x^      * 

(SS)      f  ^^ =  -  ("-i-  +  ^^         '  '. 

^   /y    x^(fl  +  b^y^  y^ax-"        6a^/   a  +  b  x^ 


5b 


3/»'  */    « 


dx 


(Ex.  43.) 


«76 


dx 


(54).  /_^=log(l+x); 


d-x- 


<^'^- /rfi- '  **°"' ?' 


■*     •  •_ 


.  :  "> 


(56V/'j^  =  -|«b^|:k)g  >/(l  -4«co«:  +  en 


\     ■■ 


1  « 


+  -  siiT-  » tan 
3       3 


,       IT 

J?  sm  — 

?T ^  .+^log(1.4» 

—a:  Cost  -     -      '•         --   * 


—  -  log 

3     ^  l  —  x  +  x^ 


■'    1    \     -ia?i/3 
+ -tan"*    ^ 


V3 


2  -  X 


iT COS- •  lofi:(l~2xco8-:  +x*) 

^       4.4       ^^    '    N         ..4 


4-  -  3m  7  .  tan  "^  * 
2       4j    - 


<-">^  /i7^ = 


.       IT 

a;"  Sin  — 

4 

-   •>        »    ' 

1  —J' COS  7 


fr-  -  COS  -— .,l0g(l— 2JCC0S    J1+  JT*) 

4-4  4 


1    .     5ir 

I  H-  -  Sin  ~  .  tan 
12         4 


xsiif 


Sir 


I 


l—Af  COS 


3  -T 


i±iVi+^+_Lun-^^ 


4^2  ^^1  -x^2-\-x*   '  V^ 


1  -*' 
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.• 


-  COS  ^  .  log  (i  —  2  X  COS  -  +  X*) 

o        5  1     5 


.   2    .    » 

+  -  sm  -  .tan 
5       5      . 


—.1 


.     ir 

.  5 


•-«\    r  dx  1 


COSrr-  log  (1  —  SrCOS  — •  +  ^•) 
^  5 


5 


.     Sir 

J.  -^  Sin  «ii^.  tan^' 

^55  ,  Sir 


1  —a:  COS 


5 


[+5l6g(l+ar), 


^  1  IT 

—  «  ^^^  s  •  ^^  (^  —  2  JT  COS  ^  +  *'•) 


6 


,     1     .      ir  . 

+  -  Sin  ^  tan 
.6        o 


X%\Vi  — 

6 


.1  —  a:  COS  - 
o 


^^^>-/il^=|-' 5  **""'" 


—  ^  COS  -srt .  tog  (1  -  2  j:  COS  ---.  +  a") 
o:       o  o     . 


V 


+  -sin  ~.  tan 
8        6 


.    5  w 

xsm  — 
6 


1  — •  :r  cos 


5  IT 


1     ,      l+a:V3  +  x'   .    1        _,3x{l--a?*) 
•i—i..  log J-  -  tan       ^^ ^  • 


378 


%7       I    —  X 

(61). /-£l;  =  -  i  log  (1  •  •  X) +,i  log  (1+ X) 


=  ilogi±i 

2     *  1  -  a 


''-  5  log  (I  -  X) 


<«^>-  /ra  =  \ 


I 


3         3^  3 


.     2ir 

+  -  Sin  —  .  tan"- '  — rr 

3         3  2flr 


1  -  j:  cos. 


"■      3  ^^  ^(1  +  ar  +  **)   ■   3^3 


+  -, — r-  tan    * 


2  +  x' 


^ log  (1  -  x)  +  -  tan—'j?. 

(^+  -log(l  +  X) 


1  ,        1   +  X         1  ^       _, 

z:  -  loi? +  -  tan~  *  X. 

4    ^  1  -  X      2 


[- 
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-  log(l-a?) 


dx 


-  COS  -—  .  log  (1  —2  X  COS  +  X*) 

5  5  5 


<"'•  y  s- 


.    2    .     Sir  ^ 

-f  «  sm— -  tan 
5         5 


.      Sir 

X  Sin  — 
5 


1  —  X  cos 


2ir 


1         4f  T 

—  -  cos 

3  5 


.  log  A  —2 X  cos'--^  +  x^J 


.    4t 
X  sm  — 

+  -;  sin  —  tan-"* r — 

5         5  ,  4.T 

1  —  X  cos  : 


dx 


W /-££,= 


[ 


-  g  log  (1  -x)  ^  •  log  (1-x  +  x*) 

+ tan—*  --^ — 

2>/3  2  -  X 

+  g  log  (1+^)  +  r^  log  (1  +^  +  **) 

+ tan—*— J^ — ; 

2^/3  2  +  a: 


Euler.  Cdit.  Int.  Tom.  I.  p.  40. 

(66).    r ^i =ir^log 

^     ^  */    (4,  +  fl)(^^6)      (ft-_fl)    6 


(67).  r ^ = i 


+  _L_iogl±f. 


'    S80 


(68).    f fif-^  =* -^  log  (1+6) 

J   (.*  +  a)(*  +  i)      (5-a)     f>\  ^  ' 


.a 


(*-a) 


log(«-f-«). 


jrrfx 


'\ 


(69)     f  ^^        --  /^ 


x^  dx 


a' 


.^^^•4/    (x  +  fl)(a?+6)V-^.(ir-a)(*+*)   '   (ft-a)* 


log  ixArd)  ^  \b--a)^     ^^  ^'^■^  ^* 


(71)      f  ^^  = 1_  ("—L  4.  -L-^ 

^     ^'^   (;X  +  ay{x  +  by  {b^ay\x  +  a       x  +  b/ 


2      ,      x  +  a 
log 


(6-^)5     **  a: 4-^ 


{b-aj  ^  x  +  b 


2  ab    ,       a -h « 
log 


{b-af     "="  x-^b 


281 


*•     'J   (T  +  o)>  (a- +  *)»      (*-a)'  Vx  +  fl      x-\-b/ 


log  (x  +  a)  +  ■'^ — -^^  log  {x+6). 


{b-af 


{b-ay 


(75).    /• ^^ = ,  log  (*  +  a) 


(fl-b)  (c~b) 


log  (OP+i)  + 


(«-c)  {b-c) 


log(x+c). 


('«•  /  (7 


j:  £2j7 


+  «)  (x  +  6)  (;c  -t  r)  (6-fl)  (c-fl^) 


log  {x+a)  - 


{a^h){c--b) 


\og{x-\^b) 


(a-c)(b^c) 


log  ix  +  c). 


x*dx 


^     ''  J    (^x+a){X'^b){X'\-c)       {b-^a)(c-a) 


Jog(a:  +  fl)  + 


{a-^b)(c'-b) 


log  (a?  +  b) 


(a—c)  (b  —  c) 


log  (X+f). 


+  —  tan-»  —  >. 


b 


N  N 


380 


xdx 


t  \ 


(69).    r — i.^:^-^-  - -,£ 


JT  +  flf 


a' 


*       (*-«)(*+*)       (*-a)* 


log  (j:  +  fl)  +  Vr     ^..    *^g  (•»  +  &). 


(^-fl)' 


2      -      x  +  a 


^     ^*  c/    (^ +«)*  (X  +  by       {b-af  \x  +  a       xJfb/ 


+  ^'^^  log  "^  +  ^ 


'^^    >"  ^    (.r  +  fl)«  {x'\-hy  {b-af  \x  •{.  a       x  +  b/ 


2  ab    .      x-\-a 
log 


{b-af     "^  x^tb 


283 


+  (6*-a)V^tan-«-^  +  **(''  +  ^> 


Va 


(87).     /*_-if4^_-=_i_{6»(^»  +  3^)log(;c  +  6) 


'^^^■^^hog(;.»  +  ^)-2«ntan-«4-}  ' 


2 


s/a 


-♦- 


^3 


i»-|-^     a?  + /^ 


(88).    /_J^  =  ilogl± 


4 


(89).    f       ^i\       =  log  <-£±^ 


2 


^"^^   «/    ^  +  3W*-4       3(^+2)       9     ®^  + 
(91).    / ^J? _:=  JL.  +  log^ 


«+2 
2 


xdx 


(92).    /-^ l^f =  __I__log? 


+2 


x^dx 


(98).    f —--1-3l± = -^  +  log  (x+ ]). 


(94) 


.    f ^£ ^  log  JL-v/^^^ . 


^84 


(x  +  2Y 


^   ^' J  x^+Gx^  +  iix-^-e       ^         (x+2y  ^ 

(98).   / fif =  ilogy^^fj!:i2  +  itan-«r. 

(99).   /^ ^ ==  -log(«  +  1) 


+  ^logv/(x«4.1)-itan-^j;. 


(100).    /    ~ =  —  -  log  2^--^ '  —  tan— 'x. 


<'<»'•  y?4$::?  = 


3v/2 


-tan 


^i     X  1  -         1  +4P 


(102).    /-^l^f-  =^tan-«^-.ilogl±£. 


(103).    f — =  —  log  ^'^  "^  *^ 


(X  +  £)•     ' 


+  —-  tan  —  *  X. 
25 


385 


On  the  -Integration  of  Irrational  Functions. 


— tan^'3L_i 


(6).  /   v(f!.^.)='Mn-'  ^  =  cos—  >/(!-»•) 


=  i  cos-'  (1  -  2  *»)  =  tan-'         ^ 


2  V  (1  -  **) 

(7N     /*_^£___  =  _i loe  >/(«  +  ^^)-  Va 

^       »/   X v/'(a  +  * jt')      2  V  a     °  V  (a  +  ij:')  +  v/« 

1  /-b 

— sec  —    X  4  / . 

^  -  a  V     a 


284 


xdx 


(X  +  gy 


j?*dj:  ,       V  {  (.r+lXar  +  sy  } 


(96).    f--±^ =  log 


(x+2)* 


(97).    / =  -  log-—-- — --  +  -  tan  —  i  x. 

^     ^  ^  x^+x*+x+l       2     ^v^(a:*  +  l)      2 

(98).   f 1^ =  ilog^^^^fjti2  +  itan-':r. 


(99).    /« ^.^f =:  llog(«  +  1) 


+  5logv/(^«4-l)-itan-^j;. 


d^ 


= log^iJ; : tan^'x. 


(100).    f ^ =  --log 


(102).    / =   .   -  tan"-'  -r log 


dx 


-   2  ,      (o:  +  2)* 


(103).    f ,       ^^ =^logS^±^ 

^       ^   */  X*  +  4  o:'  +  5  x''  +  4  j:  +  4       25      ^  x*  +  1 


+  —-  tan ""  *  X. 
25 


887 

1     • 

s sin  "■  _^— 1— _ . 

dx                  .       ,  2 .» —  1 
—  sin""* 


V5 


=  cos    ^     ^  ^ — ^I i  =  tan^' :^ r-. 

*>^    v(l— .a?4-j?*) 


(^).   / 


do:  .        ,  2 JT  +  1 

— — =  sin  —  * 

^  (1  -  a:  -  **)  v'  5 


=  cos         '      — ~ — — isstan""*- — ; ^ 5-. 


rfx 


(21)    /-— — -!i£__ 

^     ^'  J  x»^(,a  +  bx  +  cx'') 


1    .2a+6jr-2Vfl.V(fl+»j:+g3:^) 


1      ^     _»  2a  +  A« 

tan     * 


(22),     r — =  log^t^-^^(^+^-^^). 


«86 


dx 


x/ (!+*•) 


cf^ 


^  =  log  v^(^+-')-^ 


i/  (1  -  >^) 


=  log^(^-^)-^ 


^ 


<2j? 


(10).   / — ^i£ .  =  sec-"  X  =  tan- V(^*  -  1)  = 


COS""*  «  =:  -  cos     ' ^ —  =  8m"~i  ^  ^  -^ 


X      2 


X 


a 


37 


dx 


_    1    ,      v^(g3:  -I-  ftp  ^  JT  V^ 


tan"' 


^-* 


h/  [ax  +  6a?*) 


(12).    r_l^_  =  2tan-'--l_-=2tan->A/-^ 


=  2  sin""V  vT  =  2  cos 


dx 


-V^'- 


(13)-   f-j-r^-T—^  =  log  i  2  a:  +  1  +  2  >/(x«  +  x)  } 


=  -  .log  f  2  a:  4-  1  -  2  v^  (JT*  +  ;ff)  }  . 


^'*^-  /:7(?^)  =  log n  -  2x-  V (x« -  X) I 

=  —  log  {  1  —  2  ar  +  2  >/  (x»  —  ar)  }  . 


d  X 


(15).    A li_ 

o'>/«+*X  +  CX') 


289 

/qg\       f ^f 


I      ae—bcx—  s/(a  c*+i  c^) .  \/(a+b  ^*) 


V  (a  ^*+b  c^)     °  c+e  x 


tan 


^»  ae^^bcx 


^/ {--{a  ^+h  c^)\  V(-a^»-60.V(a  +  ***) 


rfo? 


(30).     f        .     /^ 

•^  (1  +  *)  >/  (1  +  *') 


J_ j„  l-J?-^/g.^/(l+J^») 
V2     ^  \  +  X 


dx 


^^^^-    /(l-^)/(l+:r^) 


V2    ^  1-^ 


dx 


(^^^-  y  (r  +  if^»)v'(a  +  *^2) 


1  J      c  s/  {a'\'bx^-Vx  s/  {Jfc^-ace) 


,  /  ae  -^  be 

=  sm-'  ^  \/  — ^j- i* 

V    a€  +  ae  X* 


o  o 


390 


^34^      /•              '^'^              =    ^     tan—      ' '^  ^ 
=  cos     *  \/ =8in— '^ — ■ . 

(36).    f-—^ :^ 5;  =  -^x 

«/    (c+/a:)^(a  +  6T+fa'«)       ^  ft 

^ L_  .         .     iaf-be+{bf-2ce)x 

where  ft  =  af*  —  &  ef+ce'. 

(37).    /- ^i =log^-^-M'+^+^') 

^   ''^    ./    (l+ar)v/'(l+3:  +  j:'')       ^  l+ar 

/d  jj-  1 

3— 3a-2»/3  .»/(l-ar  +  a:*) 
log S^—^ . 


«^'  =_-Lx 


^^®^-  y  (I  _*)  ^(i +x + x»)    v^3 


,      3-3  a+a  v/3- v/(l +«  +  ^') 

_  log  2!_ 3C _ 

"  1  —  * 


/    1  I    -4-   S  3? 

(40).  y\,+.t-)^(i+:r-.r^)  =  tan"'  ^  ^(l  +T^«) 


291 


dx 


^"^'^'c/   (i+*)^(l_ar-r') 


dx 


(*^)-y  (i_x)vAl-*-a?*) 


=  Iog  , ^_ 


^^^'f± 


V^(«+*a:) 


3 


/ 


(d  +  ftx)+a  (  u * 

+  (*-- 1)4-112^^(^-1). 


dx 


-  _  VOjff) 


-ilogJvAijiflzlJ. 

2  ^e.*/(i+«)+i3 


+  -  tan-'  v^(*— 1). 
4 


390 


(34).    f JJL _-    1     tan--^^^*- 

=  COS    '  4/ =8in— *^ — ■ . 

(35).    r—J± =-2.1ogV^(^'-^)+V^ 


/gg\        f O* \_  ^ 

=       ^       tan-'     afl/-^<^+(f/-2r^)j: 
V^(-A;)  2v/(— i).^(a  +  6a:+fa:«)* 

where  A;  =  a/^  —  h ef+ce'. 

(37).    r ^ =log'-^-^V^^'+^+^'). 

/d  X  1 

°^                    ,  1  +» 
(39)      r — =-— X 

,      3-S  a+2  v/3.  v/(l +0^  +  0?^) 
—  log ^ — . 

/. dx  -  t  n~>         14-33: 


^3 


y.       dx      .  _  /Ad        \4ibx    -26l£"\ 
.        _J +L    /       ^^\.     (Ex.2.) 


(55).  /         '^^ 


(56).  f 


_I*    f il (Ex.54.) 

x^  ~  X 

+  i    /• i£ ,.     (Ex.2.) 

*2  ♦/    xy/{fl  +  bx) 


(57).  y :l£i2±l£^  =  {i(a+ftx)+-}2v^(<,+6:r) 

c/    X  >/(a  +  ox) 
(58).    /  l£if  +  M?  =  _  (^  +  -1.)  V(a+ft  *)^ 

8a» »/  a: 

(59).    / r-3  = -iT' >  5  *°8  "^ n^ 

,      >/3sy(a  +  *x) 


Assume  tf +  *  j:  =";• 


293 


(48).    /'-fl^=  U^(a  +  bxf-2a{a  +  bx)-a4x 
^    (a+bxf        ts  5 


■n— -. 


i»  y/{a4bx) ' 


(49). 


_3j-    f v/(l+x)-l^ 

5  ^  lv'(l+x)  +  l3' 


(50).  / 


X  dx 


(a  +  bx)'^ 


-  =  -{•(«+**) -5  a} 


ft*(a  +  ftx)** 


(51).  / 


X  dx 


1.     -^ 


^-{l^ia  +  bx)-la] 


2 


ftM«+*^) 


(52).  J -£^  = -y  V(.  +  ft.)-l4  ^ 


{a  +  b  x) 


Q. 


b^'ia   -]-    b  xy^ 


P         dx  /8         9,bx\  1 

+  4  /_/^.     (Ex.2.) 


295 


(68).    /^L^=_   }ii>+  _LxJv(l-.T«) 


.     3   ,■  .    _. 

H 'sin    **. 

4.2 


(69).  /•— fl£i_  =  H^  +  _i 

'    ^   V(a;»-  1)        1 5  5. 


,      4.2    ■)      ,  ,    ,     ,  ,  • 


^     '    ^   V'(a:''  +  1)        <.6  6.4 

+     ^'^    j1v(j'+1). 
6.4.2     3      ^ 


(71).     f if. = 

^     '    ^  «»V(a  +  ^**) 


_      v'(tf  +  *  a^) 


a  j; 


d« 


(72).    f ^ =- 


_       ^(^  +  *l») 


2^1^' 


(73).     /^__£f =  -C±+_2_)^(l-,'). 

(74).     f ^ =_CJ_+_L_^^  (!-*•) 


-^.-^V-^^'^} 
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6  .4.2.^*5   ^^  ^ 


+ sec     ^  i*. 


6  ;4  .  2 


(77). 


xdx 


J(a+i  *»)}  *  >/  (a  +,  *  J?")  • 


.      C78)./ 


a'^/j7 


« 


(a  +  bx^f  ^V(a  +  6d?*) 


(Ex.  3.) 


.    1     /»  flj: 


T 


(80).     /  ^  =  -  I  — 1 ~  -sm  —  '^. 


(81).   / 


dx 


I 


.r(fl  +^a:*)^       a  y/ {a  +  b  x^) 


d  X 


a^J   X  s/ {a '{' b  x^) 


(Ex.7.) 
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(83).  /- _i£-j = - C J_  +  ^)_i_ 


2       ^  X 


(8*).  r    ^'    =.  ciiii  +  ?)    ^ 


(85).  y 


xdx 


(a  +  *  a*) 


3  *  (a  +ix»)* 


(88).  fdx^ia+bx^  =  xs/(a  +  bx-) 
+  «   /•-_i£__.  (Ex.  3.) 

<89).  /'^ii^^i±i£^  =  v  («  +  ***) 


dx 


^a     f — .  (Eic.  7v) 


p  p 
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6  .4.2. *^>   ^^  ^ 


5.3.1  , 


6.4.2 


(77). 


.r<2a; 


J{a+bx*)i  b^(a-\-ba!'y 


.       C78)./ 


aVj7 


« 


{a  +  />  o;*)^  ^  >/  (flf  +  6  a?") 


.    1     /^  rf^ 


(Ex.  3.) 


(80).      r    ^^^  (f!,if)        ^         ^g8in-\r. 

^     '    ^   (l-^*)i  \2  2/v(i-0      2 


(81).   / 


dx 


I 


.r(«  +^a:*)^       «V(«  +  ^^') 


+  i   f ^^^-r-ox-  (Ex.7.) 

p  dx  _       /  1         2bx\  1 


e89 


^6.5.4.3.2.1/ 


) 


~6. 5. 4,3. 2.1  T 

^         J  X  ^(ax  +  bx'*)  ax 

4.3  4.3.2  4.3 .g» 1       > 

9.7*5HJf»     9.7.543.1^3?'      9-7.5.3.1  .r»«3 

Cioo).  /—lif .^ « 

^    a:  (fl  :r  +  ft  a:*)*  3/i  J?  v^aa:+*^*) 

4j  ft     r       dx  «  . 

-rr-/  ,- — i-    (Ex.91.) 

^       ^'  J   (a+bx^cx^'fi      {4fac''b^)^(a  +  bst  +  cx^)* 


/ 


<102).     r  ''^'^  ^  >/(a+&x+rj') 

_i.    /-     ^    ,f^.      ^.     (Ex.15.) 
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(103).  r ^i__  =    N/ca+M+^jT*) 


</x 


^  JL   f——^ -.    (Ex.  15.) 


xdx 


(104).    /• ^^^— . 


2  (2fl  +  5a:) 


(4  a  C'-b*)  ^{a  +  6  or  +  r  **)  ' 


(105).    f       ^\         ^:fe^tan-A/(^) 

'^       '   */    (l+ar)*y^x       1+x 

rdx  s/x  «    y    .1      0+^  +  2N/a:> 
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dx 


(109).  r ?Lf = 


s/x 
2(l+x'*) 


^  --^ 


4V2 


/jjQS     f  d£ s/(a+bx) 


where  k  znbc  '-  ae. 


g'x     K      /*  X  d  X  ^/*        ^*^ 


dx 


--    /*. ,     ,     ;  .    ,.    (Ex.  Land 26.) 


xdx 


log{ 


s/ic-^ex^) 


} 


s/dbce—ae*) 


tan 


(113).  y  (c  +  e«»)V(a  +  ftiP*)""c  •/   N^(o+^«*) 


~£    r ^L± — ..    (Ex.  3.  and  33.) 

e  t/   (r  +  ^x*)  >/(a  +  ft^*) 
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-  f  (1  +x)Tr-H  +  x)-^  (1  +  a)^-|  (1  +  x)^-|  (1+jr)^. 

5  7  4  S    • 

Aseume  1+^=2^*    £uler.  CaL  lot.  Tom.  L  p.  54. 


(115)./ 


+  ^log   {  ^+  >/(!  +*•)  1  —  -  tan-'         ^ 


Multiply  numerator  and  denominator  by  ^(1  +  x^  + 
V(l  -  «•) :  Euler.  iJ.  p.  56. 


.(•"* /^5^  =  v^' -'•>+= -"Vr^ 


Euler.    ^rftf.    P^^rty.   Tom.  IV.    1780,    and    Ca/c.   Integ. 
Tom.  IV.  p.  10. 


(117)   r    (^H-^^)^^    ^J^W^/(l+^ 


ar* 


Assume r:  ti.     Euler.  lb.  p.  22. 

1  —  a?*  ^' 


{i'-x'^)dx  1      .       ,  Xi,J2 


118)  r   y^-^)^^   ^  *- 


1+x* 


Assume  -^ =  u.    Euler.  16. 

I  +  x^ 

(119).    jT  ^^V(i±.^^)  ,      1      i^^V-(l+a:0-fa:V2 
^       ^  */  1  -:r*  2V2^     ^  1  -  x* 
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+ sin ""  *  — 2L--  . 

Assume  «  =: .    Euler.  lb. 

(120)     r  ^*^^  ^      1      I      N/(l+J?*)-f3:'N/2 

Assume  -  f^/     -^  zz  u.     Euler.  It. 

's/(l+X^) 

(121).     r^^x/C^  +  ^'^^  +  gJ^)  ^  i"         ^'^^ 

*/  a-r<r:r*  ""       */    (m*— fr)»— 4ar' 


where  «  =  V^(fl±i£l+£fl> . 


a: 


% 


Euler.  j?i^.  p.  41. 


m — ii^i — ; — »  '^'^^'^  ^  =  ^^ ' 

(u*  -  hy  -  ^ac  X 

Euler.  R,  p.  42. 


X*'- 

dx 

{aJ^bx^^-c 

r 

iP 

-^a^)»'  +  ' 

^^yC^+^V  +  r^),     Euler,  /^.  p.  46. 
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(124)     fdx^ia+cx^)  __  _    f    u*d  u 


where  «  =  -^(~''  +  ^^) .    ^^x„^  jj,  p. 47 


(125).  rijLS^±£££-^  f    ^^" 

where  «  s:  V^^^  + '^  ^'^ .    Euler.  iJ.  p.  48. 


dx  /%      du 


(126).    f ££ =   f—^ — , 

where  m  = j.  .     Euler.  3,  p.  49. 

(a  +  2  *  x^)^ 


(127),/ 


rfj7 


J 

(a  +  ^  a;")  (a*  +  3  ^i  ft  :£^ +  3  6«  :r*»)^» 


du  ,  J? 


/aw  , 

— .   ,,   -^ ,  where  u  = 


(fl*  +  3  A  ft  X"  +  3  6'x*")^» 


Euler.  U.  p.  56. 


(128).  y^ ^ 


1 


{a  +  baf')  {  (a4-*^T  — r^'^'^J'^^ 
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=  -  /  r-rrr-i  where  u  =: 1 — r 

Euler.  iJ.  p.  53. 

(129).  r If J -. 


=  tan-* 


Euler.  iJ.  p.  54. 

(130).    /.^ ^— ^^ 


=  tan-* 


V  {  (1  +  a^)*  -  xM  * 
Euler.  76.  p.  55. 

30^"^  dx 


(i31).  y 


m 


(a+*^")  J  (a  +  »af»)^  -  ft*!*^  J  w. 


i/^'^^du      ,  ^ 


-  where  w  =  — 


1  +*^w^  |(a  +  &:r*)''-*^ar^|Wf 


Euler.  lb. '  p.  56. 

^*'  *y  xUa  +  bx^)  =Sy 


w(l+ft  tt    > 


where  u  rr £ 

1  • 
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ivss).  f ^IZI^JL^ _ 

{b X' -  a)  {  b'" x^  -  {b X' -  a)"  i  >^ 


a  ^ 


b  u     —  1 


•3? 

where  u  = 1 


Euler,  3.  p.  58. 

The  fluents  of  many  of  these  expressions  may  be  found 
by  methods  explained  in  a  valuable  paper  *'  On  the  fluents  ef 
irrational  functions,**  by  Edward   Ffrench  Bromhead,   m«  a. 
F.  R.  s.  printed  in  the  Philosophical  Transactions  for  1816. 


On  the  Integration  of  Logarithmic  Functions. 

(1).   /dx*  log  a;*  =  ^log  ^  —  j:. 

x^                1 
(2).    fx  dx  log  a:  =  —  log  x a:*. 

A'^  1 

(3).    fx'^dx  log  a?  =  —  log  X x^. 

(4).    fx^'dxlogx  =:.^—^Uogx^——>. 

w  +  iv.  n-T  X  J 

(5).  y  ^  log  *  =  2  ^*°S  *)*• 
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<6).  /  ^d  X  (log  xY  =  £1^  I  (log  xy  -  -A-  log  X 

(m  +  l)»5* 

(7).   /:r-d^  (log  *)»  =  £^{(log  ^  -  ^(»og  *)• 

3.2      .  3.2.17 

(«  +  1)»  *^  («j +  !)»>• 


9).    /-lf.IogJL=:2logi+V^ 


dj7 


10).     y  — =  log  .  log  J7  =  log*  J7, 

*>^   r  loe  X 


u).  /•_J^f_=-_i_. 

»^    o:  (log  j:)*  log  J7 


■*"  2^  ""  3^  "^  &c.  ^w/ i«>;/uw. 


=  |log  a?.log  (a+«jr)  -  -i-  (log  *^)*  +  ~  -  -^- 


^ 


3*4*«»      4*A«ar* 


-I-  &c.  i/z  infinitum^ 
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(IS): /^jog(a  +  ix)  =  loga  .  log* +^- ^ 

4-  -7-j  —  &c.  in  infinitum. 


3*a3 


dx 


<^^-/i£^=»*>8^°« 


log* 


**     1     *S-    1.2 


+  I  .—^^  +  &c.  /«  M>»tem. 


(15)./ 


j;-  +  » 


3^dx 


v/(log  x)       (i»  +  1)  \/  (log  ar) 


{ 


1  + 


1  .3 


2  (w  +  1)  log  X      2'  (wi  +  1)*  (log  x) 


2\m  +  iy\logxy  +  ^'^^  '^'^>^««'- } 


(16).    fa'dxs 


log  a 


«'. 


(17).    fa'xdx^- a'x  - 

•'  log  a  (logo)' 


(18).    /    a*a*rfx  =  a*f_£L  -"** 

<-Iog«      (log  a) 


«.(«-!).  jr—"      «.(n-l).(«-g).a:»-'      .       .  7 

-*•         (log  «)» (}^^* +&c.m»»/.} 

(19).    /-fl^^Iog^  +  iiS^f +  £!J2£^ 
''''''  t/       «  *  1.1  1.2.2 

,    V  (log  a)*    .   ,       .    .    -  ., 
1 .2.3.3 
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dfdx  d"      ,  /*a'dx 


(^)./£^=-J  +  Iog./l^'  (Ex.19.) 

^    '    J      X*  2x'       2.1.1         2.1 

f^.  (Ex.19.) 

(22).   /•£££=-^5-l-  +  — _J__  +  — l-li_» 

«/     V*       ^xLloga      2x(loga)*      4«'Uog«)» 
+  &c.  in  ittfriitum.  ^ 

w/rz:^  =  --1(131^ 


log  n     (1  —  xy  (log  «)• 


^    ''  »/  (l-x)f  V(l+*)         V  Vl  -  x/' 


On  the  Integration  of  drcular  Fkmctions. 

(1).  /  Jrdx9in~^x  zi9m~'^ X .   f  Xdx 

/dxfXdx 
V(l— X*)  • 

(«).  /X<i«co8— '  X  =  cos— '  *.   f  Xdx 


*  f 


dx  fXdx 
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(3).   fXdxtm-'x:=ztzn-'x.fXdx 

/dxfXdx 

(4).   fXdx  sec""*^  =:  sec—*  x  .f  Xdx 

/dxfXdx 
a?>/(x'«— 1)* 

(5).   fdx'sm"^  x  ss  X  sin—'  a:  +  \/(l'-a?*). 

(6).    /xdxsln'^*  xszf^  ^  2/*^""'^+  "**  \^(1  — x'). 


<7)-/ 


sin"  •  X  =  -  (sin ~ '  x)*. 


v/(l-«^ 


xi2x 


(8).  f-±^^  sin—  X  =  X  -  ^(1  _x«)  sin—  *. 


®>-/;^)^'"-^=-(i^^^-^^>4^"-0  - 


V(l-x*) 


^3 


sin"-*.r  +  — . 
4 


(10).  / 


da: 


(1  -;r')» 


sin""' j;=i 


j:  sin""*  a: 


+  Iogis/(l— X*). 


(11).     /-TL  tan-*x  =  I  (tan-**)*. 

(12),    /"-£l^  tan-*a:=(a?-  i  tan-*  J^)  tan-'* 
*^    1  +  a?  .2 


—  log^(l  +  x% 


311 


0^)'    f  ~\-  tm-'x  -( — ^ +  I  tan-'  x^  x 


tan""*a?  + 


4(l+a?*) 


14).    /'l^  =  log>^^l±!!H^)=logtanO  +  0- 


rfd   _,      V(l  ->  cos  g)  _ 


^ 


ttf\      p    o,v        ,      v^ii  -cose;;      -      ^      (; 

15)-    /  -T— r  =  log  ^ -^  =  log  tan  - 

^  */   sin  ^         ^  V(l  +  cos  «)         ^        2 

.      /^ d a  cos  g  _    p  de 


tan  ^ 


7).    r^^=/datan(>  =  -logcosa. 

«/        cos  o  ° 


18).   / 


£2^ 


cos  ^  sin  6 


T~7  =  log  tan  e. 


19).  fdd  sm  e  =  ^  cos^. 


20).  fde  (sin  6)*  =  -  i  sin  ^  cos  ^  +  1  ^. 

«  2 


21).  fde  (sin  ^)'  =  -  i  (sin  ^)»  cos  e  -  ?  coa  ^. 

3  3 


22).  /d  e  (sin  fl)«  =  —  i  {aii^y  cos  fl  -  ~  x 

4  2  •  4 


sin  0  cos  ^  +  — ^  ^. 

2  .4 


23).  fde  (cos  B)  =  sinO. 
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(24).  fdQ  (cos  a)»  =  1  sin  ^  cos  ^  +  i  ^. 


(25).  /d^  (cos  a)'  =  -  sin  ^  (cos  d)*+  -  sin  6. 


(26).   fde{QOZ  ey=zl  sin  6  (cos  6)^  +  i^  x 


sin  ^  cos  ^  +  — ^  6. 

2. 4* 


(27).  /d^  sin  6  (cos  a)»  = —  (cos  ^)''  +  *. 

(28).  fde  cose  (sin  ^)*  =  — L.  (sin  ^'^  + '. 


(29).  f  de  (sin  ^)*  (cos  Of  =  i  (sin  ^)'  (cos  6) 

As 


1  1 

sin  ^.  cos  6+-  ^. 

8  8 


(30).  /da  (sin  ef  (cos  oy  =  ("i  (cos  ef-\-  ^  (sin  a)^. 
(31).  /</£>  (sin  a)3  (cos  Of  =  (-  (sin  B)^ 

_±  (sin  .)«_!)  COS.. 
(32).  /rf  e  (sin  ^)>  (cos  ey  =  (I  (cos  »)'  +  — )  (sin  flV 
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(3S).  fd  e  (sin  &)*  (cos  0)*  =  Q  (sin  ^f  -  ~  («»  6) 


■—  sin  fl  I  cos  0  +  — -  ^. 
16         /  16 


(S4).  /d«  (sin  fl)«  (cos  tf)»  =  (|  (cosO)*  +  ^)  (sin  fl/. 

(35).  /d0  (sin  ey  (cos  ^f  =  -  TT^  (^  <=°*  ^^  * 

-  -  COS  6  0  +  5  COS2  0  )• 

(S6).  /d e  (sin  e)«  (cos  0)»  =  (^^  (cos  0)'  +  ^)  (sm  dy. 


de 


<^^>-/(;nrw= 


cos  6 
sin  0 


s  —  cot  6. 


.^^K      /^     d0  cosO  I     p  dB        ,j.     --. 


^        r»      d  6  g  1  _!_■  m«  fl 

^^®^'  y  (^nl)»  ~  ~  Vs  (sin  ey     sliHl/ 


=  cot  e  -  -  (cot  ey. 


i*o).f^^ 


sin  Q 


(cos  0)'       cos  e 


=  tan  0. 


(«)•  / 


de 


sin  0 


(cos  ef       2  (cos 


ey     Q.^ 


de 

cos  0 


.    (Ex.  14.) 


R  R 
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42).    /-.^l.=  f_L_  +  _£^),ina 
^   (cos  ey       Vs  (cos  a)3      3  cos  ^^ 


=  tan  ^  +  -  (tan  6y. 
3 


(43).  f 


d  6  (sin  ey- 
cos  ^ 


=  _  sin  a  +y-^.     (Ex.  14.) 


cos  6 


fAA\      pde(f\ney  (8ina)»   ,  ,  ^ 

^da(sin^)^^,(,siniy,^.^  y^^^ 

^        t/        cos  ^  3  «>'    cos  ^ 

(Ex.  15.) 

(46).    f^J&^^co,6+  fi^.  (Ex.16.) 
*/        sm  ^                       ^    sm  ^ 


(47).  /^ 

t/  SI 


d  d  (cos  a)'  (cos  Oy 


sm  d 


Q. 


+  log  sin  0. 


(48).    /     -.    ,  '  =---— ^+cosg+  / -T^«    (Ex. 

^  sin  6  .S  t/     cin  fi         ^ 


(49).  /^ 


d  g  sin  g 
cos  ^)*  ""  cos  d 


=  sec  B, 


^        (cos  r;  COS  V 


d  ^  (sin  ^)» 


^^^^'  J     (L.J'  =-{(sin^)'-2} -scos^^  +  sec^. 

^       (cos  9)'  ^  ^  cos  ^ 
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*/     (co8  0)^  Vs  2        / 


cos  0      2 


^i-«\     /»rf0cos6  1  . 

(^3).    /      ■.    ,     =  —  t-—  =  —  cosec  0. 

^     '   J      (sin  fl^»  sin  d 


(sin  0)*  sin  0 


(54). 


/d 0  (cos  0y  _      />       rf0 COS  0 
(sin  0)'     ""  */    (tan  0)' ""     sin  0 


—  a  =  -  cot  0  -  0. 


<«>'/l^=K->— is 


sin0 
=:  —  sin  0  —  cosec  0. 


^     '  J       (sin0)»        \2  ^  2         /  8m0      2 


^    ^*  J   (cos^»  ""?(c6a0)** 

^dUM^^^_^^±_^lrJ±       (Ex.14.) 
^        */     (cos6)»        2(cos^)*      2*/    cos^ 


(cos^ 


x  +  '^^g  ^®*  ^' 


2  (cos  9) 
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(60).    /  —-^ ~  =  -  -J  (sm  6)»  —  -  sm  6  >  ^ -- 


-1/ 


dQ 
cos  ^ 


.    (Ex.  14). 


^'■'•/i 


c^^cosa 


sin  a)» 


2  (sin  a)« 


(62).  / 


d  e  (cos  ey  _      cos  ^ 

(sin^    ""     2  (sin 


de 


>!l-^i   riLL.    (Ex.15.) 
in^)*     2^  sine     ^ 


de 


.    ^dejcosey^  P 

^    ^*  J      (sin  e^       J  (tan  ^)»        2  (sin  a)» 


—log  sin  ^. 


(64).    /  -VT — T-^  =  s  (cos  ^)»  —  -  cos  ^  >  — : — -- 

^   ^  ^     (siney       V  ^       y  (sin  a)* 


3   /*  de 


^^f^.    (Ex.15.) 

Qc/    sin  ^         ^  ^ 


d  0  sin  ^       1       1 


(cos  ey 


(65).   /»l^!I2^  =  i 
^     (COS  d)*       3 

^         */       (cos  ^)*         3  (cos  ef       3  ^         \ 

(67).     />d^(sin^)3^   C  g|_i_^ 

^     ^  ^      (cos^)*  t^        ^       3  5  (cos  ^)' 

(68).  y  ^~^^'  =  /  ^  ^  (tan  6)*  =  (^  (sin  6)'  -  sin  e)  x 

— 1^ —  +  a  =  i  (tan  ^)5  -  tan  (^  +  a. 
(cos  ef  3  ^        ^ 

^    ^'  -^     (sin  ^)*     ""       3  (sin  ej  ' 
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no)    fdej^osj^ (cosg)»   _ _  1 

^    ''  J      (sin  fff  3  (sin  Bf  3 


-  5  (cot  ey. 


.     pd9  (cos  ey  _     /  2\ 1 

(^^>-  y    (sin  ey    -  -  V*^""  ^^  -  3/  (11^ 

^    ^'  */      (sin  ^y  J   (tan  ^)* 

=  -  ("-  (cos  ey  -.  COS  a)  7-r^  +  e. 

Vs  ^  ^  (sin  ey  ^ 


=  -  i  (cot  a)'  +  cot  a  +  e. 


(73).   fde {tzn  ey  =  1  (tan  a)*  -  i  (tan  0)*-  log  cos  e. 
(75).   /rfa  (tan  6)*=  i  (tan  a)^-  1  (tan  ey  +  tan  ^  -  e. 


(76).   /^ 

t/     SI 


da  1  .1       ■  a 

.    =  — •  +  log  tan—  . 

sin  e  (cos  ey     cos  a       **      2 


(77).   /^ 

*/     SI 


£26 


sin  e  (cos  a)*       2  (cos  e) 
de  1 


•«  +  log  tan  e. 


1       ,         e 

+. r  +  log  tan  - 


^    ^\  J  sin  a  (cos  ey      3  (cos  a)»   "  cos  a 

(^^^  /(iSrll^r^  =  -  ^ih  +  '"8  tan  (J  +  ^), 


(^*>  y  (sin  fl)»  (cos  «)'  ~ 


=  —  2  cot  2  e. 
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<«'>•  /(dTij 


de 


cos  e       2  dm  ey 


;  +  log  tan  0- 


^«2>-  /?5 


rfa        _         1        _  scosg 

(sin  6)»  (cos  6)*  "■  (sin  ^*  cos  0      2  (sin  0y 
+  -  log  tan  -  • 


<;d    ' 


2  cos  2  ^ 


'»^>-/(Tr5ri3n?=-^^*"°«-'- 


<">•  /« 


dd 


1 


(sin  ay  cos  ^  9  (sin/^      sin  6 

+  logtan(j+-). 


(85).     /• ^ = L^_-^5cot2a. 

^    ^    */  (sin  ey  (cos  a)"  3  cos  0  (sm  a)«      3 

(86).    /decos(a0  +  b)z:lsin{ae'{'b). 

a 

(87).  '/rf6sin(«^  +  6)=-i  cos(^»0  +  ^'). 


(88).   r ^ 

^    J   [sin  {a^Ar  5)]'  [cos  (a  0  +  6)]^ 

1 ^_ 3  cos  {ad  -\'  h) 

"■  «  [sin  (a  0  +  h)Y  cos  (^^  +  6)       2  a  [sin  (a  0  -f  5)]* 

.     ^1      ^      fae^h\ 
+  i7'^Stan(^_^;. 

(89).    /  rf^  sin  (^  ^  +  6)  cos  (a'a  +  ^0 

cos  [(g  +  ^?^)  e  +  6  +  ^']  _  cos  [(g  — flQ^  4-  6-^1 
■  ^(a-V  d)  '^  2  (a-«') 
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(90).    /  da  sin  (fl e  +  ft)  sin  (a'e  +  h') 
_sin  [(g  -  flV  +  ^  -y]  _  sin  [(a  +  fl^)  a  +  ^  +  V] 

<91).   /d  a  cos  (a  a  +  ft)  cos  (a'  a  +  V) 

sin  [(a  +  fl^)a  +  ^  +  y]      sin[(a-fl^)a  +  ft-y] 
"  2  (fl  +  aO  2  (a  -  a') 

<92).  /a^a  cos  a  =  0  sin  a  +  cos  a. 

<93).    /a*d a  COS  a  =  a»  sin  a  +  2  a  COS  a  -  2  sin  a. 

<94).  /ayacosa=a3 sin a+s  a* cosa— 6 asina-6cosa, 
<95).  /ada  sin  a  ss- a  cos  a  +  sin  a. 

<96).    f^de  sin  a  =  -  a*  cos  a  -f-  2  a  sin  a  +  2  cos  a. 

(97).  fe^de  sin  a  =  -  a^  cos  a  +3  a* sin  a 

+  6  a  cos  a  -  6  sin  a.  . 
(98).   /*«««/»  sin  fl  =  !!l(fimjLli2!i\ 

(99).  •/*«<'  rfO  (sin  Sf  =  -""sinOCasine-acosa) 


+ 


1  .2 


^,  (fl*  +  4) 


:0^ 


^    «  ,  n  .  .    ^ ,      6««  (sin  a)'  (a  sin  a  -  3  cos  9) 

(100).  /e«^da(sina/  =  — ^ —   a^'  +  d 


+ 


Q  .  3  6«g  (a  sin  a  —  cos  a) 
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001).    fe^^de  cos  0  sz 


e"^  (a  pos  6  +  sin0) 


.(102).    f^-f^dO  (rnc  fif  ^  '."'  <^os  e  (a  COS  6  +  2  sin  e) 

+  — JL^     €«<^. 

«  (a2  +  4) 
(103).   f'-^^^(ri}s  ey  -  ^""(^Q'  ^)'(^  cos  a  -f  8  sin  ^ 

,  2  .  3  .  6^  (fl  cos  ^  +  sin  6) 
(/i^+l)(^*  +  9) 

/in^LN       radja         La       e""^ (a  COS  b B  -{-  b  sin  * 0) 
(lO*).    j€°9ad  COS  b6  =  — 1-; ; 1. 

/inR\     r  ao^a  '    z/i      tf^(a  sin  ft^— *cosA^ 
(105).  je^^ddsinbOzz — ^ ', 

*^  a*  +  ** 


e 


(106).  y— 


de 


bcosB       ^(a'^-b^) 


tan-* 


(a  —  *)  tan  g 


V(«*  -  ^*) 


1  ^^^,t  V(^^-ft')sinO 

b'{'a  COS  6 


^{a^-b-) 


1  ,  ^  +  «  cos  e 

cos  —  * 

s/  (a*  -  ft«)  fl  +  ^  cos  ^ 


V  (ft"  -  «")  ^^^  I 


ft  +  g  cos  e  +  V  (&^  —  fl')  sin  ^ 
a  +  ft  cos  (^ 


I 


jfl 


(107),    /-^ 


1      e 

--  =  -  tan  - . 
cos  ^       rt        2 


^^^^)-    /— ri ;7=-rlog(^^  +  *cos0). 

*y    a  +  b  cos  (^  6      °        '  ^ 


d B cos  6        B      a     p      dd 


(109).     r.tf^cosg    ^^      a     r      a,  (fix.  i06.) 


^     ^' »/  (a  +  ft  cos  a)»  ""  (ft*  -^  a^)Xa  +  6  cos  ^ 
-«    /       f^     J.  (Ex.106.) 


1+^  COS  ^ 

sin  6 


-  -     .       /»     d6  cos  6       _         1        C     fl  sing 
^       ''  J  (a-^h  cos  g)*  "■  (a»-  b*)la  +  *  cos  d 

-ft/_4^i-        (Ex.1060 

•^^     ^I  +  ftCOS^i  ^ 

Nearly  all  the  integrals  of  logarithmic  and  circular  func-^ 
tions  which  we  have  put  down,  are  to  be  found  in  the  fourth 
and  fifth  Chapters  of  the  Integral  Calculus  of  Euler. 


On  the  Integration  of'  Differential  Equations  of 
the  First  Order  and  the  First  Degree. 

I.  DiflFerential  expressions  or  difierential  equations  which 
result  from  the  simple  diflFerentiation  of  a  function  or  an 
equation  involving  two  variables,  and  which  answer  the  test 
called  the  criterion  ofintegrability.     See  Ex.  13.  p.  204* 

s  s 


a« 


'"'*"*"",, ^>/).;r=K*^.'^-^-^'' 


i 


«04or 


Xs=C5 


eons 


equendyi 


«  = 


*»-=^ 


and  d^^ 


...  «  *  2  log 


^n£z£\ 


+<? 


(8). 


Let  d«  =  J7^f^=«*) 


and  M  =  s^*^      y 


(4i).    Let  the  equation  be 

^  =  i^^JI^,  and  if  Prf*  *  Qrfy  :^  0.. 

JEuler.  Ca/if.  //i/^y.  Te^^j.  I.  ^rf.  455. 

(5).    Let  dxiax  +  by-^ci  +  d^ibx  +  ey+f)^Of 

^  =  *  =  ^, 

.-. -£ia:»  +  Aj?y  +  ex  +  -tfy*+/i^  =  O 
£uler.  lb.  Art.^S^. 

(6).    Let  %awydx  -¥  aa^  dy  --  j^dx  —  Sxy*dy  asO^ 

dP      ^  c,  ^      do 

ay  dx 

(7).  Let  »dy  +  zd^-.2ydx  ^  ^ 

<fP  _      gy  <f Q. 

dy  ~  (y  — x)*      rf«  * 

.-.  log  (y  -  x)  - -i^.  =  C, 
(8).    Letii+3'*'^'     W.v 


ar  «^  « 


3i( 

tip  -iy  .     **  +  «■»*        dQ 
dy       **      «»^/(«»+y)"  rf** 

Euler.  ^0v.  Cmmm.  'Petnp.  1760. 
(9).  Let Hi'-'dy ^ 

(10).    Let  dtt siny-f  :crfj^cos^+dysin.r+y rfdrcosJTscO, 

dP  do 

^—  =  cos  :r  +  cos  y  =  *--^ 

/  P d  j:  =  jr  sin  3^  +  y  sin  a^^  an4  d  1^  =  0; 
••.  X  sin  y  +  y  sin  j:  =  r. 

II,  Equations  which  do  not  satisfy  the  criterion  of  tH' 
tigrability^  but  in  which  the  variables  admit  of  separation  by 
different  artifices. 
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<))•  Homogeneous  equations  Ui  which  the  variables  may 
hi  separated  by  making  y  zz  ux,  or  :r  ss  uy^  as  may  appear 
most  convenient  from  the  form  of  the  equation. 

(11).    l^xdx  +  pdy  SB  xdy  --y  dx.    Makers  ur. 

•»r     #•          «                    dx      duCl  — u)     •  •  « 

We  xtona   hence    get  —  = ^ »:.  mtegratrng  and 

X  k  'j'td 

putting^  for  Uf  we  get  the4>rimltive  equation^  which  is 


Ettler.  Calc.  Inieg.  T^m.  I.  Art.  413. 

(12).    LetJpdj^ -yrfjr=:cZjpV(«*+y):   makers  wjr, 

dx  du 


■  and  OP*  =  ^*  +  £ffy. 
^uler.  lb.  Art.  415. 

%l  Oi  X 

(IS).    I^t  •^^—  =:  X  +  y  :  make  x  zzuy\ 
dy 

.'•.  -^^duj  and  ^  ss  c?^. 

(14).    Let  y* d jf-h(ary  +  a?*)  dy^z;;,  0 :  make  ar  :=  wy, 

/.  -^  =  -- — ~;^  andy  4 /(--£_)  --<r. 
y  ^M+ti*  V    V2y  +  tr>/ 


let 


xs^y 


-  t(*a 


I 


.-.  -T  ^  (1  +  «^ 


f^,e^,    (^*-^^-^ 


.1^-> 


(i6). 


(K+J^^^**? 


Ma^«  J' 


dx  _  ^ » 


andy 


=  *« 


,,e'_     CEx  9-  P 


.73^ 


U8> 


(«' 


l...,s/C^-«-l=*'"- 


dy  — 


^liU, 


Ma1tc»*^"'         y 


'  VO 


T  «•) '  " 


,  and 


log 


09).   ^^^''^'** 


^\ax  -  "''^ 
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^  X  w>/(l+w*) 


I 


ana       ■■<     ■    ■ — r-  —  c* 

(20).    Let :r* rfy  ?s  («^  -  « y*) rfx.     Make y  zzux^ 

dx  du 


\  -^  u  -^  au 


-,  and 


Euler.  Z^.  Art.  414. 

(fil)i    Lctda:((JJF4-*J^)=«ij^(«'#r+'y^).    Make-jctcwx, 

••.  —  =  TT^ »  where  ^  =  wi 

/«-,  and^»  ■~i'~*' 

log  (i)  =  log  ^C/^gu-u^  +  (I  +  0//P7^  • 

There  are  three  cases  to  consider,  according  as  g  is  posi- 
tive, nothing,  or  negative.  Se^  Ex.  36.  p.  £73«  Joh.  Bern. 
Op.  Tom.  ni.  p.  119-  1726.  Euler.  3.  Art.  412. 

(212).    Let  do:  (3  a:  +  «y)  «  rfy  (2  a?-hy).    Make  y =w  x. 


and 

j:* 

(^ 

1 

+  4 

r 

(X 

V3-y)^' 

2 

Tb^  equa^On  bectewt  iMMao^eneous,  by  making 


•I 

{ 


wliieK £«iicidM with E:^ il.  ^:;>   :-,'.  M  :xti:1 


~  ac  +  t^b  +  (c  +  eb)t 
.nd  »  =  ("'-g-"-^)  log  (^  +  B/)  +  ^  +  C, 
vhere  jif  =  a  f  +  a'b,  and  5  =  f  +  r  ft. 


If  c  +  e  A  ::=  0,  we  readily  find 
_   (2of  +  gf) 


+  C. 


fl  (a  c  +  a'  ft) 
If  o'  =  0,  *'  =  0,  <<  =  0,  or  if 

dy  z:(a  +  bK+cy)dx,  we  find 
C«"=;  &  +  C  (a  +  bx-t-eji). 
Euler,  /*.  Art.  417,  418,  419. 
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m.    The  variables  iii  the  general  linear  equation  of  the 
order 

dy  '\'  P ydx  ^  Q^dx. 

P  and  Q  are  functions  of  x,  are  separable,  and 
^  -  e-f^'i'  {/6^^^'Qdx  +  C  }  . 

TTiis  equation  satisfies  the  criterion  of  integrabiliti/,  when 
l^iplied  by  </^*". 

^24).    Let  dy  +ydx::iaa!^dx; 

■  ^ 

.'./ P  dx  =  Af,  and 
y  =  Ce-'+^r'-njc^-^+w  (/»— l)x»-«— &c. 
r.  jB.  Art.  424. 


<25).    Lsit  dy—x^dy-^xydx  =:adx; 
^-.fPdx-  -  log  v/(l ~^'),  €-^'*^'  =  v/(l-a:*),  and 

«r.  iJ,  Art.  425. 

<26).    Letdy+-Jf^=aJx, 

.'.fPdx  =  ?i  log   {  J?  +  v/(l  +^*)  }  ,  and 


=  C«^-"  + 


2  (w— 1)  "*"  2(«  +  l)' 


where  m  =  {  t  +  ^/d  +  x*)  |  • 
^^Jcr.  U.  Art.  428. 


S30 

(£7).    Let  dy—xdy-'aydx—bdx  +  b  fed:j[  ^  0» 
fP  dx  =:  a  log  (1  —  j;),  and 

c  b 

(28).    Let  dy  +  5^ —^ydx  =  \,     '        f 

.     X  {I  --  x)  X  (1  —  x) 

.'.  c^'*'''  = ,  and 

This  is  the  expression  for  the  sum  of  the  series 

n  («+  1)  «(w+  l)(n+2)  -^ 

Lagrange.  TMorie  des  Fonctions  Anali^tiqueSy  p.  102. 

(29).    Letdy  +  ^"~'^^'^^=.^"-^^'^^ 

-f + , 

\--x       (\  —  xf 

This  is  the  expression  for  the  sum  of  the  series 

.1  H-  -  a?  +  ^^ '  ^    +  ^^ •  ^    +  &c.  /«  infinitum. 

n  (n+1)  («4-2)  ^ 

Lagrange.  /6.  p.  103. 


\ 
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(SO).  Problem.  To  find  the  nature  of  the  cunre  -E^ 
Fig.  1 17.9  so  that  if  AQhe  a  line  passing  through  the  origin 
ji,  and  making  an  angle  of  45^  with  the  axis  JP,  then  the 
subtangent  PT^  is  to  the  ordinate  PM  as  a  given  line  a,  to 
the  difference  of  PM  and  PQ. 

U  AP  =  X,  and  PM  =  ^,  the  differential  equation  of  the 
curve  is 

,        ydx   .  xdx       ^       f  u    • 

ay  —  - —  4 =  0 ;  which  gives 

a  a 

But  a:  =:  0,  when y  ^0^  and  therefore  o  -=.  ^  av  the 
equation  of  the  curve  is^ 

This  problem  was  proposed  by  a  Mr.  De  Beaune  to 
Descartes^  and  resolved  by  John  Bernoulli*,  who  gave  in 
common  with  Leibnitz  and  De  THopital,  methods  of  con- 
structing the  curve  by  points.  It  was  afterwards  proposed 
under  a  more  general  form  by  James  Bernoullif,  who,  in 
place  of  the  line  AQj^  substituted  any  given  curve:  the 
differential  equation  then  becomes 

ady.^ydx  =  qdx^ 

where  q  is  the  function  of  x^  which  is  equal  to  the  ordinate 
PQ  of  the  curve  which  is  the  locus  of  Q. 

(81).  Let  dy  ■{-  Pydx  —  Qy^'  +  ^dx,  where  P  and  Q 
are  functions  of  x, 

*  Joh.  Bern,  Opera.  Tom.  L  p.  62,  1693, 

f  Problema  Beaunianum  gener alius  cancepium.  Opera »  Tom.  II* 
p.  732.  1695. 
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I 

Make  u  n  -^,  and  the  equation  becomes 

• 

Consequently 

This  is  the  form  under  which  the  problem  in  p.  S29.  was 
proposed  by  James  Bernoulli  * :  it  was  solved  nearly  at  the 
same  time  by  Leibnitz  t  and  John  Bernoulli^. 

(32).    het  dy -{- ydx  zz  x^^dx', 

.••/ P  dx  =z  Xy  n  =  2,  and 

6  =  1  =  j:  +  -  +  c  €*', 
(SS).    Let  dv  +  11^  =  X  ^ydxi 

.•./Pdx  =  -log  V(l-^*),  «=-^,  and 


IV.    The  equation 

dy  +  j/*  dx=:a  x"*  dx 

4  f 

admits  of  the  separation  of  its, variables,  when  jw  =  -^ : —  , 

where  i  is  any  number  from  0  to  infinity. 


*  Jac.  Bern.  Opera.  Tom.  I.  p.  663.  Dec.  1695. 

t  Acta  Leips,  March.  1696. 

X  Job.  Bern.  Opera.  Tom.  I.  p.  175.  March  1696. 
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(54).     Let  dy  +y^dx  zza*dx; 

.\  dx  zz — ,  and 


€ 


(SS).    Letdy-\-!/^dx=:^^ 

X* 


Make  «  = ,  and  a:  =  - , 

XX*  t 


when  it  coincides  with  the  last  Ex.  and 


ft  a 


7  Cx^^j-£+«7 

Lx^j/  —  x—aS 


'^dx 


(36).    Let  dy^y^dx  +  2--^  =  0. 


The  same  process  as  in  the  last  Example^  gives 

-  tan  —  *  — ^^ =  ^ 

a  ax 


(87).    Let  ciy  +  /  dx  =  ^^ 


3  a* 

Make  x  =  /""',  and  y  = ,  which  gives 

z 

which  coincides  with  Ex.  35  ;  consequently 

^^6a,iry(l+3^ia-^)  +  3ft^x-^^  ^^ 


(98).    Letdy+,'J»=^1 


and  the  eqnatum  becomes  ' 

dz-{-z''di  =  a^t~~'^dtj  (Ex.  37.) 


1^ T^  _ 


'1 


(89).    Letdy-y^x  =  ^4^. 


In  the  same  manoer,  as  in  £x.  38,  we  get 

(40).    Letd3/+yVa:=^^. 

Make  x  =  r~^,  and  ^  = ^  >  whicK  gives 

9 
which  coincides  with  Ex.  38.,  and 

1(3— 15ax'^  +  25o'x^y  +  5a*j~"*"+25a»x~T"J 
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I 

(41).    Ijttdy^Ay^t' dt^Bt'dt. 

MzkeAt^  dt=:dx,  /.  4^  +  's=(m  +  1)  «» 
and  the  equation  becomes 

dy  +y*dx  =  -—  /^ aj^fMTT  dxssaJf'dx 

A  \   A      / 


This  is  the  form  under  which  the  equation  in  page  332. 
was  proposed  by  Count  James  Riccati  in  the  Leipsic  Acts  for 
1732. 

V.  Equations  whose  variables  are  separable  by  particular 
substitutions,  not  included  under  any  of  the  preceding  cases. 

(42>    Leta^dx  =  (x  ^yf  d  x. 

Make  x-^irV-Uj  .••  dy  =  ^,    ■     , 

a*  -f  t«* 

a  a 

3?"  d  V 

(48).    Let  dy /    ^  ^  =  x"  dx^ 

Make  y/{a  +y)  =  z,  and  **  =3ii : 

we  thus  get  the  homogeneous  equation 

udu  +  Audz  =  4z  dz^ 

(♦4).    Let  «</*  +  dy  =»»y*rf*. 
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Make  y  zzz^  \  which  gives  us  the  homogeneous  equa^tion 
and  log 


v/  }  x^—mx^y-i-Qi/  \ 


m 


^{S  "  m^) 


tan 


(45),      Let  aydx+bxdy-^'sry''  {a'ydx-^V xdif)=zO. 
Make  x^y  =  ^>  and  j?*'y  =  i/:  we  hence  get 


I  a'  *  —  A'  a 


1/ 


abf  —  a'b 


a!  n  —  h'  m       an  —  b  m 


zz  r. 


If  a'«— 3'in=0,  or  an-~bm==:0,  we  must  put  log  ^  or 
log  u  in  the  place  of  either  of  the  preceding  expressions. 

Euler.  Ca/c.  Integ.  Tom.  I.  Art.  431. 


(46).    Let  fydx  =-^  xi/  + 


Sx- 


or 


ydx  +  Qxdi/  + 


9oi*  dx       8  x'  dy  _ 


=  0. 


^9 

Make  xy^^i^  and  —  =  «, 

4  a 

.•.  ^"^  +  2m"^  =  c,  or 

4       li  18  6 


(47).     Let  6'dx  4-  ^dy=:dy-ydx. 

Make  y  ::z  uc';   we  hence  get 
tan-'3f€-'  =  ^  +  log^5  ^*'+i/M  . 
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(AS).    Let    \{x-  ay)  dy  +  v  ^^  }  (1  +  a^y*)  =  by  dx 
-^-bxdy. 

Make  xy  :=:  u:    consequently 

J  J  bdu 

du^  aydy  :=:-—- — -^  , 

or  x^  —  ^  tan     ^ xy ^^L  --  c. 


(49).    Let  y  dy  +  d^  (a  +  6  .r  +  ^  :r*)  :=:ydx  (<  +  ^ *)♦ 

Make  ?!=---=  — ; -—- — j  ; 

dx      y  +  a-\-bx+cx^ 

and  therefgre  y  =  — ^^ ~  . 

Differentiating  the  logarithm  of  this  expression  for^,  collect** 
ing  together  those  terms  in  the  result  which  involve  dx  and 
du  and  multiplying  them  by  e-^-cx —  i/,  we  find 

dx  du 


(a-^b X  +  c  X*)  (e  +  c X)     u\ac  +  e^—eb^{b--2e)u'\'U*  { 
where  the  variables  are  separated.     Euler.  lb.  Art.  433. 

<50).    Lct(y-.)d,='^^^f^. 

VCi  +^ ) 

Make  y  =  — ; ,  which  gives 

dx  udu 


1  +j* 

and  putting  !  +  «*=/*,  and  t  = ,  we  gfet 

^  s 

vv 
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tan->  *=2  tan-  .  -  -^^  tan"'  .  ^(^)  +.. 
Euler.  3.  Art.  434. , 

(51).    Letydx^xdj/  +  a3s''yd^{3^'¥i>f=^0. 

Make p  =  wj^, 

(d?«  +  &)« 

when  the  equation  becomes 


where  the  variables  are  separated.     Euler.  lb.  Art.  49Q. 

V.  Every  differential  equation  admits  of  factors  or  mul- 
tipliers, which  render  it  a  complete  differential  and  satisfy 
the  criterion  of  integrahility :  no  general  method,  however 
is  known,  by  which  these  multipliers  may  be  found  for  any 
assigned  equation. 

If  Mdx  +  Ndy  =  0,  be  homogeneous,  a  multiplier  is 

--— ,  as  the  reader  may  readily  ascertain  in  anv  of  the 

Mx  +  Ny  ^  ^  ^ 

examples  of  homogeneous  equations  which  are  given  above. 

J.    1    /dM      dN\        .     ^        „  __.       . 

NKTi-^  lu)  =/(^)  =  ^>     a    multiplier    is 

rxdx 

e  :  this  applies  to  all  linear  equations  of  the  first  order, 

see  p.  333. 

Whenever  the  variables  can  be  separated,  a  multiplier 
may  be  found  :  thus  if  z  and  t  be  the  new  variables  intro- 
duced, if  we  get 

Zdz  +  Tdt  =  U(Mdx  +  Ndy),  where 
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ZBt/ijs)  and  J  »=/(/);  then   U  is  the  muldplier 
required. 

1 
Thus  in  Ex.  35,  by  making  ;r  =  -  ,  and  y  :^  t  '^  t*  z, 

we  find 

=zdy+y*dx j-r 

and  dividing  by  /•  (z* — a*),  we  get 

= rr; ^ %  i  dv  +  y^dx  •-^  — ix^  i  > 


;»• 


"virhere  —  -^ is  the  multiplier  required  to  ren-^ 

der  the  second  member  of  this  equation  a  complete  diffe- 
rential. 

•^        .2a       ^  (.a  —  a:(l  —  *yl> 

d  -Y  =  -  —  and  JT  =  -  -  +  C  5    the  complete    integral 
x^  X 

therefore  is 

log  { ^_±j^SLzfM  =  1^  +c*. 


*  Euler.  Calc,  Meg*  Tom.  I.  Art.  4-9 1 
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The  multiplier  in  Ex.  S7>  in  a  similar  manner  it  foundl 
to  be 


(y  +  3fl«a?-"i)«  -9a*jr^j/ 


f 

,9 


and  the  same  method  may  be  j^pplied  to  its  determination  i 
any  of  the  Examples  which  are"  given  above. 

Euler  has  reversed  the  problem  and  in  several  cases  in- 
vestigated the  nature  of  the  functions  *,  which  nrast  ente- 
into  a  differential  equation  of  given  form^  in  order  that  it  ma 
become  integrable  per  se^  when  multiplied  by  a  given  factor^ 
thus  suppose  it  was  required  to  determine  the  functior^L 
P  and  (2  of  ;c  in  the  equation 

P^rfx  +  (j^  +  (2)d[y=0 

in  order  that  it  may  satisfy  the  criterion  of  integraHlily  wh« 
multiplied  by 

1 

where  M  and  N  are  also  functions  of  x  :   the  condition  ^%^—  Jj| 
be  answered^  when  M  is  any  assigned  function 

T^n^P  -b(^a^  M)~ 

where  a  and  b  are  arbitrary  constants. 

These  investigations,  however,  frequently  involve  diflFfe- 
rential  equations,  which  cannot  be  integrated  by  any  known 

*  Eulcr.  Cak,  Integ.  Art.  493.  to  5^9* 


\ 
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method,  and  it  cannot  be  said  that  the  cases  in  which  they 
are  successful,  are  of  very  great  importance  or  extent. 

In  order  to  ensure  this  method  all  the  success  of  which  it 

is  capable,  it  would  require  a  very  complete  classification  of 

the  forms  of  differential  equations  of  the  first  order,  as  well  as 

a  knowledge  of  the  forins  of  the  multipliers  which  are  suited 

to  each  class.  The  immense  extent,  however,  of  this  enquiry 

and  'the  great  difficulties  which  are  met  with  even  in  the 

simplest  cases,  preclude  all  hopes  of  its  proving  of  much 

service  in  the  general  integration  of  differential  equations  of 

the  first  order. 


T  ^  adx  .   bd y       cx^dx 

.  Ijet ,    +     ^    ; — .  • 


<52).     __.       ^  . 

X  y  y^ 

The  multiplier  is  x*y^^  and 

/•  **»  +  «  +  • 
m'\'a+  1 

(58).    Let  X rfj^— 2  ydx  +  adx  =:0. 
The  multiplier  is  — ,  and 


V  a 

X*       2x^  ^ 


•  • 


or  y  +  cx^ =  0. 


(54.)    Letay^dy^m^^. 
The  factor  is  y^  and 

n  +  2         X 
(55).     Let  ay'dy  ss  nxdy  -  ydx. 
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The  multiplier  is  -  ^^\  =  -  -L. ,  and 

(56),     Leta$e4^H-^a9/da:::z3p^dp* 

The  factor is — .and 

(57).    Let  t/xdx  -{x^7jdy  ^  y" dy)  s/ 3 —f' dy. 
The  factor  is ,  and 

yix^-^-y") 

..••  logv/(^"+3^0  =  |.^+  C. 

(58).     Let  dx  +  (a dx  +  2  bi/  dy)  v/  (1  +  a:*)  = 

The  factor  is ,  and 

x/(l+^') 

.-.  log  {  :r  +  N/(l+x*)}  +/ja;'  +  6/-C. 
(59).     Let  (2  j:— j/)<Z^  +  (2  ^2-^)dx=:0. 

The  factor  is ,  and 

.-,  2,  =  ^  —  fl{  +  ^  (2  a  —  yf. 
Euler.  C^j/r.  /«/<?§:.  Art.  493. 

(60).     Let  '^^y^^^   _^  rf^r  +  (/I  +  \)ydy  =  0. 
^(1  •\-x'^) 

The  factor  is  { .y+K/(l  +a')  {  "  5   and  if  «  =  1,  we  ha-^e 


34:5 

(61).     Let  acxydx  +  y  dy  {a  •{^  b x  '\'  c x^) 
e  multiplier  is 


{a+bx'{-cx^)y^-  aX2>  a+bx)y  +  a^ 
alog^  \a  (y  —  ay  +  x^  (y  —  a)  x  +  cf  by  ] 

er.  Cj/r,  //i/€gf.  Art,  499. 

(6£)»    Let  J?  dx+aydx-i-^  x y d y-^^ a^y  dys=0. 

The  factor  is — t—- ,   and 

{x-^a'')  v/Cy"  +  2  ay^xy 


Lcr.  iS.  Art.  520. 


y/,«v      T.      f            ^          Day    ^   oyax       ^ 
(63).    Letydy-'xdx -■  +        ^ =  0. 


irfy       hydx 


The  factor  is  (y"  —  t*)",  and  the  integral 
(f-^y  _  «^      2^y  _t£^ 

Uer.  a.  Art.  524. 

(64).    Let  d^f +.y«  rf  r  +  -— i -i 

.1*"  x^ 
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The  factor  is 


{s^y  —  «a?*— *)*  + 


9.    > 

or 


and  ••.-  tan"-*  I  — ~ 1  — -— -- — •  =  r. 

Euler.  lb.  Art.  53S, 


{68).    httdy+yUx+J!^^!^  ^^^^^^^^-0. 


The  factor  is 


•_l_y.«* 


^...l«„-.(*a^*H:£).,„,^(l±£)=,. 

Euler,  iJ.  Art.  533. 

(66).    Let  axdtf—aydx  =  (xdx+y dy)  V(x*  +5/*— «-). 
If  the  first  side  of  this  equation  be  multiplied  by  — ,  its 

integral  is  — :  the  second  side  of  the  equation  is  integrable 

3u 

per  se :  the  factors  of  the  first  side  of  the  equation  are  includ- 
ed under  the  formula    —   t  ( -)>  and  those  of  the  second 

under  the  formula  0  («*+^*~fl*):  also  since 

^       =  \a''^{x''+y^-a'')\  -'=  <j>  \  x^ -^-y^  ^a*)  \ 


Z    I    /..* 


x^^y 


X 
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It  it  a  factor  common  to  both  sides  of  the  equation  :  con- 
sequently 

.  tan-  t  =  ^^(^'+/--'^)  -  g  sec-  V<^'+^'^  4-  C. 
X  2  ^  2 

By  a  similar  process,  we  shall  bd  enabled  to  find  a  factor 
common  to  both  sides  of  the  equation 

aydx  ■\-  h  xdy  ^  x'^y^  {a' ydx  -f  ^'  xdy)\ 

See.  Ex.  45.  p.  336.     Paoli.    Elementl  d^ Algebra.  Tom.  II. 
p.  175. 

V.  The  following  equations,  in  which  the  variables  are 
separated,  admit  of  algebraical  integrals,  although  the  in- 
tegral of  each  part  considered  separately,  is  transcendental. 

(67).    Let  ^^ 


^(a  '\'bx-\-cx'^->re3^  +/.r*) 


dy 


=  0. 


Consider  x  and  y  as  functions  of  ^,  and  make 

Make  also  x  +y=p9  znd  x^y=:q,  .'.  since 

dx-       dv*        y  ^  y.      ^^^"^  .^y  ^  dX        dT 
df       'df-  dt^       de       o,dx       9.dy 

we  have 

X  X 


.346 

at* 

Multiplying  equation  (a)  by  q,  subtracting  equation  ifi) 
from  the  result,  multiplying  the  remainder  by  -*t^  »  and 
integrating,  we  shall  get 

at 

The  integral  of  the  equation 

dx    _   dy^_  ^ 

is  ^X-  .jY^{x-y)  V  {  C+^(^ +.'/)+/ (^+y)M 

orVJ^-^/r=^^~^^ 

This  is  the  process  given  by  Lagrange  in  the  Memoires  de 
Turin  Tom.  IV.  p.  108  ;  the  integral  had  been  previously 
determined  by  Euler  under  an  equivalent,  though  much  less 
simple  form*. 

da: 
The  transcendent  — ^  is  always  reducible  to  the  form 


*  Novi    Comment,    Petrop.     Tom.    VI.    et    VII:     Cafe.  Integ, 
Fom.  I.   Cap.  5.  6, 
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Add 


*  .  o-TTi  where  A  and  c  are  constant  quantities  and  c 

always  less  than   1  * :  the  equation  becomes  by  this  ttians- 
formation 

d0  d<p 

v/(l  -c* sin» ^)       >/(l  - tf* siti^  ^)  "* 

and  its  integral  found  by  the  same  method  is 

V(l-c*  sin*  e)  +  V(l<-^  sin'  ^)  =  C  sin  (^±0). 

In  the  same  manner^  we  may  find  the  integral  of 

dd  dfp  _ 

V(l  -.^*  sin*  0)  ■"  v^(l  -r*  sin^  ^)  ^    ' 

which  is 

V(l  -  c»  sin'  ^)-  >/(l  -^*  sin*  ^)  =  C  sin  (^±0). 

(68).    Let 4^ + ^^^ =0. 

Make  ^  =  V JT-,  ^  =  V^,  x  +j,  =;,, 
and  we  find  as  before 

This  result  is  obviously  not  deducible  from  the  integral  <rf 
Ex.  67,  by  making  ^  =  0  and/ssO. 

The  integral  of  — ^  -  -^  =  0,.  is 


Legendre  Exercices  du  Calc,  Iriieg.  Tom.  I.  p.  10. 
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ta„-.5?Lv:»i£±ii±i:iL)Uc. 

C4  +  2(j:+3^)-2xj/> 


or       --^  --  •^-  =:  r. 

The  second  formula  in  Ex.  71*  gives 

or  0+^+3^)(^+5^  +  ^>y)  ^  - 

one  of  whose  factors  — ^ ^  ,  coincides  with  the  solution 

xy-1 

deduced  by  the  ordinary  method^  as  may  be  readily  seen, 

subtracting  unity  from  its  reciprocal.     Euler.  B. 

(74)     Let  ^^  =  ^y 

d*x  tPv         9.  da 


a  tax       at  ay       qdt 
or  log  dx+log  dy=i2  log  5^  +  C, 

or  ilp^Cdf, 


or  adding  *•— /j  r,  and  extracting  the  square  root  of  the  suran, 
we  find  ' 

a-\-b  {X'^y)  +  cxi/  ^  ^, 
Euler.  3- 
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Alio  -f-j    +  -    j     =2cy  = 


2rrf// 


dtdx^  dtdy  *      (f«i-a)dt' 

or— -  +-T^  = ,  ^ 

dx        dy       cu  —  a     ' 

.-.  log  dx+  log  dy  =  24og  (rw— tf)  +  log  C, 
or ^ :^Cdfj  since rf / is  constant j 

or   —    — —  rZ  O  =   ; rs > 

(cxy-df  (cxy—af 

» 

or  subtracting  unity  from  both  sides  of  equation 

^ab{x^'^y)'\-ac(X'\'yf-{-^hl'xy-\'2bcxy{x ^-y)  _  q 

(cxy-df 

Euler.  a. 


(72).    Let  -4^,  +  ii'     =  0. 


tan-ii'4-tan-'y=tan-*  -£iJL  =  C, 

1  -  xy 

X  -h  y     ^ 

or   L.s=C, 

1  -  xy 

^  3ame  result  as  is  given  by  the  second  of  the  formulas  in 
^-   'Tl.     Euler.  n. 


<73).    Let-^+-^  =  0, 

\+x-\-x^       l+y-^-y* 

.*.  — r- tan     '  ^ +   — tin^''^--^^ — 

v/3  2  +  x       n/3  2  +  y 
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which  is  equivalent  to  the  e(^tion 

(2).    Let  dy''  — axdx^=0, 

d  ti  Q    1.    s.  2 

.'.  7^  =  ±  x/aa:,  3^  =  -  a*  :r*  +  c,  or  j^  ==  ^  r  oix  +r, 

« 

or  combining  these  integrals  together,  we  get 

4 

The  two  first  integrals  represent  two  separate  branches 
of  a  cubical  parabola,  which  are  both  represented  by  the 
third. 

(3).    Let  dy^  +  dx^  zzO; 

(1+V^~3)      ^  .  (i-v'-S)    .  « 

or  combining  them,  we  get 

(jr^-:r*)  +  (r  t/  +  c  r"  +v:'  c")  y 
S  '  "       (1-n/-3)_/       (1  +  N/-3)  ,  „■)  ,  „ 

<  C   C     -r-  C  C C  C     >  X  ^  C  C  C    =0^ 

C  '  2  2  3 

ox  f  +x^  -  a y^  --  b  X y  -  c  x^  -k-  A y  -k-  B  X  -\-  C=0, 

where  the  constants  Aj  B,  C  must  be  so  related  to  each  othe^ 
that  the  equation  may  admit  of  resolution  into  simple  factors  - 
Euler.  Calc,  Integ,  Tom.  I.  Art.  680. 


+ 


(4).    Let^  -  (r,7y-ha'-|-^*j     -^ 


2 


dx""  -^  ^     d.r^ 
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4-  {1*1/ + i/'z +i*y*)  -|  _  i^y  =  a 

L^tolriiig  the  equation  and  int^atbg  its  UxXOM,  ve  6nfd 

*■'  X*'        •  1 

y  a  e^-  +  c,  ^  «  ^  +  c',  i^  =  - ::  +  *"i  or 


(y  -  ^- cXy-f  -  ^')Cy +  ;-«")  =0. 


(5).    'Leiydy*-\rtrdtfdx^ydx\ 

«y  ;  *    , ^  s;  ±  </^jr :  consequently 

'^ch  combined^  produce 


or 


^ 


(6).    iM  ^/(4x*'¥dy')^adx'k'bdj/^ 

Vbkedjfszedx,  .*. j/rzex-k'c:    cdnsequentljT 

N/{'+(*r)*{--'-^'- 

liiCake  rftt  = ^ — - ,  slnd  therefore  u  a  — : — <■ ; 

^Hftking  dy^e  du,  we  find  as  before 

Y  Y 
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II.    When  the  equation  involves  d  j:,  dy,  and  x  onljr. 

(8).   Let  «/*'  +  dy  =  —  .  Make  ^  =  /», 

^         X  ax 

•••  X  =  JT-J>  wdjr  ^/pdxi=xp-/xdp' 

:^-X--   /--^  =  -£_.- tan— /,+^ J 
and  eliminating  p,  we  find 

^  =::  v^(j?-j*)^tan-»  \/(-^)  +^^ 

(9).    Let  ^dar  +  arf^=^V^(rfa:*+rf5<*): 

and  the  elimination  of  p  would  give  the  primitive  relation 
between  x  and  y,    Euler.  Ih,  Art.  672. 

00,    Let,^=^(l+^-|). 

aj'  P 

-.  =  '°g| -p 5- 

(11).    Let  d  y^  -^y  df  d  T—  d  i^=zO,     Make  —  noj 

o*  -  1 


3 

4 
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Cl«).    Let  x*dx*^df=zaxdx''d^ 

or  a^+/?'  =  apx. 

>^e  must  resolve  ^  cubic  equation,  in  order  to  express  jc 
terms  of  j»  :  make  therefore  ^=mx,  which  gives  us 

X  1= :  •  p  = ; ,  and 


^y 


uler.  I^.  p.  441. 

III.    When  the  equation  is  homogeneo|is  with  respect  io 
and  jr. 

(13).    J*et  ydx-^xdy^x  ^/((ix*-{-dy>). 

Make  y  :=  u  j?,  .-.  f<=?/?+  >/(l  +/?*), 

«—  -. and  log  J?  =;:  —  log  (/>—«)  +  /  — ^ 

jBs  ^log  >/(l  +/?*)-log  {;^+  v^(l  +P')  I  +log  c, 

Kid  eliminating  p,  we  find 

a:  =:  0,  and  *'  +  jf*  +  2c  j:  =  0. 

The  value  x  =  0,  results  from  the  second  of  these  solu- 
lens,  by  making  r  =  od  :  it  is  not,  therefore,  a  particular 
olution. 
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Thi^  eqvat^on  beeoiiies»  by  resolnag  it  with  respect 

the  in€egr:|l  of  which  is  very  easily  fouod.  Euler.  3.  Ast*  S 

OTp^-i-uzzp  ^/  J«(l  -fr/*)!  >  makmgjr  =  wJtj 
jmd  log  ,JP  :^  -  log  <>^«)-hi/j^:^r^^ 

l^ler.  lb.  An.  684. 

(14).    JLet^'ix^  -^yxdxdti^-ay^dif^J^+x^d^' 
X*  dt/^jix*  :f  0, 

.•.  Mss/7,  or  Was/?  (p*  +  1)| 

^second  of  which  give^ 

I  1 

rc*!^  (««4-    l)f€*^ 

The  other  yali^e  <rf  t/,  gives  x==y,  which  is  a  parttiuk 
folutloti. 

(15).    Let/N/(rfr'+rf/)=:v'(2x^),  or 
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»d  mj^kjng  jp  =  — ^^   in  the  expression  for '— ^  i  we  fiii4 
|pgx«Jogc^Iog  {  2-.(l  +«)•  I  -.  J.Iog[^|±i±^}, 
and tfcs?ss-.(l4^jr)*:  consequently 


or 


1  "  I 

^Ujer.  Jb.  Art.  68$. 

(16).    Let /-•<djr»  +  <i^*)=^  >/(>»  +  ««*), 

or  v^(l  4-/>')  =  /^."V*^)  •    Makejr=«x, 
i^«m  whence  we  get 

If  r  8 1^  t^e  Qrigioal  equation  becomes  y  rf  «  —  -r  dj^  =  0, 
^>^  yszcX}  the  equation  of  a  straight  line  passing  through 
^b^  ori^O  of  X  ^n4  ^.     Eulen  Z(,    Art.  693. 

iy»    ]Squatioiis  inpluded  under  C/airaufs  formula 
ich  are  iotegrable  by  diflferentiation. 


(17).    Let  jr d jr  -  jrrfy  =  fl  v/(^  Jt'  +  dy% 
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differentiating!  we  find 

consequently  dp  ^  0^  orx= /TrT^y 

The  fiwt  of  these  values  gives  p^^c,  and 

yzzcx  +  a  >/(l  +0>    ' 

which  is  the  general  solution. 

The  other  givesj  by  the  elimination  of  p 

**  +  y  =  «% 

an  equation  involving  no  arbitrary  constant,  and  not  deducible 
from  the  forpier,  unless  by  making  c  variable  and  equal  to 


X 


^i-a  • 


it  is  therefore  2i  particular  solution. 

If  we  had  resolved  the  equation  with  respect  to  ^ ,  we 

ax 

should  have  found,  {x^  —  a^)dy—xydx=^adx  \/ (J^*  +  y* — ^^) 
which  might  be  treated  by  the  same  method  as  that  used  in 
Ex.  66.  p.  344?.     We  thus  find  the  multiplier 


y 


which  makes  both  the  sides  of  the  equation  complete  diffe- 
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rentials.    This  process  however  will  furnish  us  with  the 
general  solution  only^ 

This  is  the  solution  of  the  following  problem :  '*  To  find 
the  nature  of  the  curve,  so  that  the  perpendiculars  upon  its 
tangent  from  a  given  pointy  may  be  constantly  equal  to  a 
ghren  line/' 

The  circle  which  results  from  the  particular  sdndon,  is 
the  locus  of  the  intersections  of  the  straight  lines  which  are 
expressed  by  giving  every  possible  value  to  c,  in  the  general 
solution,  and  which  are  likewise  tangents  to  the  arcle. 

In  general,  the  curve  expressed  by  the  particular  solution  is 
the  locus  of  the  intersections  of  the  curves  which  are  expressed 
by  giving  every  possible  value  to  the  constant  in  the  general 
solution. 

Euler,  Hist.  deP Acad,  de  Berlin.  1758,  p.  301 »  Lagrange, 
M^moires  de  Berlin.  1774.  p.  220. 

(18).     Ij^tydx  —  xdy^a  ^{dx^  +  dy^) 
The  general  solution  is 

yzzex-\-  4/(1  +  c^). 
The  particular  solution  is 


at^  ^ 


Ettler,  lb.  p.  306. 


(19).     lAtxdydx-dy^^ydx^^dydx. 
The  general  solution  is 


360 

^hepar^hular  solution  is 

the  equation  of  a  parabola. 

Claitaufti  Mcmoif'es  de  F  Acad,  dei  Sciehcis^  p;  210.  \iM. 

(20).  Problem.  To  ^d  the  nature  of  the  curf» 
BMCf  of  which  the  hypothenuse  Tt  of  the  right-angled  tri- 
angle JTti  the  sum  of  #hose  sidea  ^7  alid  ^  e  is  a  constant 
quantity,  is  always  a  taiigeAt.    Fig.  ]  16. 

Make ^Prrav  F M st^,  and'  ^  2*4-^  t^assJCi  cfaea 
we  have 

«  — ^U-^  =  y -f  («  —  «)  -r^, 

dy  ax 


6t  px  ^  y  : 

=7^y 

4*  (fl- 

'^)f. 

The  general 

1 

solution  i$ 

ex  ±i 

.y^ 

1  +c 

i 

the  parficufai^ 

solution  is 

the  equation  of  a  parabola.     Simpson's  Fluxions.  Vol.  ll. 
p.  514.    Clairaut,  3. 

(21).  Problem.  To  find  £he  nature  of  the  curve' 
AMA^,  90  that  the  rectangle  under  the  lines  A  T  and  A*  T, 
which  are  perpendicular  to  A  A\  and  meet  the  tangent 
TMT  in  T  and  T\  may  be  constantly  of  the  same  magni- 
tude. Fig.  119. 

Make  A  A'  ^2  a^  AP  =  a^  BJdtsj/:  then  we  have 
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and  ^erefore 

(•^-^)(^-<."-.)ff)=»-. 

or 

y  ^px  ^  ap  ±  ^  {b*  +  Q*p% 
The  general  solution  is 

The  particular  solution  is 

h 

i 

the  equation  of  an  ellipsej  of  which  it  is  ,a  veil  known  pro- 
perty- Euler.  16.  308. 

(£2).  Problem.  To  find  the  nature  of  the  curve 
A  Mjf,  so  that  if  B  Fbe  a  perpendicular  upon  its  tangent 
V  Mhom  a  given  point  JB^  the  line  B  V  drawn  from  another 
given  point  Bf\  may  be  constantly^  of  the  same  length. 
F3g.  119. 

Let  JBTsa,   BJTs:  a^,  BP.t,  and  PJIfasjf  j 
then  we  have  J^  F*  =  rX*-f  B'V^  or 


a* 


and  therefore    - 

y  a=p  x.—  aep  +  a  >/  (1  —  e*  +  /?•)  ? 
t^e  particular  solution  of  which  equation  gives 

X  :^  al  f  — >         1 1 


f  z 


sm 


an  —  e») 


V.(i  -«*  +  />*)' 
and  «4tininattng^«  ve  find 


{ae  —  x}* 
7* 


iH 


a*  (1   -  O 

r  • 


s  I,  or  tnaBi^ 


«•  (I  —  #*)  =  i*  and  a e  —«=«',  w^  met. 

m 

(23)»  Pbobcem.  To  find  die  nature  of  die  cone 
EMJB^^  so  th^t  die  rec^t^le  contained'  by  tibe  perpendiculaii 
BV  and  Bf  V*  upon  the  tangent  V  MV*  may  be  constantlf 
^  the  same  magnitude.    F%.  1£0« 


•  •        \ 


Let  BBf  zz2at^  BP  =:  x,  P  Al  rry  :    Aen  w€  liiW 


or 


...    ■  ...» 

The  particular  solution  gives,  if  6*  +  a*^=/i% 

ae^x  _  ap  y  ^  h 

and  .-.ys^l^^-Car-^ryM. 

ft* 
r:  --  (a*—  «'')>  if  a  ^  —  .r  r:  x'. 

Euler,  /i.     Lagrange,  Calcul  des  Fonctions,  p.  280v 


ms 

m).  To  find  the  nature  of  the  curvCj  so  that  the  locus 
<>(  a  perpendicular  drawn  fi^m  a  given  point  upoq  its  tan- 
S^ntj  may  be  a  given  straight  line.    Fig.  121. 

Let  S  be  die  given  point,  ST 2,  peip^ndicular  upon  the 
tangent  TM^  meeting  the  given  line  AE  in  T}  and  ^ 
SJ^a,  be  a  peq>endicular  upon  AE :  let  -SfPsi',  PMz^y; 
%ff;^efin4 

a  particular  solution  of  which  gives 

4iit  equation  of  a  parabola,  whose  vertex  is  A  and  focus  S. 

•      •  • 

V.  Equations,  which  are  integrable  by  differentiation^ 
though  not  included  under  1^^  preceding  formula,  ^^ 

{25).  het  ydx--  nxdySia  y/(dx*  +  dj/*)i  ojr 
Differentiating,  we  get 

« 

a  Imear  equation  of  the  first  or4er« 
pon^quently, 


li  n  zi —  •  we  have 

2A 


^=/,jr  +  |f  +^v^(l  4-/^^), 


m 

8  A  f lS  X-  *—  is)  ^  ' 

l!lil^^l%i.»Arff^''3  '-^'^  ^f  ^^'^^  .Ut  .««ar:a, 

VI.  ]Bqtta6oiia  which  nuy  be  treated  by  pottic^ 
iim  Uid«ded  miil^  any  of  tboie  dioftPiim 

(«6).    Let  <l^»r: (4 «•  -«•  1>jiM'*-  :      -  -  -  ^' 

M?M  ^8sf*  and  tfie  equ^tficm  beccmei 

Euler.  iJ.  Art.  70*. 

Make  x  r:  «<  z  and  ^  =:  u  >/  (1  —  z*),  when  the  et^uado^ 
becomes 

or 

dz  dus/iu^'-a^) 

V(l  —  «  )  o>u 

whefe  the  variables  are  sepatated^ 
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Consequently 


_  v(j*+i>*-o^)^c_ 


(28).    Let.^ xdy^ydx ^./{j^MV   f 

Make  x  ss  uz  and  j^  ==  ti  n/(1  —  x;^,  which  gives 


Consequently 


•  ^ 


•  »  ^ 


(29).  Problem.  To  find  the  nature  of  the  curve 
whose  normal  beats  a  constant  ratio  to  the  part  of  the  axis 
intercepted  between  the  origin  and  normal. 

The  difierential  equation  of  the  cunre  U  > 

which  is  homogeneous  and  may  be  treated  as  the  Examples 
given  .  in    p.  S56. :   or   more    simply,    by    resolving    the 

equation  with  respect  to  'SL-if ,  and  multiplying  the  result  by 

d  X 

I  when  it  becomes  integrable  per  se: 


vre  thus  get 


iy/(^  +cx-y)  +  *=C: 


3^ 


or  making  <■  =  C  +  -  , 

t 

which  is  the  equation  to  a  pirclis. 

The  particular  solution  deduced  from  this^  by  consideriag 
c  af  variabie^  19 

y  -  e  ^  -  ^  ==  0, 

the  equation  of  a  par^bpla,  which  obviously  resolves  Ae 
problem. 

The  reader  will  find  a  most  instructive  dfsettssjott  of  thii 
Example  and  of  the  different  solutions  of  i^  given  by  L^nitz 
and  John  Bernoulli^  in  tl^e  Caicul  des  Fonctm^  of  I«a^range. 
p.  263. 


On  the  Integration  of  Differentmi  Equations  of 
the  second  and  higher  Qr4frs. 

I.    Equations^  in  which  if  we  make 

-f^  zzp  and  %A  =  a.  we  find  q  a  function  of  p. 

(1).    Let   ad^y  zidxdys  oxq^^\ 

...  J^  =  ^  =  fi^;  and  :r  =  e+a  \ogp  : 
jP  p 

dy  =  ^^  =  adp\  and  y  =  /+  ^ p. 


t   •        »    - 
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«  • 

Goqlequentlf,  by  dimrnatmg  p^  we  fiiuf   . 

* 

Euler.  Calc.  Integ.  Tom.  II.  Aiu  725. 

(2).,  Let  d*sf^dx  >/(dx'+d/)  or  j=v^(l  +p') : 


(8).    Let^(^f!±^i!Z=«; 


J  .1         •  <,  t 


'     •    '  tip  ,    •       or 

'■     -■  -i 

and  (x  —  c)»  +  (y  —  0*=  «'• 
'  iuier.  Aj  Aft.  Vi6.  '.  ., 


«  * 


(4).    Let  ^  =fL^,  where  rf/  =  ^(il**.*!^^^' 
18  constant ; 

.-.  >-/«6=d'x  V(^  +P*:^  +  1^E^\  tlierefore 


<      ^  ■  •  ^ 


d*x  ss^  ?. £ ;  and  the  equation  becomes 

s- i — T-^—^  —  -  ;  consequentlT 

;    ;         -!'<'?.        J'  ■   :   ,' 

;   y(l+P')  ^l  P  •       -V!'„ 

y  =:  c    -  ^ 


Euler.  tb.  Art.  728. 
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(A).     Let     *f^  =0  tan  - '  £1,  where  dt  ss  ^/(efc* + <i^*) 
\%  .constant.    Consequently,  as  in  the  last  Example^  we  gel 
dx  zs.    *"?  ■  *  ,  tan***  Py 


(1+p'y 


.*  =  tf  — 


£Zp 


—  1 


v^i  +  p*) 


r-tan— f- 


»P 


VO  +fO 


»  zz  c  -f tan    'p  —  — = sr» 

Tills  is  the  solution  of  tlie  following  problem :  '*  To  find 
the  curve,  whose  radius  of  curyattgre  is  proportional  to  the 
angle^  which  its  tangent  makes^with  the  aida  of  the  abscissas.** 
£uler.  a.  Art.  729*^ 

11.  Differential  equations  of  higher  otders^  where  the 
highest  difierential  coefficient  is  a  funcdon  of  the  one  next 
inferior  to  it. 

(6).     Let  ad*ytPy^dx* ^J^dx*  +  d^^), 


or 


aqdq^  dx  ^  {\  +  j*),  where  q  as  -j^\ 


di? 


and  i>  =  £^  -  ^  VO  +  9»)  log  I  y  +  V(l  +  J*)  i 
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Hie  elimination  of  q  irom  these  expressionsi  will  give  the 
primitive  relation  between  x  and  y. 


J  •     «     ^ 


-  dr 


.••  X  -na  log  r  +  c 


a'c' 


5^=s  tf»  r  +  JlJl  (log  r)*  -f  fl  c*'  log  r  +  f'". 


(8).    Let  d*  i^  =  adx^^(d^y  d  x) ; 


i/  = 


3.5.^  a 


IIL    .Where  j  b  a  function  of.  x. 
(10).     Let  d*^  =  ——5 


,          a  d  X  , 

.•.  rfp  = ,  p  =  fl  log  x  +  r, 

and  ^  =;  ^1  a:  log  a?  -  fl  <«  +  ^  X  +  c' 

ziax  log  X  +  c'  a:*  +  d'. 
Euler.  JB.  Art.  739. 

(11).     Let  — —^  =  -  cos  -. ,  where 
,  ,        dx*         a        0.      .       . 

i    ds  sz  ^(d X*  +  d jr*),  is  constant. 

•  - 

Consequently  dsd*s=^  dxd'x  -{•  dyd^y  zsO-^ 

3  a 


•  •         » 


• 


\ 


*  ^  "  ■ 

Eufer,  R.  Art.  740.  ^ 

(W.)   Problem.     A  body  7"  moves  uniformly  along  a 
sttiight  line  J3C,  whilst  another  body  M  moves   uniformly     j 
la  fiirttiit  of  it :    to  iind  the  nature  of  the  curve  described     *. 

Let   *i»'¥=V,-^i»4f'***  -^5f  =  i;    then  we  fine 
^L-^  —  T  c:  *  J,  where  e  expresses  the  ratio  of  the  Telocidet    - 

of  the  bodies :   differendating  thu  equation,  conudering  djr 
as  constant^  we  6nd 

^  X edg 


^(rfx»+  dy^.        y 


=  _^£_.  where  p=4f; 
^/(l  +p*)'  '^       </j'- 


2(f+  1)C       3(e-  I>y- 


1  +  C. 


This  is  one  of  the  simplest  cases  of  the  problem  for  de- 
tennining  curvu  of  pursuit.  See  -Bguguer  and  Maapertmt 
Memturts  de  P  Acad,  det  Sciences.  1735,  Simpson's  Fluxiau. 
vol.  II,  p.  516. 
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IV«    Where  jr  is  a  function  of  y« 
(18),     Let  fl*d*y=:3^rf«% 


a» 


or  ezpresnng^  in  terms  of  x>  we  find 

jr  jr 

Eoler,  lb.  Art.  745. 

(14).    Let  «•  d^y\yd  x« =0. 

X  =  /I  sin— '^  +C, 

c 


or  V  =  C  «in  -  +  C  cos  - 

a  a 

Eufer,  lb.  Art.  746. 


(15).    Let  d'ys/iai/)  =  e?x*. 


•  •  ■.      —  — ^— — ^— — _— —  ^ 
where /ssrVa.    Euler, /^.  Art.  748. 


VI.    Wliere  a  differential  coefficient  of  ^  k  a  fanction 
of  one  wbo§e  order  is  inferior  by  two  unities. 


comeqiientl^  x 

•( 


and  J  =/gi(i=i.*s  +  ''«"  l»g  i  ?+  VCf  +  i.)  !  +t"' 

=  C  ^  +  C' ,~  +  C"  »  +  C". 
Vn.    Where  the  equation  involves  x,  p  and  q  only. 
(17).     Let'J 


^vr 


-C- —  =: and  p  : 


^/(i+p' 


2nitf=:J 


v/J'^-(^'+«OM 


( J*  +  a  g) 
,   which    U    the   general 


equation  of  the  elastic  curve.     See  Mr.  Whewell't  Meeha' 
ttiat  Vol.  I.  p.  210.         Euler,  Jh.  p.  751. 
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(18).    Let  (i^±i^*  =5?; 


. .  p  as z — 5 ' and 

(19)-   Let  dx{dx^+di^^)+xdi/d'i/:=iad's^^(^dx^-^dy% 
or 

djr(l-Hp')  +  X p  dpsza  dp ^(l  -^-p*) 
which  is  integrable  when  divided  hj  ^/(\  +p*). 

Therefore 

Ettler,  /i.  Art.  759- 

(20)..   Let  a^  d^y ^(a'  +  x^)  +  a»  dx  djf =a*  rfa?% 

or  a'dp^(a^+  x'')  +  a'pdx  =  a;'dx^ 

,      ,        pdx                 x^dx 
or  a  ©  +  — £- = > 

^  ^  V(a'  +  X')       aV(«"  +  ^) 
a  linear  equation  of  tlie  first  order. 
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Consequently 


a'p  = 


=  -.f 


3^  +2a'- 


|fAA£l±£l)7  +cv/(«'+«') 


—  CJT, 


and  fl'y  =  —  i  a;'  —  I  a'* X  +  ?  (/i*  +  a:»)*  -  -^cx^ 


+  ^V(a-  +  .0  +  ^^log.{ 


x+V(^*+«*) 


}• 


Eulen  a.  Art.  76 1. 


.(21),    Let((t'd!^*^x*djc*)d'3^=:nxdx'd3f9 

or  ia^p^+x^)dp  =  npxdx, 

z-  homogeneous  equation  of  the  first  order,  with  respect  to 
X  and  p. 

Therefore,  \i  xzzpu^  we  find 


p  =  c{  a'  +  (l-«)tt*{*a-»)^ 


x—pu=zcu  {  a^  +  ^l—nyu"  ]  2a-») 
y  =px  —fxdp 

*•      8n  — 1 

If  n  =  l,  we  find 


-  ^i//?rf/?  \/\J  '^0  ' 


Euler,  /i^.  Art.  762. 

(22).    Let  a  dxdy''  +a*  d  x  d'yxsn  x  dy  s/idx^fd'd^y^ 
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lirhich  is  homogeneous  with  respect  to  x  and  p } 

••.  -7^  =  ?  = ' \;  g  , — i >  and 

du  n*j*i**-«l 


If  «s=>/2,  we  have 

dx  _du(l-s/^)      adu(S-2  ^9) 
«    ""  u  X—au 

Euler.  iJ.  Art.  764. 

(23).    Let  dx^d^—xds^d^yszadxdx  ^/id^x^-k-d^yt), 

where  ds=^(4x*+dif%  is  constant. 
Since  (?/=sO,  we  have 

« 

and  the  equation  becomes 

P'-xq^aq, 
which  comes  under  Clairaut's  formula^  p.  357. 

If  dqssO^  or  q  :=:--  ,  we  have 

c 

p  « ,  and  y  =  — +  c . 

c  %c 

I{  xss  -^1,  we  have/? =0,  andy=r',  which  is  a  particular 
iniigral  arising  front  making  r  =  00  •    Euler.  B»  Art.  767. 
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(24).    Let  dx^dy-xd /' > «  =      ^^f^^flf       , 

where  ds=^(dx*  +  d y*),  is  constant. 

In  the  same  manner  as  in  the  last  Example,  we  find 

bq 

p  —  q *  =  '  • 


V(l +«*?•) 


Consequently  ?  =  -\  Z'  =^  ^  +7(?T^)' 


X' 


and  y  =: h 


b  X 


2  c       V(r*4-flO 


+  ^, 


is  the  general  solution. 


The  elimination  of  q  from  the  equations 


x:=  — 


^  =  - 


(l+a*^*)t 


^ 


2  (1+flf^^T         8(1  +«»^'> 


«  /»*N4 


+ 


3**^ 


16(1  +a^q'^)        16  a 


+  TTT^  tan     *  ay  +  r. 


will  furnish  a  particular  solution  of  the  equation.     Eulen  Ik 
Art.  768. 

VII.    When  the  equation  is  between^,  p  and  q. 


(25).    Letabcff/zzdx  ^{f  dx^  +  a^dy^), 


or 


an  equation  which  is  homogeneous  with  respect  toy  and  p. 
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Consequently^  if  y=:pu,  we  get 
d^  ^  ab du 


5;> 


and  by  making  ^{a^  +  1**)=/  m,  and  7^  =  ^>  we  find 


J   ,  asds 

and  dx  •=,  — 


Euler.  iJ.  Art.  780. 

(26).    Let  yy*^fd.^)'    .  ^  „y,  I, 

'ly  +y^  -  qy 

dyijP'-Vy'-^Ti^nfydyj^ny^dy  -  ny^pdp^ 
which  is  homogeneous  with  respect  to  p  and  y. 

Therefore 


^=. 


nudu 


ndu 


Euler.  i;^.  Art.  781. 

(27).    Let -i^^+i^^L  =  a. 

Letp*  +y»=z*  V  then  we  have  pdp  +y  <iy 

SB 


^78 

a:  qdy  +  ydy  zz  zd  z]  and  ^r  +j/=-— ; 

/•  the  equation  reduced  becomes 

z^dy  =:2azdy  —  ay  dz. 
Consequently, 

y^  c=  ,  and  dx  zr ,      \     : — rr-r  >  "  ^=^y  * 

Euler,  3.  Art»  785. 

^* 

(28).    Let  ^/•y  (ydy  +  adx)  =  dy(dx^  +  dy*), 
or  d/7  (py-^-a)  =  dy  (1  +;?»), 

or  Jy  -  £1^  =  iL^^ ;    Ex.  24.  p.  329. 
\      1+P*        1+P* 

.-.2/  =a/?  +  rv^(l+p*), 
a'=:«  log  p  +  f  log  {  p  +  V(l  +p^)  }  +r. 
Euler.  /i^.  Art.  788. 

(29).    Let  dy^-^yd^y  =  n  ^/(dx^  dy^^a'd^y*) 

,   or  making  q  =  ~--^  =  P  «j  and  therefore  dp^-udy^ 

p  -  uy  =  «y/(l+a*u*), 
which  comes  under  Clairaut's  formula. 

If  c^ussO,  we  have  u  =  c,  p^cy  +  «  V(l  +a*r*), 

and  rx=log    {  cy  +  «  V(l  H-aV*)  }  +ir'. 

^^"^  ~  ""    y/ 1  -L-    2    vcv  >  we  have 
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■» 

and  =  sin""*  -^^,  a  particular  solution^ 

a  na 

Euler.  lb.  Art.  789. 

VIII.  Differential  equations  which  become  homogeneous^ 
by  considering  the  dimension  of  x  or  ^  as  1  j  of  p  as  0|  and  of 
y  as  —  1. 

(SO).    Let  x^d^y  =  xd  xdy'{'Sy  dx%  or 

x^  q  =  xp-\-3y* 

Make  y  zi  ux,  q  zz  -^  . 

m 

^  -     dx       dp         dp  du 

Consequently  —  =;  -^  =  — C—  ^z ; 

X  .       V        p+Su      p—u 

or  {p  +  Su)  duszpdp—udpf 
wluch  is  homogeneous  with  respect  to  u  and  p. 

Therefore 

pzzu  +  \/(r+4ii*), 
I  j^dx       1,       C2m+ v'Tc  +  ^tt*)'! 

=  ^log{^^±-^^},P«tting4.for.; 
•        -  C^  -  Cx 


OT  y  =  C'  x^ . 

X 


Euler.  tt.  Art.  802. 
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(31).    Let  ^1^  2=  v^(m  a?*  'du"  +  nj/^d x*). 
ax 

Making    the  same    substitutions    as  before^    we   find 
du  >s/(mp*  +  nu^)zz(p'^u)  d p'f  and  making  p=:u/»  we  get 

du  (s—l)ds    ^ 


J  djc  _       du      ^_  ds 

X        (/— l)t*  "~  V(mx*  +  «)  — /*  +  /* 


Euler.  lb.  Art.  803. 


(32).    hetrix^d^y  zziydx  ^  xdi/)\ 
Make^  =:  ux,  and  q  :^  -,  which  gives 

X 

ndp  zz  {p  —  u)  du,  or  if  p  —  w  =:  x, 

J  fids        ^  , 

du =  0:  consequently 

s  —  n  ' 


=  n  or  log 


^<:'(l~rx) 


Euler.  /*.  Art.  804. 

(S3).    Let  {dx^-\-dy^fz:zndxd'y^ (x*  +5^*). 
Making  ^  =  «  j:,  and  ar  =  -  ,  we  get 

X 

(1  +p*)!dM  =  «  (p^«)  dp  ^(1  +««). 

In  order  to  integrate  this   equation,  make   p  =  tan  ^, 
w  =  tan  «^  :  this  gives 
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I— /isin(^— 0)       1— «8inv^  ^ 

,  dx  _   dw    __    dip  cos  ^ 
X       p— li      cos  0  sin  >//- 

J 0  (cos  0  cos  \f/-  fc-  sin  ^  sin  yj/)  _  J 0  cos  >/r      £?0  sin  0 
cos  0  sin  \//>  sin  \lr  cos  0 

n  d  >/r  cos  yj/^      d<b  sin  0      .         ,         n  sin  \^  ^  ^^ 

=  :;^ -. — ; ^,  since  d<p  = —, — f  j 

1  —71  sm  V^  cos  0  1— w  sm  >//• 

•  T-  —     ^^QS0  c  sin  0 

•  •  *  —  :;  : — 7>  3^  — 


1  —  «  sin  xir  1  —  «  sin  \/^  * 

*/    1  —n  sm  V 
Euler.  Ji(.  Art.  806. 

VIII.  Differential  equations  which  become  homogeneous 
by  considering  y,  p  and  9  as  of  n,  /i—  I,  and  /i— 2  dimensions 
respectively. 

(34«).    Let  x^ d'y  iz  ay  dx'^ -{-b  xdx dy. 

This  equatipn  becomes  homogeneous,  by  making  p  =  -  , 


X 


q  =^  —  i  n  being  equal  to  O;  consequently  v=ay  +  6/; 

but  dp  =sq  dXf  oxxdi-— tdx=zvdx\ 

dx        dt           J    ,            ,         tdx 
,  Tina  ay=ipdx  = , 


•  • 


X  V-^-t  X 

dx      dy  dt        dy 

.  •    -— *  —  — —  9    •  •  ■   —  ^^  9 

X  .    /  V+t  t 

or  tdt=:{v-^t)dy=  Ni/+(^+ 1)/ }  rfy, 
which  is  homogeneous  and  of  the  first  order. 
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Consequently 

where  a=:/gy  and  ft  +  1  =g--f> 
Euler.  3.  Art.  817. 

(S5).    Let  x^d^y=x^dxdy'^2xydxdy'-4j^  dx% 
or  x^  q  =  x^p-^2xyp  —  4fy** 

Make  y  =  x*Ufp  =  tx,  q  =iv,  and  therefore 

Also  dy-zix^  du'\'2uxdxzipdx'=,tx dXf 

J       da:  du 

and  /.  —  = 


X         t  —  %u 
Also  dp  zz  qdx  =  vdx, 

or  X dt  +  t d.x  =  V d*OL  •, 

(/a;         dt  dt 


X  V—t         ^Ut—AsU^' 

du   '  dt 

or  2udu(t  —  Q,u)=:dt(t''2  u). 

Let  2udu=:dt,  and /. /  =  w'  +  c  *, 

dx  du 


X        u^  ^  Q,u  +  c 


If  c=  1,  a*  =  Oi'— y)  log  -T. 
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If.=  l-,«,xw5(l±4^1^l'- 
If  f  =  1 +,.,  .Vnfl  ^  tan  5  ^  log  -  T  . 

If /-2m=0,  we  have  —  =  — ^,  and  .•.  dw  =0  j 

.*.  u  =z  c,  and  y  =  c  x' : 
this  is  a  particular  solution.     Euler.  3,  Art.  820. 

IX.    Equations  in  which  y  and  its  differentials  amount 
to  the  same  dimension  in  every  term.  . 

(36).    hetayd'y-^'bdy^zzy'^^^y  ; 
Make  y  =  c^"**' :  and  the  equation  becomes 


du  +  u^d  X  z= 


a^{e*+x^) 


» 


by  making  ?i  =  -  ,  this  becomes 


av/C^'  +  ar')       V        a/ 


a  linear  equation  of  the  first  order,  -whose  integral  is 
a  +  fc  ^  ^  g+'i 


•'y «  =*=  +  7^4t;1'^+^(*'+*'^}  " 


+  JL.|*  +  v'(**-^«')}^. 


Euler.  iS.  Art.  828. 
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(S7).    Utxyd'y=ydxdy  +  xdy''+-p^^^: 
Make  y  =  c/**'',  and  the  equation  becomes 
du-\-trdx^ +  w  a*  + 


xdu—udx^     hxdx 

''  ^  s/{a*-x') ' 

X  /-    J  /*  xdx 

Euler.  /i&.  Art.  830, 

X.    When  the  equations  are  linear  with  respect  to  one 

of  the  variables  and  its  differentials. 

(38).    Let  d^y  +  A  dydx  +  Edx""  =  0,  where  A  and  5 
are  constant. 

Make  y  zz  c^"*'^  frqm  whence  we  get 

du-^u^dx-^Audx+Bdx^iO. 

Consequently 

du 


dx  =  — 


m'  +  ^</  +  jB 


(1).    Let  M'-f-^  w+  B  =  (w— fl)  {u—b)y  then 

if  u  =  fl,  we  have  y  zzc  €*'; 
if  u  :=  b,   we  have  y  =  r '  €* ' ; 

aQd  the  complete  integral  is 
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(2).    If  a  =:  &,  then  we  have 

y  =  €*'  (r  +  f'x). 

(3).    Ifa  =  a-f^^(-l),  and6=:a-/3  V(-l)|Wehave 

=  €***  (r  ros  I3x  +  c  sin  /3a:), 

where  C=:r+^',  and  C'=  (c-c')  v/(-0 
Euler.  /*.  Art.  775. 

(39)»  .  Let  d* 2/+5  di/ d  *  +  4 2/ </x'-0, 

(40).    Let  d^y-^Afdydx+lSydx'siO, 
y  iz  e"  {  r  COS  :3  j:  +  ^  sin  3  1'  { 
=  C€"sin(3:r-|-C')5 
making  r  zzC  sin  C,  and  cmC  cos  C. 

(41).    Let  d'y  —  \Odydx  +  25ydJ[*  =  0, 

jy  =  6*'  (r  +  ^'o:). 

(42).    Let  rf*  v  + ^^ +  -^ =  0. 

X  x* 

Make  —  :=  di  \  then  we  have 

X 

dx       xdt 

^y  ^  ^y      ^y 

:5  c 


386 

Substituting  these  expressions,  we  find 

the  integral  of  which  is  given  in  Ex.  38.    £uler»  lb.  Art.  847. 

(43).     Let  </*3^  +  — fj—  +  7— fy-vi  =  ^• 

dx 
Make  — rr-  =  d  ^  and  therefore 

d^ dy <y  _  d^y b  dy         ^ 

dx       {a+bx)dt'  dx^'^  (a  +  bxfdt^       {a  +  bxydt'* 

and  the  equation  becomes 

— ,  +  (A-^b)-^  +  J3j/  =  0.  (Ex.  38). 

ndtjdx 
(44).     Let  d«^ ^ VAxf'dydx  +  jB:c*»yrfj:»  =0. 

Make  a'"  ^/^  =  ^/f,  and  the  equation  becomes 

d^y  ,  A  dy       ^^  „ 

_Z+__Z+if3,  =  o,  (Ex.38.) 

Euler,  lb.  Art.  850. 

(45).     Let  j^~->ry^Q. 

/.  ^  =  r  sin  or  +  f'  cos  x. 
Hoodhouse,   Physical  Astronomy ^  p.  23. 

d^i/ 

(46).     Let  ^j^  +  y  =:  Xy  where  -i!'  is  a  function  of  x. 
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/.  y  =  r  sin  «  +  r'  cos  x  +  sin  x/  X  cos  xd  x 

—  cos  x/  X  sin  pcdx. 
Woodhouse.  It.  p.  97- 

(47).    Let  ^  +  !f  +  Jcosmxs:0. 

.    ,            ^  A  cos  mx      Acosx 
y-csmx+cf  cos  x^- — ; — p. 

WoodhoQse,  /*.  p.  99. 

(48).    Let  ^  +  y  +  ^  cos  *  =  0. 

.•*  ysrr  Sin  X  •\-  c  cos  x cos  X, 

Woodhouse,  iJ.  p.  107. 

(49).    Let  -j^  -{-y-^-A  cos  mx-^-B  cos  »  jr=:0. 
.-.  y-c  sin  a:+(/  cos  :r+  ££?i.^  +  ^^^^^^ 

—  I  -s — r  +  -T Icos  or. 

Woodjjupuse^  /(&.  p.  100. 

'(50).    Let  Ji^+^4^  +  B£^=X 
da?»  dx        ^ 

..  ^^'\C  •{■fe'-'Xdx]    _^e"\c'-{-re'-^Xdx} 
y  — +    .^ , 

a  '^  0  b  —  a 

where  a  and  b  are  roots  of  the  equation 

M*  +  -4  M  +  JB  =  0. 
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(51).    Let  £>,  +  ^  +  By^n  (/.-l)-*— 
ax*        ax 


C  «"  C'  6** 


+  X' 


a  —  ^       a  ^  ^ 

Euler,  3.  Art.  859. 

(52).    Let^+^+2y  =  *. 

The  roots  of  the  equation  u'^+2u  +  2zz0,  are— 1+^(—  1) 

and  — 1  —  v'(— 1):  consequently 
y  =  eT*  cos  X  {  f  — y*6'  X  d  X  cos  Jf  ] 

+  €  — 'sin  X  {  c  -^/e* X  d X  sinx  ] 


€' 


=  6""'  cos  X  {  c (x  sin  X  —  X  cos  x  +  cos  x)  \ 


€' 


+  €  — '  sin  X  {  </  —  -  (x  cos  X  +  X  sin  X  —  sin  x)  \ 

r=  6""'  (^  cos  X  +  c  sin  x)  +  -  (<^— 1). 

2 


(53).     Let  ---4 r^  +  13  :5^  s=  -4  cos  m  x. 

a  X         ax 

The  roots  of  the  equation  z*'—  6i/+  13=0 


389 

are  3+2  s/{—l)  and  3-2  >/(— 1) ;  therefore 
y  =  e^'  (c  cos  2  X  +  c'  sin  2  x) 

A    {(m  +  5)  sin  (m  +  2)  x  +  (m  -- I)  cos  (m  +  2)x} 
4  *  ;w*  +  4  wi  +  13. 

^     {(m  —  5)  sin  (iw  —  2)  x  —  (m  +  1)  cos  (wi  —  2)  x} 
4«  '  fw*—  4«  m  +  13 


(54).     Let^-*^  +  4^  =  x». 

The  roots  of  the  equation  «*  —  4  m  -f-  4  =  0,  are  2  and  2. 

.•.  y  =  €"  \  x/t-^x^dx  -/€-■" x^dx  \ 

\ 

(55).     Letj4+^-if^  =  J_. 
flx*      xax       X^       x*—l 

A  particular  integral  of  the  equation 

(Pv        dv         V    _  n 

i— •»•«>   "f"  '         '      ""  -*^    I!^  ij« 

^x*       xdx       x^ 
is  ^  ==  -  :  consequently 

/If 


<56)-     L^^Jx«       (1-.T       (i_,.)i 
A  particular  integral  of  the  equation 
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I 

JF      (1  -:r7""    ' 
is  r  =r  — :  therefore 

d X     /»  2  vdx 


'S'if 


(l-:r»)-|- 


(1  -:r*)^ 


(57).     Let  d^y  (1  —  ax^  =  bxdxdy- 

Make  dy^p  dx.    See  Ex.  17.  p.  372. :  we  thus  get 


i 


p  =  c  (I  —  ax*)    2a,  and  y=:c/dx  (1  — « a?*)    <•. 
Euler,  Calc,  Integ.  Tom.  IV.  p.  534. 

(58).     Let  d^y(\-ax^)'-'axdxdy^cydx'^0. 
Multiply  by  d  2/  and  integrate  :  we  thus  get 

dy*(l^a  x^)  —  cy'^dx^  zz  C  dx^;   or 
dx  _  dy 


V(l-a^')       V(C  +  C2/^) 


,   the  integral  of  which  is 


y 

2yy  =  C  {aX  +  V(l+a«^^)}a 

c  -^ 

where  a^n  —  a,  and  7*=  C 

There  are  many  cases  in  which  it  is  possible  to  transfonn 
the  equation 
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so  that  it  may  coincide  with  one  of  the  two  preceding  ex- 

amples :  thus,  if  we  assume  y  =-—  ,  the  equation  becomes 

ax 

iPv  (l—a3p^)'-bxdxd^v  —  cdx^dvs=0; 

and  by  integrating  every  term  and  collecting  the  results,  we 
find 

d^v{l—ax*)'-(b—2a)xdxdv'^(c-'5+2a)vdx^zz09 

an  equation  in  every  respect  similar  to  the  original  and  ad- 
mitting of  integration  in  the  same  cases. 

Thus  if  r  —  ^  +  2  rt  =  0,  or  if  ^  =  3  a,  the  equation 
admits  of  integration. 

By  making  v  =  —  ,  and  repeating  the  same  process,  we 

d  X 

find 

^■i?'(l~fl  J?2)— (^-4  a)xdxdv+(c-9,  6+6  a)v'dx*=:0; 
which   admits  of  integration,  when   b  —  4  a  =  a^  or  when 

c-26  +  6  a=0. 

By  continuing  this  process,  we  should  find  that  the  equa- 
tion admits  of  integration,  whenever  b  =  2  ia  +  a,  or  when 
r  =  ii  — 1(«+  l)a>  i  being  a  positive  whole  number. 

Another  transformation  of  this  equation  may  be  effected, 
by  supposing  y  =/  z  dx^  which  gives  us 

dz  (\  -ax")  --  If  X  zdx—cdxfz  dx^O, 
which  becomes,  by  differentiation, 

d^z{l—ax^)  -  (^  +  2  a)xdx--  (c  +  t)  zdx^=zOi 

m 

which  admits  of  integration,  when  b  +  2  a  ^  a  or  when 
c  -^  b  ssOi  a  repetition  of  this  process  will  shew,  that  the 
integration  may  be  effected,  whenever 
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b  —  —Q,  ia-\-a  or  when  c=  —ii  —  Hi—  \)a. 
Euler^  lb,  p.  534. 

(59).     Let|^  +  4^+5^-H+Ct,  =  0. 
dx^  dx^  dx 

If  Oy  a  J  a"  be  the  roots  of  the  equation 

then  we  have 

If  «'  =  a  +  /3  v^(— 1)  and  a"=za  ^(3  v/(-  O,  then 

2/  =z  c  €f  +  C  cos  /3  X  +  C''  sin  /?  x. 
If^  =  a'z:  a",  then  we  have 

Euler,  Cfl/r.  7/7/^^.  Tom.  II.  Art.  1117. 

raf^s     T   .  "idy       Qd*y      2  d^y       d^y 

The  roots  of  the  equation 

are  1,   l,v^(-l),   --n/(— 1):    therefore 
y  zz  €'  {c  +  c  x)  -\-c"  cos  x+c'"  sin  a:. 
Euler,  /i&.  Art.  1131. 

(61).     Let  a'h''y  +  {a'  +  b'^)^  +  ^  =0. 

?/  i=  r  cos  di T+f'  sin  ^ i+r"  cos  h x-\-c"  sin  3 :r. 
Euler,  lb.  Art.  1132. 


Euler,  iii.  Art.  1132. 


(61).     Let  fl*j/  ^  ^=,.0. 


Euler,  i>.  Art.  11 36. 

(St).    Let  a»y  -  f^^^O. 


y sBtf  «•*+  6** **^^ ^ r^  COS  fli  a? sin  —'f^c'^sinax  sin  —  r 

+  €"^«»^{Cco8  fl  j:  sin^  +  C"  sip  a  j:  sin  y^} 

=  r  6"  +  r.c-'^'^  cos  (^1  r  sin  Y^  +  f^) 

+  C,  6^«-^  cos  (a  *  sin  36»+  Q. 
Euler.  Z^,  Arti  1136. 

(6S).    Ut^y  +  ^=:0. 


•*/' 


ynrc     *'  dps  ^ga J?  + /^ 

+  r,  cos  (a  j:  +  r'l) 

Euler,  i!^.  Art.  1136. 


(64).  Letg  +  ^jj^^+^j^f^+^-^=0. 


^  D 


3d4 

d  X 
Make t"  =  ^^  *nd  the  equation  becomes 

the  solution  of  which  ia  given  above.     Ex.  57.  p.  392. 

(65).    Let  ^  -  19  ^  +  SO  v  -x^  cos  x. 
dx^  dx 

The  roots  of  the  equation  u»— 19  «  +  SOseO,  are  2,  S  aud 
—  5  :  therefore 

+  - — •  (2  cos  iT— sin  x)  (a?*  +  ---  +  —  I 
7x5  V  5        %o^ 

^(3  cos  a:  -  sin  x)  I  x*  +  -^  +  — ^  J 

8x10  V  5         Sd^' 

1  /"  5  X        12  \ 

+  z (5  cos  x-fsinx)(  x'—  -—  -f  -rr;  J 

7x8x26^  ^        A  IS       169/ 

* 

—• (cos  X -f-2  sin  x)  I  X  +  7  I 

7  X  25  ^  '  \  5/ 


9, 


-  (cos  X  +  3  sin  x)  (  X  +  -   I 
0  \        5>/ 


8x  100 

+  z TT  (cos  X—  5  sm  x)  I  X J  : 

^7x8x26*>  ^V        13>^ 

the  integrations  being  performed  by  means  of  the  formula^ 
/€— •' Jfcos  mxdx  = :: 4(£ico8  mx 

—  iw  sm  w  x)  I  ^  + •  .  - —  +  -— .  --- 

+  — L  .  — — \-Scc.  J 5- — t  (m  cos  m  x 

(a^-Vmy       dx"  /       «*+/»' 

+  .smmx)(_  +  -,^_,._ 

(a«  +  w*)*    </x»  /  3 
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^     '  dx^        dx^  dx*  dx  ^ 

,  '• 

The  roots  of  the  equation  «♦  -  8  ?!•  +  23  u«  -  28  u  + 12  =0, 
are  2^  2^  l,  3  :  therefore 

_  €»"  {  X /€-*' X  dx  "fe-*' xf  d X  \ 
^^  (2-1)  (2-S) 

^/€-'xdM       €^'/€-^'xdx 

"^.(l-a/Cl-T-S)       (3 -2)' (3-1) 

(67).    Let  ^  -  54  ^  -  216  ^  -  240  «=«. 
tt  j:*  a  or*  ax 

The  roots  of  the  equation  m*— 54?  w*  —  216  w  --  240  =  0, 
ace  —  Sy  T-  3j  *  jS,  and  9 :  consequently*  making  as  —3, 
we  have 

_  e-^  \  X^/e^' X d X  "^x/^ X* dx -{-/e^ x' d X  ] 
y^  2(^1-9) 

Va  — q/ 
+  «"""  1  x/^'xdx'-/e^  X*  dx  }   ,   ^ 

■^  ^  i/a»  ■*■         (9^«)'       * 


J     .             (a -9)             1           .          (g-9)  2 

and  since  j^  =  -Ta«.  »nd  j^-  «  -  ~, 

we  have 


12' X  9        12»x9* 
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{66).   Let  ^  -  10  ^  +  02  O  _  «lo4^+86iy=.', 
^  Jx*  ai*  dx*  ax 

TJie  toott  of  tfa«  «quattoa 

M«-10u»  +  62«»— 210«  +  261=0 

areS  +  S  v/(— 1)»2— 5v^-"*)>  3,  3,  or  of  the  form 
a  +  fil^{-l\  a — /3  v'(— 1)>  »  and  a :  therefore 

« 

6<^  f  g(a^tt)^m/^jr+  rffl-(a->^oy]^iC08)gg  K/g-^^jCtfjrsinjgg 

=  (r  +  ex)  e^f(C  COS  5  JT  +  C  sin  5x)€^ 

+ 

104 

(69).    Let6i/-6a:^  + 3x«^-  T»^  +  T  =  0. 

if     TV 

Make  ^^^  s^  dt,  and  the  equation  becomes 

kit 

» 

consequently 

€'/€  —  '  X  e'^/         ^  r       ,,       /I. 
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2 

2  4 

(70).    Let  -7^  +  i^yszJT,  where  «  is  an  odd  number, 
ax* 

*Oile  root  of  tt*+o*=:0,  is  — a,  and  thereat  are  included 
in  the  quadratic  formula^ 

u^-^^au  cos  $  +  a*=:Oi 
where  ^  =:  (2i  + 1)  -  ,  admits  of  every  different  value  which 

jcam  arise  from  integral  values  of  f • 

d  P 
If  PB5ii*  +  a*,  we  have  -r-  :=:nu'^''\  which  becomes^ 

du 

when  fissfl  cos  0  +  a  \/{  —  0  sin  ^, 

=ntf— '{cos(/i-l)a±v/(-^)sin(«-.l)^}«J±jBv/(-l): 

^consequently 

'*"**  {  2JfCTW(aJsmg)4-^g8in(aT8ing)|/t'~'"'*^»:C</jco8(aJ^8mg) 

'*'**{  g^8in(aJr8mg)-g.Bco8(g.rsing)  \f€~*'^'** Xdxmiiflx^mfh 

kc. 

and  since  A^n(£^~^  cos  («  — 1)  ^=  — «<»""'  cos  p. 
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B  =  iftf*-' 8in(n-l)  a=/ia*-' sinO,  and 
^'  +  ^  =  «•  tt*— ,  we  find 


g  — «r 


y  = fe'^Xdx 

--        ^_,    I  COS  (0+<2a?sin  a)/€~**^^ Xrfxcos  (iixrin^ 

-f  8in(0  +  flrsina)/€"""»^^jrrfA?8in(ax8in^}  —  &c. : 
the  number  of  terms,  including  the  firsts  being  ■         • 
Euler.  Gi/r.  /«/^^.  Tom.  II.  p.  1 1 89. 

(71).    Let  — ^  -^  d^y^X,  where  n  Is  an  odd  number. 
In  this  case 

^  no!"'"' 

p    a  *  cos  « 

^  ^    __  {  cos  (^  +  a  X  sin  e)fe    *»*  ^~  ^  A-rfx  cos  (ax  sinO) 


/;/!** 


+  sin  (<^  +  ^ ^  sin  ^)y^^     a*  cos    X dx  %m{ax  sin  ^)+  &c.  { 

where   ^  = ,  and  the  number  of  terms  including  the  first 

is  ^-ii.     Euler.  lb.  Art.  1192. 


T        ^V 

(7*2).    Let  —^  —  V  =  cos  jr. 

•'•!/=  —  -rj^"*  cos  xdx  -^  —--A' cos  x</jr 
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•f  2  {  ^^^  ^yX^os  xy  dx-^cos  X  ,fco%x  sin  xdx  \ 


zz  re'+r'c— '  +  -  cos  x 
+  *i!L£  ^c  4-  ""^  4-  illL^^  -»  cos  A  /p^  __  cos  2  3:\ 


=s  r€'+r  €— '  +  r,  sin  j:  +  c^  cosx  + 


jr  sm  X 


(7S).    LetJS:=y+4i+^  +  &^ ^t^. 

ax      ax*  rfjr* 

The  factors  of 

l+ti+ii»  +  i/'4-.... 4.„» -izlf!i!=:P 

1  — tt 

are  included  in  the  formula 

1  —  2 1*  cos  ^  +  u*f 

where  ^  = :  by  substituting  ti  =z  cos  6  ±  ^(  -  I)  sin  0^ 

d  P 

in  -J — 9  and  reducing  the  result  by  making  sin  (n-f  1)  ^=0, 

cos  (n-l- 1)  0=19  and  therefore  sin  71  ^s  -^sin  B^  and  cos  n  6 
Bscos  ^,  we  get 

-rf±  J?V^(-  1)=  -i(n  +  l)(l+2cos^)  ±l(n+l)  x 

2  2 

1-C08<»  ^^  '  «(l  -cosO) 

consequently    ' 

y  = i— 6'«»*8in?{«in  1(38+2  xsin  »)x 


400 

/e-"-'Xdx  C06  (*  ain  #)— co«  i  (S  *  +  «»  sia  ^JT 
/€-'«»«  Jfrf^  sin  {X  sin  ^)|  — &c., 

•  •  -  '.^  ,^  2»  47r  S*-  a, 

mating  ^  successively  equal  to ,  — j —  >  ■■         j  ac, 

w-fl    »  +  I     n+1 

as  long  as  it  continues  less  than  ^. 

If  w+  1  be  an  eren  number,  1  +«  is  a  factor  of  P,  and 
we  must  add e^'f^Xdx  to  complete  the  integral. 

Euler.  B.  Art.  1194. 

(74).    Let  Jr  =  y  +  ^*  +  $^  +  &c.  m  infinitum. 

dx       dx^ 

where  X  tz  a  +bx-\-cx^  +  d3C*'\-ex^  +  &c. 

Let  v=-4€'*^^cos  {x  sin  ^4-  0)  ^^  *^  integral  of  the 
equation 

_  d V  .  d^v   ,    . 

where  0  and  ^  are  any  angles  whatever:  then  we  have 

y  =r  (tf-ft)  +  (^-^2 c)x  +  {c-'9d)x^  +  (^-4 ^)  ^+&c,+ir 

=  X-^  ^  +  Jl  c'^^^'  cos  (X  sin  ^+0). 

Euler.  iJ.  1198. 

/»t»\     r   -.  V  ^   ndy   ,   n  (n  —  \)    dy* 

n(«-I)(«-2)d'y 
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tn  thU  case,  the  factors  of 

l  +  nu  +  "^i!^— !^  li-  +  8cc .  =  ( I  +  i/y 

1.2 

are  equal  to  each  other  :  therefore 
^     1.2....(n-l)l  ^ 

•  1.2  -^       ■ 

1.2.3  -^  > 

If  X  =:  €""%  the  integral  becomes, 

yrr^—£±ll—+    '-^ ^,  {  ^1  *"— +  ^.^""• 

^       1  .2.3..n       1.2...(n-l)  '        , 

+  &c r,-,x+r,  }  . 

Euler.  R.  Art.  1200. 

(76).   Let2r  =  ^-.^^^^ 

1  .  2  .  3  a'      £/  X* 

whose  factors  are  contained  in  the  formula 

II*  — 2tf  (a— tf)  cos  2  d+(fl  — u;% 

2l  IT 

where  2  ^  ^ :  the  int^ral  ii 

n 

4fl^jin^^^,w|i* 

^^        n 

Se 
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{  sin  (3a-«x  sin  S^^)/€-«'''^"^<»' JTrfa^'cos  (iTi' s!h  26) 

putting  for  e  die  values  -  ,^  >  — •*  &c.  as  krfi  j  la  tliey 

«      If       « 

continue  less  than  -  . 

If  a:  be  an  even  number;  ire  must  adict  the  integral 

n  -^ 

If  n  a  ooy  and  a  ==  n,  the  equMSon  becomes 

and  its  integral^  when  0  =  —  is  indefinitely  small^  and  there* 

fore  ax  sin  2^=2  iir  x^  is 

2/  =  4i  w  {  cos  (2iwx)/Xdx  sin  (2  i ir  ir) 

—  sin  (2 1  w  x)fXd  x  cos  (2 » «•  j?)  J  +  &c. 

omitting  those  parts  of  the  expression  which  are  indefinitelf 
small^  and  putting  1,  2^  3^  &c.  successively  for  i.  Euler.  B, 
Art.  1206,  1209. 

(77).   U.  X  =  ,  ^  .  <ill). -^, 

n(/i-l)(/i~2)(;i->8)    d*y 

1.2.3.4....^*      '  I?  ■*"  *^- 


2  or 


m 

and  yw  ^ ?«,(<=<»  g)"".*  |,m  (<j«tan.^/Xrf*  co»  (a*  tan  B) 
—  COS  (fl X  tan  0)fXd x  sin  (a t  tan  9  }.  —Sec. 

writine  successively*  for  B  the  arcs  -— •  -r—  >  r—>  8tc«  *• 

Ipng  s^  tjiey  continue  less  than  ^  i  the  terms  being  alternately 

+  and  — . 

If  n  =:  OD,  and  as=^  n,  the  equation  becomes 

^^  l.2<»dx**l  .2.  3.  4  *«</«♦ 

Since  ^,is  in  this  case  indefinitely  small^  we  have  cos  Os  1j 
and  tan  0=9 :  consequently 

^.;^,9An .^fXid X  cos  0. — cos  ipfXdxim  ip 

—  sin  3  4>fXdx  cos  3  0  +cos  3  ipfXdx  sin  3  0 
+  sin  5  <pfXdx  cos  3  0— cos  3  ^/Xdx  cos  5  ^ 
^  &c.  in  infinitum. 

where  d}  =  — — . 
^         2 

If  i  zzb  is/(— 1),  we  have 

""^     r.  2  .  «•  ix*      iTiTsTTTFTS?' 

an4  ithe  injtegral  gives 

1=  €^^/€-^rXdx-'e*/€^jXdx 


*04 

where  >^  =  -^ .     Euler.  /*.  Arts.  121  !•  1214. 

^  2 

XI.  On  the  integration  of  equations  of  the  second  and 
higher  orders^  which  satisfy  the  criteria  of  int^abUity. 

If  u  be  the  complete  differential  of  u',  and  if  we  put  x^^ 
dc^j  X3,  &c.  3ri,\y„  jTai  &c.  fpr  dx,  d"  x,  ^x,  &c,  dy,  ^jf» 
iP  2/,  &c.  we  shall  find 

du       jdu     .    i^du        j%du    ,  o*       -.  ,-^ 

_.  —  J-5—  -f  d'-j—  —  cP^ —  +&c.=:0.  (1). 

a  J?  ox,  ox,  0X3 

dy  dy,  dy^  dy^ 

the  number  of  equations  being  equal  to  the  number  of  vari- 
ables in  u. 

If  u  result  from  two  successive  differentiations  oti/y  whose 
order  is  therefore  inferior  by  two,  we  shall  likewise^  find 

—  2tf— ^  +3a*-T 4  ^-_  +&c.:;:0.      .  (S). 

dx^  dx^    ^         dx^  dx^  ^ 

i^^<2di^  +  Sd-^  ^4d«^  +&c,=0.  (4), 

dy,  dy^  dx^  dy^ 

If  u  result  from  three  successive  differentiations  of  u\  we 
shall  find,  in  addition  to  equations  (l)j  (2),  (3),  (4), 

^-3rf^  +«rf'^-10<^lfL+&c.=0.         (5). 
o^,  dx^  dx^  dx^ 

du       Q  jdu     ^  ^  j^du         ^^   >idu       «         ^  r^\ 

^ 3d +  6d^- \Q  (p         +&:c.=0.        (6). 

dy,  tfj^3  d^,  di/s 

and  so  on. 

These  equations,  which  are  denominated  equations  of  con^ 
ditiofty  were  discovered  by  Euler. 
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^8).    Let  «=jJ*^--yi*j?; 


du  du      ^   du 


•  • 


du  du      ^    du 

«2/  oyi  «!/. 


Coniequently 


du       jdu    .  j,ci«  T,       ^ 

i/  .r         ax,  a  x« 

«y       c^y»        oy, 

The  function  u  li  therefore  a  complete  differentialj 

and  u's^x  dy^y  d x.     . 

<79).    Let«=J?*£Z*j^+(fl+2)xrfyd*4-(tfy+2;*)i«* 

ax 

du 
dx^ 

d*~-zza{xd'y+2  dxdy+yd^x)  +2xd*x+2  djf^ 
u  x^ 

d  u 

— -  =:  fl  X|*  4-  fl  X  xo 
rfy 

i/^  =  (a+2)  (xdx.+x.*)  =  («  +  2)  (xx,  +  Xi-) 

«y. 

d^  j^izQ,  (t  rfx.  +  J.*)  =  2  (X  X,  +  Xi*). 
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It  is  readily  shewn  that,  by  the  sub^titUtiQii  of  the^  quan- 
tities; the  gener^  equations  (1)  and  (2)  are  satisfied :  and 

(80).    Let  tt  ==  (a  J?  -  2i/)  i^y-^i  dt^  +  2a  dydx 

+  ayd*x. 
In  this  case,  we  shall  find 

du        tdu         ^  d  u 
ax         dx^  dx^ 

du  id  u       ^ 

dx^  dx^ 

du        ,du    .    ^du       ^ 
dy         dy,  dy^ 

i£^2d^^0: 
dy^  dy^ 

consequently  u  results  from  two  differentiations  of  .u"y  whicb 

=a  xy—i/^  +  C. 

The  test  furnished  by  these  equations  is  of  universal 
application,  but  the  laborious  operations  which  it  usually 
requires,  render  it  expedient  to  seek  for  other  conditions  of 
greater  simplicity,  at  least  for  those  cases  which  are  of  most 
frequent  occurrence.  Thus,  if  we  take  the  general  equation 
of  the  second  order, 

u^zPdx^^Qdxdy+Rdy^+Sd^x-^Td'y, 

we  shall  find,  from  the  preceding  general  equations  of  cancti- 
iion,  whenever  u^dt/,  that 

T,       d  S     j^       dT     A  r\       dT      dS  . 

dx  ay  dx      ay 
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If  SsOy  or  if  dTx*  be  constant^  the  equations  of  condition  are 


•    ^ 


o      dT      .do      dP  ^d^T  ... 

iJs-—  and-p&=:^y-^    +  j-^.         (*)• 
dy         dx         dy        ax 

(81).    Let  tt  =  (r»  +  X y)  * y  -  j/*rf*  x  -{-xdy" 

+  (2  J?  —  ^)  dydx. 

In  this  case  5=  -y*  and  P  =  t—  s=0:  the  other  conditions 
(a)  are  also  verified^  and 

«'=(«• +0?  y)dy-y*dx  +  C. 

(8«).    Lpt«=:2:e2/*d»x+ ?-^^ -f-6xVi«* 

,^du^,.^    j^j        Sydxdy 
-[ 2-  +  4x^ydxdtf  —  — £ — j — r  . 

An  the  conditions  (a)  are  satisfied^ 

andi/=  2x^y*dx  +  -l</y-f.C. 

Any  equation  of  the^econd  orders  and  of  die  first  degree 
with  respect  to  d*^,  in  which  dx  is  constant,  is  reducible  to 
the  form, 

(P  d/)  f  Q:^  ar)  rf  i*=s  ti  rfi^, 

by  making  dysspdx  znA  therefore  d^yzzdpdx :  the  function 
Pdp  +  g-rfi  'will  arise  froih  the  differentiation   of  u'  = 
fPdp  rl-JT,  where  j^  is  a  function  of  x  and  y  only^  whmerrer 
we  have 

'^tr^^+^  +  .^JLp.     („.) 

dp*       dxdp        dy         dydp 
do       <fQ        iPQ     ,  tPP  ,<ld*P    ^d'P   ,_-      ,.. 
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(83).  Let  udx'^—{2xg.dy\'X^ydx)i^3^xd%^'^, 
(y+x*)dy^dx  +  (2  +  Sif)xi^dydx*+y^dx^^  . 
/.  Pzz2  xyp+x^y  and  <2=a?p'+Cy  +  x')p» 

The  equations  («)  and  (/3)  are  satisfied  and  therefore 

u's^/Pdp  +  V 
r=z  xyp^-^-  x*yp-\-V\ 

Differentiating  u^  and  comparing  it  with  u^  we  find 
-j^dx+j—dysay^dx  +  ^xy^dy,  and 

/.  Fz^xy^  +  C  :  consequently 
u'dx'^nQx  yp^+x*  yp+xy^^  Q  dx\ 

(84).    Let  u=3  a x^p^ dp--b  x d p  +  S  a x^ p*d x-bpdx 

+  cxpdx+cydx. 

The  equations  of  condition  are  satisfied  and 

u'=fPdp'hF=ax^p^'-bxp+F,  and 

-_ — rfx+ J — dys^cxdy^cydy \   .*.  Fzzcxy  +  C. 
dx  dy 

Consequently  «'=« x^p^-^bxp+c x  y+C. 

Particular  equations  of  condition  have  been  investigated — 
for  the  equation  of  the  third  order, 

Pdx^+Qdx^dy+Rdxd^y+Sdxdy^ 

+Tdyd^y  +  Fdy^  +  Zd'y^O, 

and  formulae  given  for  its  integration,  when  these  conditions 
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are  satisfied:  this  subject  however  has  already  exceeded  the 
limits  consistent  with  the  object  of  this  work^  and  we  are 
therefore  compelled  to  omit  them. 

XII.    On  the  Integration  of  Differential  Equations  of  the 
second  and  higher  Orders^  by  means  of  Multipliers. 

The  equation 

d'y  +  Qdf  +  Rdxdy+Sdx'zzO 

where  Q,  R  and  S  are  functions  of  x  and  y  only^  is  integrable 
when  multiplied  by  the  factor^ 


(/Tdx-^Qdy) 


where 


dx^  dx  dy dy        dy^       dxdy 

dy  dx 

if  the  following  equations  be  satisfied : 

1st,  J-  =  -^  and   therefore   Tdx  -i-  Qdy  integraUe 
per  se. 

2d,  Q5  +  ^  ^nR-t)  +  4^  -  II. 

dy  dx       dx 

(85).     Let  x*yd^y+Z»^df  +  {2x-{-Sxy)dxdy 

+  Zyd<ifi—0; 

•  •  Q=  - »  ^=  -j^  '  -^  =  p  5  consequendj 

^=\>f{Tdx-\-Q_dy)=\ogx*yyzn^  z=sjE»j».   . 

S  F 
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Multiplpng  the  equation  by  x^j^nnd  integratitig  M  m 
Ex.  8S|  and  S4f  we  find 

^  dx  ^ 

(86).    Required  the  factor  necessary  to  make  the  equation 
d^y-^Adydx+Bydx^zn  Xdx* 
integrable  per  se. 

Make  d^y  s=:  pdx  and  mukiply  by  F'  taf{x)\  then  ws 
have 

.  Vdp^Arpdx^Brydx^rXdm\ 

the  integral  of  which,  by  the  method  in  p*  408»  is 

Vp-{-ST:fVXdxx  consequentlj 

JSzz-pd r-^A  Vpdx+B  Fyd* 

dV^ 


dy(^Ar-iLy  +  BFyd*, 


which  is  integrable,  when  F^e^^  which  gives 

S  SB  (4  —  if)  €•*  1/,  if  we  likewise  have 
{A—a)a  —  B  or  a*-^Aa+ B=:0. 

We  thus  get  the  first  integral  of  the  equation,  which  ti, 
making  A-^assbj 

dy'¥bydx  =  €'-^'dx/€'^Xdx, 

which  is  linear  and  of  the  first  order :  consequently  multi- 
plying by  c^'y  where  B  is  the  second  root  of  the  equation 
a^-Aa-^  B=:0,  we  find 

y  =  — —  €-«*/€"  JCdx  +  --i_  €-*'/€*'  Xdx. 

o  -^  (I  /J  —  ^ 

Eulcr.  Cak.  Integ.  Tom.  II.  Art.  865. 
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ax  dx*  dx* 

Let  the  faqtor  which  renders  the  equation  integrabl^/i^r  se, 
be  x^ :  suppose  the  integration  performed,  and   we  get 

differentiating  this  equation^  dividing  by  x^  d  x,  and  com- 
paring the  result  with  equation  (a)>  we  find 

B=(X  +  2)fl'  +  ^' 
C:p(A-fS)C'+B' 
D  =:  (x  +  4)  JX  +  C  as  £* :  consequently 

(J^  +  l)  (x  +  2)  j3'«=(A+ 1)  5- ^ 

<x  +  l)(x  +  a)(\  +  3)C'=(A+i)(\+?)C-(x  +  l)JB  +  >rf 
<x+  1)  (x+2)  (x  +  3)  (x  +  4)  2y=(x  +  1)  (\+2)  (A  +  3)  D 
-r(x-J-  l)(x+2)C+(x  +  i)  iB-^=0. 

If(\  +  l)(x  +  2)(x  +  3)D-(x  +  l)(x  +  2)C+(x  +  l)jB-4 
■   =  D  (\^a){\-b)  (\~r)  =  P,  then  a:*,  «*,  x', 

«r«  severally  the  factors  required* 

If  we  divide  equation  (/9)  by  **  4-  >,  we  get 

an  equation  similar  to  (a)  in  form,  but  whose  dimensions  are 
inferior  by  unity. 
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If  we  treat  equation  (7)  in  the  same  manner  as  (a)  we 

shall  find  that  the  values  of  A,  in  the  factor  x  ,  are  determined 
from  the  equation 

a  =  (\+ 1)  (A  +  2)  C'-0\  + 1)  5:-|-^'=0, 

which  results  from  the  division  of  P  by  \  — a  :  consequently 
QsbD  (\— ^)  (/>  —  c)  ;  and  the  factors  are  x*  or  x^  We  thus 
get  the  equation 

x-*-Yx*X^Jx=:X"  =  ^''i/  +  jB"^j^,  (5). 

dx 

which  is  of  the  first  order  :  a  similar  process  will  give  us 

-x-'-'fx^-^-'dxfx^—'Xdxi 

ox  D  xy  zz ^ + ^ • 

^         (^~a)(r-.a)         (a-6)(a-tf) 

^  x-'fx'Xdx 

If  TacO,  the  equation  becomes 

Dxy=Cx-'ArC'x-*  +  C"x-% 

the  denominators  being  included  in  the  arbitrary  constants 
C,  C,  C". 

It  is  evident  that  the  same  method  of  investigation  may 
be  pursued,  whatever  be  the  order  of  the  original  equation. 

This  very  elegant  process  is  given  by  Euler*,  who  has 
developed  the  complete  integrals,  when  any  number  of  the 
roots  of  P  =  0,  are  equal  or  imaginary. 

The  same  illustrious  analyst  by  the  research  of  factors  of 
the   form    Pdx+  Qdy,   P  dx^  +  Rd  x  dy  +  Qdj/\    &c. 

*   Calc.  Lueg,  Tom.  II.  Art.  1 226. 
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where  P,  Q,  R^  &c.  are  f unctions. of  x  and  i/>  has  succeeded 
in  the  integration  of  several  equations  of  the  second  order, 
which  resist  all  other  methods :  we  shall  subjoin  two  or  three 
of  the  most  remarkable,  omitting  all  detail  of  the  processes  of 
deducing  them,  which  do  not  admit  of  any  material  abridge- 
ment. 


n(n+\)ydx  _^ 
fl*  +  *• 

The  multiplier  is 
and  the  integral 
Euler.  lb.  Art.  89S. 


M-l 


(89).    Let2a2/d*j/-4./jiy»-i/«  +  «i;ic*(l+j:»)  ^    =0. 
The  factor  is  ^^  +  {l+^')dy^  ^^^  ^^  .^        j 

ad X*       2  axd X  dy       /z  (1  +  jr^)  dy* 

y*  if  y* 


7»4-  I 


L.  !/»+' r/j*(l+a:*)   ^    =Cdx*. 

n  +  3^ 

Euler.  iVbv,  CW/w.  Prfr^y.  Tom.  VII.  J  761.  p.  175, 


(90).    Let  d'y+ —         Jyd:^         ^  ,  =  0. 
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The  factor  is  d  dy(a+2 bn  +  cjs^)  -  2ydM(fi  +  cM) 
and  the  integral 

dx'  ax 

J(a  +  2bx+cx^  .       ^ 

If  the  equation  be  -r^  +  - — -^ —  =  0. 
the  first  integral  is 

dx*  dx  ^        x*  +  v* 


if  we  make  ysiux,  we  shall  find 


where  the  variables  are  separated.    Euler.  Opuiada.  Tom.  I. 

p.  8£.  Cfl/f.  Integ.  Art.  906. 

(91).    Let  y*d*y'hydy^=zaxdx^: 
The  factor  is  Sydy^—Saxda:*,  and  the  integral 
fdfSax'(fdx^dy'\-afdx^'k-a*x^dx^:=i  Cdx\ 
Euler.  Wbv.  Coww.  Petrop.  Tom.  VII.  p.  IQO. 


On    Me    Integration  of  Simultaneous   Differential 

Equations. 

(1).    Let  the  simultaneous^quations  of  the  first  order  be 
Adx  Jf  Bdy-\'(Cx+  Dy)dt  =:  T  dt^i 
A  dx^ff  dy^iC  X  +  D'  y)dt  =  TdO        ^""^^ 
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where  A^  A 9  J9,  B^  C,  C,  D  and  ly  are  constant  qiian- 
tities^  and  T  and  T'  are  functions  of  t. 

Eliminate  d  y  and  d  x  successively  from  these  equations 
(a\  when  we  get 

dx-\-{ax  +  by)dtss  Bdfl 
d]f^{a'x-YVy)dt^(ydt^'       ^' 

Multiply  the  second  of  these  equations  by  tn,  and  add  the 
result  to  the  first :  assume  iTtx  and  m,  to  represent  the  two 
values  of  m  in  the  equation-  ^ 

mzz  ; 

tf  +  o'm 

and  make  tf-fym,=:ri9  tf+0^fif,=r^  B^m^^^sW^ 

and  ^  +  HI, ^=: r', :  then  we  hare 

jr  +  iii.yx=€-V  |/€V  Fidt^Ci  ]  y 

from  which  the  functions  of  /  which  are  equal  to  x  and  y  may 
be  found. 


(S).    Let 

4dx^9dy  +  (4^X'\'49y)dtsgtdt 
3  dx^7  iy  4.(34  x+58y)  il 


itstdt^ 
t^^dti 


^•). 


^iy  +  (4  a:  +  5  y)  rff =(4  €*— S  O^^r 


08). 


]{  m  IB ..  ^  , —  ,  we  find  m^ s  1,  and  m^sr  —4,  and 

^        5€'    ,2t        1 
-'•*  7  3        •' 
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y-.4x=:ra6-'/€'(40e*--i31/)<f# 

Consequently 

7  2>  y 

^  7  3  9^ 

If  the  two  differential  equations  (a)  for  (fi)  correspond  to 
two  curve  surfaces  whose  co-ordinates  are  x^  y  and  /  respec- 
tively, the  equations  (7),  (S),  are  those  of  the  curves  resulting 
from  projecting  orthographically  their  common  intersection 
upon  &e  planes  oi  y  t  and  x  t. 

(3).    Let  dx  +  (5  x  +  y)dt  =:  e*  dfl 
dy+{Sy  —  x)dt=:€'*dt^  ' 

In  this  case,  we  find  m  =  -^ : ,  and  therefore 

5— w 

w,  =  /7z,  =  1  :  we  thus  get 


X 


+  2/  =  ce-*'+-.+^: 


Find  the  value  of  x  in  terms  of  y  and  /  from  this  equa- 
tion, and  substitute  it  in  the  second  of  the,  two  differential 
equations^  and  we  find 

dy  +  4^ydt  ^ce-^dt  +^1^  +  1£L^^ 

and  .•.  y  =  ^^ — i  -| l  1 — . 

(4).    Let  us  take  the  linear  equations  of  the  second  order, 
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Make  j?=€*^,  and  ys=a€*"^:  we  thus  get 

2  m*  ^.  m+  1  +  a  (m*  +  m  +  1)  =  0; 

Eliminating  a,  we  get  the  ^equation 


m*  ^.  w  +  1  +  a  (m*  +  m  +  1)  =  0^ 


The  values  of  m  are   1,  2,   —  3,    —  4,  and  the  correspond- 

I          r             -4—11-16         J  —29 
mg  values  or  a  are •  •  ,  and :  conse- 

^  3  7  7  13 

quently 

4       ,        11       «       16       _s,       27  ^  ^.^ 
y  3    *  7     *  7    *  13 

(5).    Let  us  take  the  three  linear  simultaneous  equations 
of  the  second  order ; 

2d*x       ISdx       ^^         Sd*y    ,   Sdy 

A^      .  »  2        Sdz   .   ^        ^         /,v 
—  48  1/  +  -— 7—  +  2  2  =  0.        (1). 

d*x    .  43  dx       ^^.  9.3  d^y   ,    dy 

'  +  «50i,  +  ~+^^-36z=0.        («). 

"rfF"  +  "dT  "  ^®® ""     "IF +  "57" 

3g 
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+  laoy^^^iMf- idz=:0.      (3). 

Make  a:  =**"',  ysae"*',  i=/3€"»*,  which  give 
2i»*— 18OT  +  58  -fa(3m«  +  3m-.48)  + /^(m*- 3  iw  +  2)=;0, 

i««  +  4.3  wi-254. -a(2Siii*— m-25O)+i9(i»*+17m-S6):fe0,>. 
3m*+l  1  m-  128-a(l2iw*— 2m-lSO)-/3(m*^  i*m+18)aK) 

Eliminate  a  and  /9  from  these  equations  and  we  shall  find 
!»*- 7  wi«  +  7  m*  +  35  w»-56  iii*-28  wi  +  48  1=  d. 

The  values  of  m  in  this  equation  are 

1,  2^  i3,  4,  -1,    -"2, 

from  whedce  we  find  the  values  of  a,  which  are 

1,  1,  2,  -1,  2,3, 
and  of  p  ^hich  are 

\f  *j  i|  ~~~  ly  %j^  *  • 

consequently 

t/  =  ri6'  +  r,€«+2r3€«-r^€*'+2(r,€*'  +  3r6  6-*' 
2;=r.  6^  +  2  c,  6*'  +  ^3  €»'-r^  c«  +  3  ^5  e*'  -f  2 rgc-*'. 
PaoH.  -B/^w.  ^.  Alg.  Tom.  II.  p.  236. 

(6).    Let(irfa:  + JSi/  +  C)d/»  +  il,d"x  +  -B,d*y=:0^ 

Eliminate  d'  y  and  rf*  j  successively  from  these  equations, 
when  we  get 

{ax  +by  +  c)dt*  +d''x  zz  0) 

{ax+b'y  +  c)  dt*  +  d^y  =  0^  ' 
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Multiply  the  second  equation  by  m,  add  the  result  to  the  first, 
when  we  find 

* -r  1.  b  -^  b'm        J  .  ,   c  +  cm 

Make  m  = ;—  ,  and  ussx  +  m  v  +  — ; — ; — ;  con- 

a  -k-  a  m  a  +  a  m 

sequently 

If  we  make  a  +  a'  m=:  — i%  we  shall  find 

If  Iff  I  and  nt^  be  the  two  ralues  of  m^  we  hare 
_  .  r  "4-  c  tfii  hi  I         -  r" 

x  +  iw,i/  4-  — ; — ; —  =<^j€     +^4* 
a+  a  m^ 


(7).    Let  df*  -  (3  j:  +  4y— 3)  i/<»  =  0, 

The  values  of  m  are  —I,  and  -  4  :  and  therefore 


7 

Jl  V 

(8).    Let(25x  +  36i/— 73)^^*-lld'4r-8d*y=iOi 
(l6*  +  23y— 46)rf/*  -  7i»jr -5d*y=a^  ' 


Eliminating  J*  y  and  d*  a:  successively,  we  get 
d»  T-(3  *  +  4y  -  3)  rf/»=:0] 


[»  T-(3  *  +  4y  -  3)  rf/»=:0| 
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In  this  case,  we  find  ffij=Q},=:£ :  consequently 

In  the  second  of  the  given  equations,  substitute  for  x 
its  value  derived  from  this  equation^  and  we  get 

d*y  -  y  d/*  +  (18  +  r,  6*  +  c^e-^dV^  =  0, 
the  integration  of  which  gives 

t   .         ^t       c,{9,t'^  1)  , 

y  =  ^3^'  +  ^4^   '  -  -^^~4 — -^ 

4 

It  would  occupy  too  much  space,  if  we  were  to  attempt 
to  exemplify  all  the  forms  and  cases  of  simultaneous  equa- 
tions which  admit  of  integration,  which  is  less  necessary  as 
the  methods  generally  resolve  themselves  into  those  which 
have  been  given  before  for  the  integration  of  linear  equations ; 
the  subject  however  is  of  considerable  importance^  as  such 
equations  frequently  occur  in  the  solution  of  dynamical 
problems. 


On  the  Integration  of  Differential  Equations  hy 
Series  and  hy  Approximation. 

(1).     Let  dy+ydx^a  J*"  d  x,  in  which  x  =  c,  when  ^=6. 
Assume 

y=zb  +  A(x^cf  +  B(x^^'"^^+C(x--cf'^^+  &c. 

=*  +  ^*«+  J5^"+^  +  Cf«+V&c. 
where  t=:x--Cy  and  therefore  xzzc-^t. 


/ 


421 


Substituting  for  y^  dy  and  x^  in  the  original  equation 
and  equating  corresponding  coefficients,  we  find 

a   =:  1, 

A  ^  a  i^—bf 

J3  ^   _ , 


O  s=  ^ ^  >  CvC* 

2.3 

(2).     Let  dy+x dy^my d x=:0. 

Making  the  same  assumptions  as  in  the  last  Example,  we 
find 


y  —  ir    r    *-r 

^+1 

T    — 

1  .2 

■  (<^  +  ly 

=  *{l  + 

^-^7"* 

t 

(l+x)- 

c+  13 

"(^ 

+  ir 

=  C(l  + 

*r . 

(3).    Let  d* 

y-k-ax"^- 

-•</« 

'=0: 

Assume 

yz=.  Ax    +  Bx         -k-  Cx  +&C. 

Substituting  the  value  of  y  and  d^y,  in  the  equation,  we  find, 
bj  a  comparison  of  the  terms  of  the  result,  that  we  must 
make  a=0  or  anl,  and  also  t=zm:  from. these  two  hypo- 
theses we  deduce  two  series  for  y,  which  combined,  furnish 
the  complete  integral  of  the  equation  :  or 


+ 


1)  iw        1*2.  (//»-  1)  (2  wi- 1)  w* 

a^a^^       \ 

I  .2.3.(»i— l)(2fw-l)(3?7i-l)m»  +^^*5 
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t        (m  +  l)Tn       l.a    (»»+J)(2f«+ l)»«* 

I  .  2  .3  .  (ff»+l)(2OT  +  I)(3m+l)i«»  i 

Euler,  C«/<:.  /«/<g'.  Tom.  II.  Art.  931. 

t 

Mr.  Spence,  the  author  of  an  Essay  on  Logarithmic 
Transcendents,  has  deduced  the  same  solution  of  this  equa- 
tion, by  means  of  his  General  Series  for  the  integration  of 
linear  differential  equations  of  the  second  order,  ^of  which  it 
affords  an  easy  and  satisfactory  exemplification  ;  he  has  ap- 
plied the  same  method  to  several  other  cases  of  the  general 
equation,  which  have  been  considered  by  Euler,  where  one 
or  both  of  the  series  for  y  fail,  in  consequence  of  involving 
terms  which  are  infinite  :  the  Memoir,  in  which  this  method 
is  e^cplainedy  may  be  seen  amongst  the  Posthumous  Works* 
of  this  original  and  able  Analyst,  which  have  been  arranged 
and  published  by  Mr.  Herschel. 

Both  the  series  for  y  fail,  when  m  =(0) ;  in  this  case  the 
equation  may  be  integrated  by  the  method  given  in  Ex.  38. 
p.  384,  which  gives 

I 

which  becomes,  when  /»*=:--, 

4? 

y  zz  {ji  +  A'  log  x)  ^/x. 

If  f»  =  -  ,  where  i  is  a  whole  number,  the  first  series 
i 

fails  and  the  second  when  m  =  — -. :   in  both  cases,  assume 

t 

y-V  +  ^  9  +  ^  log  ^-P  +  J  log  C  X, 

where  q  is  the  particular  integral  of  the  equation,  furnished 


*  Spence,  Mathematical  Essays^  p.  315.   IS  19. 
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by  thstt  series  which  does  not  fail :   the  substitution  of  this 
iudue  of  y  in  the  original  equation  gives  the  equations^ 

d'y-f-  ayjr*""*dx*=0,  (a.) 

X  X 

the  second  of  whi^h  will  determine  the  value  of  p  by  means 
of  a  series.    Eulen  B*  Art.  934. 

(4).    Let  d^y  +  ^^  •*  =0,  where  m=\. 

X 

tn  this  case 

The  equation  to  determine  p  is 

dx^      xa  X      x^       X 
Asdume 

P  =  4  +  jBx  +  C**  +  Da^  +  &c. 
and  we  shall  find 

ii^  -  2"'  ^-"  P.  2»'  ^^    FT^TT^^^- 

jftiaking  J5  =  0 ;  and 

^^p-^-cf-^-qlogx. 
Euler,  i}.  Art.  935. 

(p).    Let  d*y  +  ^i|_— =:  0,  where  w  =  -  ^  . 
If  y szp  +  r g H-^r  log  r,  \ve  find 


4^ 


*  I  1.3  1.3.2.4 


64  a'  «  ,  « 


K3.2.4.  3,5 
The  equation  for  the  determination  of  jp  is 

If  p=Jrar+^'^^+J5+Ca7-i  +  Dj?-'+JSap-*+8u:., 
we  shall  find 

Af_^  A     j^_   A       j^  ^^      8.4*  a  JOL 

^p^l00xl6a»^  ^^ 

1*.3*.2V4*- 

Euler.  A.  Art.  938. 

(6).  Let  d'j/^c^x^ydj^zzO,  which  is  the  same  equation 
as  in  Ex.  3. 

-M  car 

Make  y  —  q^ ^^^^  ^^^'=  g^"^^^y    when    the    equation 
becomes 

rf»gr  +  2  cardxdq-\'mcx'^  —  '  qdx^:=:0.  (/?.) 

If  we  assume 

and  make  a=0  and  a  =  l,  successively,  we  shall  find 

mcx^-^'    ,        »j  .(3  w4-2)r'ar""  +  ' 
+ 


OT  (/w-f-1)       1  .  2  .  m  (2  w4-l)(i»+l)' 


=4- 

1.2.3.  m(2w+l)(3m  +  2)(wH-l)^  ^'> 
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/ 

t  («,4.2)(m  +  l)"^  1.2(w  +  2)(2iw  +  3)(w+iy 

-         (^  +  g)(3»»H-4)(5ffl-h6)c^j:^  +  ^  .    ^^  7 

1.2.S.(w  +  2)(2wi+3)(3w4-4)(i»+l)»  "*"         3 

If  we  make  ms:  ^Q\,  the  equation  becomes 

d*y  —  ^'j/x^^'^dx*  =:0. 

and  we  find  y  zzq  /^  '  :=:q  x  e       ^^^^     : 
if  we  assume 

and  determine  q  from  the  equation 
we  shall  find 


=  ^{/- 


2(2A— l)i: 


A(X-l)(3X-l)(3A>-g)  ^5X -'2 

2.4(2A-l)»i^ 

a(A-1)(3X--1)(3A~2)(5a-2)(5a-3)x'^^""^ 

2.4.6.(2A-1)»,^ 


+  &c 


1 


The  last  series  is  finite  whenever  A  = ,  or  »i  = 

:  in  all  these  cases  therefore  we  derive  from  it  a  par- 

2i±\  ^ 

ticular  integral  of  the  equation,  in  finite  terms. 

If  we  denote  those  terms  of  this  particular  integral^  which 
involve  the  even  powers  of  ^  by  P  and  those  which  involve 

3  H 


4m 

the  odd  powers  of  r  by  r  Q»  we  shall  find  the  complete  in- 
tegral or 

rf ex- 


2\  — 1 


since  c  must  have  a  double  sign. 

The  integrable  cases  of  the  equation 

depend  upon  those,  of  the  equation  of  Riccati :  for  if  we 
make  ysse^^,  we  find 

du +u*dx  :=zc^x^dx, 

which  is  integrable  whenever  «  =  —  ^  .      ■■  .     Euler.  J>. 
Art.  944. 

(7).    Letdf*y— c*j:-"*yrfx*=0: 

In  this  case  x  —  \,  j  :s:  Ax^  fp a  x  =  —  - ,  P=f>  and 
(2  =  0. 

Euler.  /*.  Art.  946. 

(8X    Letd"j/— f*j/jr~'^djr«  =0: 

...  A  =  i,  jT  =  ^  (^-  ~),/p//i'=:3r«*> 

¥  ^  oA^  and  (2  =  r-;^:  consequently 

3  c 


m 

I£<*B  -l^,  we  fin4 

y^{A  cos  3ixi  +  ^ sin  Six*)** 

+  —  (-4'cos3*xi--4sm  SidT*). 
33 

Ettler.  JS.  Art.  947. 

1 

8 

(9).    Letefy  +  **ya?"""5'ydap*=sO, 
•*•  y^*  (^    ""  THiJ  ^^  ^^'  ^  ^  a:"*"  +  ui'  sin  Six"*^ 

+  ~  X*  (^'  cos  5  A  x^—A  sin  5  6  x"*"). 

Euler.  J».  Art.  9^9. 

(10).    Letx*(tf+*x»)c?y  +  x(tf  +  ^x*)d^dy 

+  (/+^^)ydj^=o.  (13). 

If  we  make  x^^sz,  this  equation  becomes 
z*(a  +  *x;)d*y  +  2;(tf'+/2:)d2/dz+(/+g''z)ydx*=0;    (y). 

we  may  therefore  confine  our  attention  to  those  cases  of 
equation  (J3),  in  which  nasi. 

Assume 

y  =  ^x"  +  5x"+VCx*^%&c.; 

and  substituting  for  y^dy^d^y  in  the  original  equation  (fi)^ 
when  ns  1»  we  shall  find  A  indeterminate,  and  tb'*t  a  must 
be  determined  from  the  equation 

a(a-l)a  +  ac  +  /=0:  (S). 

the  two  values  of  a  furnish  two  series  for  y  which  combined 
furnish  the  complete  integral  of  the  equation. 


One  of  these  series  will  terminate,  when 
addition  to  equation  (B),  we  also  have 

(a  +  ,)(a  +  .--l)i  +  (a+0*+jr=O.         (0- 

Euler  by  different  transformations  of  the  equation  (fi),  and  tHe 
theory  of  multipliers,  has  found  9  different  cases  in  which  this 
equation  admits  of  complete  integration  in  finite  terms*. 
The  same  subject  has  also  been  completely  discussed  by  the 
German  analyst  Pfaff,  who  has  generalized  some  of  the  inte- 
grable  cases  of  Euler  f- 

The  integration  of  differential  equations  by  means  of 
series,  of  which  we  have  given  several  examples,  will  likewise 
be  a  method  of  approximation,  when  those  series  are  con- 
vergent, at  least  for  those  values  of  the  independent  variable, 
which  come  within  the  limits  of  the  calculation  :  this  how- 
ever is  not  always  the  case,  and  the  series  rarely  admit  of 
such  modification,  as  may  increase  their  convergency. 

Methods  of  approximation  were  made  use  of,  even  in  the 

very  infancy  of  the  Integral  Calculus,  particularly  by  the  two 
BernouUies,  and  Taylor,  which  principally  depend  ujion 
what  has  been  termed  the  geometrical  construction  of  differen* 
tial  equations  :  however  elegant  some  of  these  methods  are, 
they  cannot  be  considered  as  a  substitute  for  the  processes  of 
exact  calculation. 

Euler  has  given  methods  of  approximation  dependent 
upon  the  series 


•  I?ui.  Cnlc.  Iriteg.  Tom.  11.  Cap.  Vlll,  Cctwn.   Petrop.  Tom. 
XVn.   1773. 
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where  A^  -^,,  A^  A^  &c.  are  the  values  of  ^,  -f-  ,  —-if ,  &c. 

when  X  rsza^  and  where  two,  three  or  a  greater  number  of 
them  are  considered  as  arbitrary,  according  as  the  differential 
equation  is  of  the  firsts  second*  third  or  a  higher  order.* 

(11).  Let  di/=d  j;  (j:" +ry),  and  suppose  t^=: 6,  when 
X  =:  a ;  then  we  have 

A^h      . 

Consequently, 

If  we  make  x  —  a^^h,  z  very  small  quantity^  we  shall  find 
ysib',  when  j:=:a  +A  or  a' ;  these  values  may  be  substituted 
again,  and  a  new  value  of  y  =  b''  corresponding  to  xsna'+h 
or  a"^  may  be  determined  :  it  is  evident  that  the  same  pro« 
cess  may  be  continued  as  long  as  we  please.  Euler.  Catc. 
Integ,  Tom.  I.  Art.  661. 

u  d  x^ 
(12).    Let  efy  + =  0,  supposing  that  y  =:  i,  and 


ex 


—  =:r,  when  x  =  <7  ; 
d  r 


Consequently, 

y=j+.  (.-«)- ±(i:f>:  +  <i=iif><£i^- ~ 

^  ^  a/     1.2  ea*       1.2.3 

Makings — a=:A,  a  small  interval,  and  x=:0'=a  +  A,  w< 


tions,  we  may  find  on  approximate  value  of  y  for  any  given 
value  of  J'.     Euler,  lb.  Tom.  11.  Art.  1098. 

This  method,  however,  though  of  easy  application,  fre- 
quently fails  in  giving  the  approximation  to  sufficient  accu- 
racy, in  consequence  of  the  accumulation  of  errors,  introduced 
after  each  operation:  it  fails  entirely,  when  any  one  of  the 
coefficients  A^,  j-/,,  J^,  &c.  becomes  infinite  or  extremely 
large,  for  any  value  of  x  employed  in  the  process  of  approxi- 
mation. 

Lagrange  has  attempted*  to  remedy  these  inconveniences 
by  expressing  y  in  terms  of  a  continued  fraction :  this 
method  has  the  advantage  of  always  terminating  when  y 
is  expressible  in  finite  and  rational  terms,  and  leads  in 
general  to  a  certain  and  frequently  rapid  approximation ;  but 
the  equations  from  which  the  quotients  as  terms  of  the 
continued  fraction  are  obtained,  become  very  complicated 
even  in  the  most  simple  cases.  The  integrals  of  some  equa- 
tions which  he  has  expressed  in  this  manner  lead  to  results  of 
II  elegance. 


'  Mh 


■s  de  Berlin.   1770.  |i.  236. 
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The  method  of  approxfmation  which  is  commonly  called 
that  of  successive  substiluthns,  combined  with  the  ordinary 
processes  of  integrating  linear  and  other  equations,  is  that 
wliich  admits  of  th«  most  extensive  and  important  applica- 
tions :  it  is  this  method  that  is  so  much  employed  in  works  on 
Physical  Astronomy,  in  which  alone  it  can  properly  be 
■tudied. 


On  Partial  Differential  Equations. 

In  a  subject  of  such  difficulty,  as  the  integration  of 
pattial  differential  eijuations,  it  would  be  useless  to  multiply 
examples  to  any  great  extent,  unless  they  were  accompanied 
with  the  principal  steps  in  their  solution :  we  are  compelled 
therefore  to  omit  the  exemplification  of  several  important 
parts  of  this  subject,  or  at  least  to  notice  them  in  so  slight 
a  manner,  as  to  serve  rather  as  a  guide  to  the  student  in  the 
—course  of  his  reading,  than  as  furnishing  the  materials  from 
irhich  a  perfect  knowledge  of  the  theory  may  be  obtained. 

A  considerable  number  of  examples  with  their  solutions 
Flixve  been  given  by  Mr.  Herschel  in  Note  0,  to  the  Trans- 
|lktion  of  Lacroix. 

I.     On  Equations  of  Total  Differentials,  of  the  form 
grhich  satisfy  the  criteria  of  integrability. 


CI).     Let  ^ 

In  this  case,  we  have 


(a -2)' 


dP_dQ_ li_      d_P  _ilR  ^ 

7^  ~  dx  ~  a  —  z'    dz    ~  dx   " 


^ 


432 

and 


» 


dQ      dR  X 


d  z        dy       (tf  —  z)* 
consequently,  considering  z  as  constant,  we  have 

/(Pdx  +  Qdy)  =-^  +/(2;)=«-|-Z5 
and 


^=/[«-'-:'v=C' 


therefore 


iL  =  C.. 


tf  —  z 


(2).     Let^^^+y^^+^^^  +  ^^^""^^^  ■hgJ«  =  a. 

Considering  z  in  the  first  place  as  constant)  and  proceeding 
as  before,  we  find 


X    .    z* 


V  {  X*  4-  y*  +  zM  4-  tan—'  -  +  -  =  C. 
^  z       2 


II.     When  the  equation 

Pdx  +  Qdy  4-  Xrfz  =  0,  '  (a). 

does  not  satisfy  the  criteria  of  integrability,  but  may  be 
made  to  satisfy  them  by  means  of  a  multiplier,  which  can 
only  be  the  case,  when  the  equation  of  condition 

pU_Q_dRl  ^QSdR_dP-t 

\dz         dy  S  L  dx       dz  S 

^dy        ax  y 
obtains. 
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Or,  if  the  equation  (a),  is  reduced  to  the  form 
dz  zzpdx  +  qjy,  (7.) 

the  equation  of  condition  becomes 

from  which  the  equation  (/?)  may  be  readily  deduced. 

For  it  is  evident^  if  2:  be  a  function  of  x  and  y  considered 
as  independent  variables,  that  the  second  member  of  equa- 
tion (7)  must  be  a  complete  differential:  and  the  equation 
(S)  is  the  expression  of  that  condition,  p  and  q  being  con- 
sidered as  functions  of  z,  x  and  y. 

The  process  of  integration  is  to  consider  one  of  the  three 
variables  as  constant,  and  to  apply  the  rules  of  integration 
which  are  given  for  equations  of  two  variables^ 

(3).     Letdx(y  +  z)  +  dy(x  +  z)  +  dz{j:  +!/)=^0: 

The  equation  (fi)  is  satisfied  :  make  therefore  z  constant, 
and  we  have 

rfd?(j/  +  2)  +  rf 2/ (jf  +  z)  =:  0, 

or 

dx      ,     dy        ^ 


X  -ir  Z       y  +  Z 
therefore 

log  (x  +  z)  +  log  (2/  +  z)  -f{z\ 

or 

{x  +  z)  (j/  +  2;)  =  Z. 
Differentiating  this  equation,  we  find 

dx(y  +  z)  ^dyix  +  z)  +  dz{x+y  +  2z):=zdZ; 

consequently 

dZ  =  2zdz,  and  Z  =  ;z'  +  f  : 

3  I 
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we  thus  get 

(X  +  y)  (y  +  z)  ^  z^  +  c,  ov  xy  +  X  z  -^  y  z  ss  f. 

Euler,  Calc.  Integ.  Tom.  III.  Cap.  1.  Art.  12. 

(4).    Let  dx  +  dy  +  dz+{x  +  y'¥z)dz  =0, 

therefore,  x  +  y  ssf{z)  =  Z:  consequently, 

dZ  +  Zdz  =:--  d z  —  zdz. 

therefore 

Znri— '  -  zzsx  +  y^ 
or 

{x  -^-y  +  z)i'  ==  c. 

(5).    Let  2rfj?(y  +  z)+  dy{x  +Sy  +  2z)  +  dz(x -hy)  asO  : 

therefore 

(x  -I-  y)«  (y  4-  z)  =  r.    Euler.  i^.  Art.  1 1 . 

(6).     Let  dx{ay^hz)+dy(cz  —ax)  +dz(bx^cy)siOi 
therefore 

^JLzIJ  =  €,         Euler.  lb.  Art.  13. 

Other  examples  are  given  by  Euler^  which  are  remarkable 
for  the  artifices  of  analysis  which  they  ethibit. 

IIL     When  the  equation  {P  or  I)  is  not  satisfied. 

In  this  case,  the  second  member  of  the  equation 

dz  :±.p  dx  -f  qdy^ 

is  no  longer  a  complete  differential,  unless  we  cease  to  con- 
sider X  and  y  as  independent  variables^  and  assume  one  of 
them  equal  to  an  arbitrary  function  of  the  other  \  it  then 
becomes  an  equation  between  two  variables,  and  may  be  inte- 
grated by  the  ordinary  processes  for  such  equations. 
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The  integral  will  thus  be  exhibited  by  a  system  of  two 
equations^  which  are  necessarily  indeterminate,  as  they  both 
involve  an  arbitrary  function. 

As  the  integral  in  the  former  case  might  be  considered 
as  the  equation  of  a  determinate  curve  surface,  so  in  this  case 
it  may  be  considered  as  the  equation  of  an  infinite  number  of 
curves  of  double  curvature. 

(7).     Let  d z  ^aydx-^-  hdy. 

The  equation  of  condition  is  not  satisfied ;  assume  there- 

d  2l 
fore  y  ^  -j —  =  X\  where  X  is  an  arbitrary  function  of  x ; 

d  X 
therefore 

dz  =  aX'dx  +  bdX\ 

and 

The  system  of  equations 

t/  =  X'  and  z  «  fl  J^  +  *  X', 
constitute  the  integral  of  the  proposed  equation, 

(8).     Let  zdx  -^  xdy  +  ydz  =:  0- 
Make  y  ss  X,  and  we  shall  find 


-"H'-f'^m 


(9).     Let  dt^  ^a*{d  «*  +  d  yy        («.) 
Make  y  constant ;  consequently  we  have 
dz  ss  adjfj        ,\  z  :=zay  +  JTj  where  JT m/(x), 
and  dzzzady-^'dJTzzady-^X'dx; 

substitute  this  value  of  d  z,  in  the  given  equation  (a),  and  we 
get 


ZJy 
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adx      X'dx- 


X'  a      ' 

d*dx      X 
and  2y^aJ   ^,-^. 

The  condition  expressed  by  the  equation  (a)  is  satisfied 
by  any  curve  of  double  curvature,  whose  tangents  make  a 
given  angle  with  the  plane  of  xy  i  thus  the  straight  line 
determined  by  the  system  of  equations 


y 


^zjALz^n^d, 


Mrill  satisfy  the  equation. 

• 

Monge,  in  the  Memoires  de  PAcademiedes  Sciences  tor  17849 
has  given  general  solutions  of  this  equation  and  of  others  of  the 
same  class,  which  do  not  involve  an  integral  sign,  and  which 
therefore  furnish  any  number  of  algebraical  solutions :  the 
reader  who  wishes  thoroughly  to  understand  the  theory  and 
geometrical  character  of  those  equations,  would  do  well  to 
study  this  Memoir. 

IV.    Partial  differential  equations  in  which  the  differential 

dz.     .        . 
coefficient  —  is  given  in  terms  of  x,  j/,  and  z, 

dx 

(10).    Let  i^:^  a, 
dx 


.'.  z  =i  ax  -^r  ^y* 
Euler,  Calc.  Integ.  Tom.  III.  Art.  33. 

(11).    Let^=         y 


dx       \/(2/*-x*)' 


X 

.',  z  ss^.sin— '-  +  ^v.        Euler, //}.  Artv 48. 
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(12).    Letl£  =  ;;s^., 


,•.  a  =  X  tan— '  a  +  ^  x, 

X 


(IS).    Let^  =  ?, 

ax       z 
.•.  a;  =:  >/  I  2  X  y  +  0  y  {  .      Euler,  Z^.  Art.  56. 

(14).    Let^=^<»^-^^>, 
ax  z 

EuleT)  /6.  Art.  57- 

(15).    Let^  =  !L£, 
ax        X 

.'.   z  ::z  Jif^ipy.        Euler^  i>.  Art.  61. 


(16).     Let  -7^  =»  X  -  2.        See  Ex.  p.  329. 
ax 

.\   a:  =  «(x  —  1)  -f  I— '^2/.        Euler,  i>.  Art.  62. 
(17).     Let  If  =  —2^  .        See  Ex.  p.  325. 

</X         X*  +  2' 
X* 

.•.  log  z  =  -— ^  +  <py»        Euler,  JS.  Art.  6S. 


r««\       r    ^  d Z        X  Z 

(18).    Let— .=  — , 
ax      ay 

.•.  log  z  «  —: —  +  Aw;  or  if  2  «  r,  when  *  =s  «, 
2ay 
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then  we  have 


Euler,  lb.  Art.  69. 


dz 


,      2      jc*  —  a* 


(19).    Let  if  =  -4-,  or 
dx      X  +  2; 

.*.  •""y(a?  +5f  4-  2)  =  ^yj  or  if  z  s=i  A,  when  jr  «=  ii, 
the  integral  may  be  put  under  the  form 

i  » 

Euler,  iJ^  Art.  70. 


fLf  —  y*  -f  g* 


(«0).    L«t^=2^^:, 


.-.  tan-'5-tan-'f  «tan-»lZj(^=:^^, 

y  y  y*'\-XZ 

or  if  r  =  ^,  when  r  =  «, 

Euler,  J>.  Art.  71. 

V.    Equations  of  the  form 

where  ;»=:-_,  q  ^'T'  and  P,  Q,  iJ  are  quantities  any  how 
involving  the  variables  x,y,z. 

m 

The  following  theorem  of  Lagrange  will  enable  us  to  inte- 
grate a  great  number  of  equations  which  are  included  under 
this  very  general  formula ;  **  if  we  integrate  the  equations 
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Fdx-ddtf-O.  («). 

or  Qdz  -  RdyzzoS 

and  make  the  integral  of  the  first  (a)  =  a,  and  of  the  second 
03)=^,  then  the  complete  integral  of  the  proposed  equation  i* 

6  =  ^  (a), 

where    0    denotes    an   arbitrary    function/'     See  Lacroixy 
Art.  S 14. 

The  succes(s  of  this  method  will  depend  upon  one  at  least 
of  the  equations  (a)  or  (/3),  involving  two  variables  only  :  the 
integral  of  this  will  enable  us  to  exterminate)  if  necessary, 
one  of  the  three  variables  frohi  one  of  the  remaining  equations, 
after  which  it  may  be  integrated  in  the  ordinary  manner. 


::} 


(21).     Let  a/;  +  ^^  =  1  ; 

The  equations  to  integrate  are 

a  dy  —  idof  = 

adz  —     dx 
and  therefore 

ay  —  io:  =  « 

az  —    X  ss  fi. 

Consequently,  since  P  sz  4>  (a\  we  have 


X 


^  =  -  +  0  (a  2/  —  fc  x). 


a 


The  solution  is  the  equation  of  all  cyliudric  surfaces 
whatever  be  the  nature  of  the  base.  Monge,  Application  dt 
P Analyse  i  la  Geometrie,  p.  5. 

(22).     Let  p  =  2£; 


,%    z:=z<l>fU  +  logxY. 

Euler,  Calc.  Integ.  Tom.  III.  Art.  97. 
(23).     Let /?x  +  jry  85  0. 

.*.  2  =  0  T-jl  .        Euler^  B.  Art.  139. 

This  equation  expresses  the  condition  which  is  fulfilled 
by  all  curve  surfaces^  which  are  generated  by  the  motion  of 
a  straight  line^  which  is  always  parallel  to  a  given  plane,  and 
which  always  passes  through  a  given  line  at  right  angles  to 
that  plane.    Monge,  tb.  p.  22. 

(24).  Let  Xp  +  Fjr  =  Z,  where  -T,  Tand  Z  are  func- 
tions of  Xf  y  and  'Z  respectively, 

(25).    Let  Ar>  +  y'y  =  ^^^  "^  ^^ 

^  T  V    xy    / 


(26).     Let/^  +  ^rrrf; 


.-.    z  =  f«0(.r  —  y).         Euler,  IIk  Art.  129. 
(27).     Let  mpx  +  nqy  =  a, 
.'.  z^t.\ogy  +  <p  (^)  .         Euler,  It.  Art.  141. 


(28).     Let  5r=^  -f^; 

2/       ^ 

The  equations  to  integrate  are 

y 

X 


ydx-\-xdy=Of  and  dz-  U  .  dy  =  0. 
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Consequently  xy^s  a^  and  the  second  equation  becomes 

dz-^  ^  ■  y  s=s  0,  which  gives ; 

a 

V.    a;  s=  -^  +  0(jpj/).     Euler,  J*.  Art.  152. 

The  same  process  is  followed  in  most  of  the  examples  which 
follow. 

(29).    Let  px-^qz+yssO; 

sm    *' 


a>*       ^^^5'*^>  =  «  (2/^ +  ;.'). 


(3a).    Letp+^f  =  -» 


z«  =  .»  +  «(|) 


(31).    Let  j/»5-j?y/i  =  ^; 

••.  log  2  +  J^  =  «(f3^). 

(32).     Let  py-^qxsiZi 

.-.  .2  cs(d?  +  J/)  ^  (a:»  -  ^•). 
Euler,  JS.  Art.  195. 

(33).    Let  pix  +y)  +  q{y-x)^7t. 
The  equations  to  integrate  are 

{x  +  y)dy'-'(y  -  x)dx  =  0, 

(x  +  y)  d  z  —  %  d  X  =  Oj 

(y  -^  x)d z  —  z  d  y  =^  0' 
3  K 
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The  first  gives 

tan""  *  -  —  log  V  { JT"  +  y"  J  =  «* 

the  form  of  which  prevents  our  exterminating,  without 
extreme  difficulty,  y  ot  x  from  the  second  or  third  equa- 
tions; make  therefore,  since  the  equations  are  homogeneous^ 

xzst z  and  j/  =  u z ;  the  first  equation  gives  —  =:  —  ,  and 


u 


the  second  —  =: 


consequently,  we  have 

*!£  =_!.«,  or  /•  +  «V=^l±iJ^  =^i  therefore, 

U  t  2* 

2  =  V^(j:»  -hy)«  J  tan-'f  -  log  V(j:*  +y)  J  . 

y 

Eulcr,  R.  Art.  196. 

(34).     Let  /?  (x  -f  y)  —  g  (x  +  y)  =  z. 
By  a  similar  process,  we  find 

2  =:.*+»  <^(x  +  yV     Euler>  lb.  Art.  206. 
(35).    Let  p{x  -  2j^)  -f  5r(2j?-  3^^)  =2; 


/.   z=  -^l-^«  (X  -  3/)*.     Euler,  /*.  Art.  207- 
X  ^  y 

(36).     Let  p  a:  z  +  ^r  2/  z  =  0?  2/ ; 

.-.     z  =  J?^  +  0  f -^  . 

(37).     Let  ^  -  2;  =  («  -  a:)  p  +  (6  -  y)  7  ; 

...   l^^^llLfJ. 
z  —  c  Cz  —  r> 
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The  solution  is  the  general  equation  of  all  conical  sur- 
faces.   Monge,  Applicatiottj , .  .  .p.  10. 

(S8).     Let  {y  -^  b  z)p  —(x  —  az)  q  izbx  -^  ay  \ 

r 

we  hence  get, 

(y  —  bz)dy  -k-  {x  —  a  z)  d  £  zz  0,  (1). 

(y-  bz)dz  -^  (fix  -- ay)dx  =  0,  (2). 

(x-^  az)dz  +  (bx—  a y)dy  =  0,  (3), 

Multiply  (2)  by  a,  and  (S)  by  b,  subtract  the  products, 
divide  by  6  x  —  «  y,  and  we  get 

dz  +  adx  +J)dy  =,  0,  or  z:  -f  a*  4-  *2/  =  a. 

Again,  multiply  (2)  by  x,  and  (3)  by  y,  subtract  the  pro- 
ducts, divide  hy  bx  —  ay,  and  we  have* 

z  dz  +  a  rfx  -h  ^ rf^  =  0,  or  J?*  +  y*  4-  2'  =  /^. 

consequently 

x^  +  y*  +  z^  =:  ip{z  +  ax  -^  by) 

which  is  the  general  equatipn  of  all  surfaces  of  revolution. 
Monge,  lb.  p.  21. 

V.  Partial  differential  equations  containing  four  or  a 
greater  number  of  variables. 

Tlie  principle  and  method  of  integration  employed  for 
equations  of  three  variables^  may  be  readily  extended  to  those 
which  involve  four,  or  a  greater  number  of  variables. 

(S9).     Let    nu  +px  +  qy  =:  az,   where  n  =  -r— ,   and 

du 

In  this  case,  we  have 

II  dx  ^  xdu  =  Of  (1). 

11  dy  —  y  du  =  0,  (2). 

udz—axdu=sO,  (3). 
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from  which  we  get 

^         y     a    ^ 

u  u  u' 

consequently,  since  y  =  0  (a,  ^),  we  have 

(40).    Let  fl/i  +  iry  4.^11  =  0; 

.V  1  S3  0  I  {ex  —  tf  «),  (^y  —  *^)  I  • 

(41).    Let  px  '{'  qy  +  nu:zaz  +  -J^; 

(42).    Let  (j/  +  u)p  ^ix  +  u)q  +  (x  +^)«  =  O; 
/.  a  j:  =:^ tf  w,  J«  as aui 

.'.  dx  -^  dy  ss  i£ ^  di/,  or = -• 

''        X  -\-y  X  +y         y  —  x 

Also  4*  +  dy  +  dM=  5il±if-ii^,  and  therefore 
rft^     ^dx  +dy  +  du  ^  dx  —  rfy 

.*.  (r  —  y)"  (*  4-  y  +  u)  =  a,  and  in  the  same  manner, 

(x  -  !/)•  (a'  +  y  4-  tt)  =  /3,  and  since  rf  2  =  0,   and  z  =  y, 

we  have 

z=:4>\(x-  yYix  +  y  +  m),  (^— «/)'  (r  +  y  +  «)  |  . 
Euler,  iS.  Art  483. 
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(43).    Let  (z +y)ii  +  «p +(2 +m)j=:« +  y; 
.\  z  +  y  -¥  uzz  y*0  {  (^2:  —  I'y),  (xy-^xu)  \  . 
Pacdi,  Elementi  it  Jig.  Vol.  II.  p.  274. 

VL    Equations   in  which  the  diflFerential    coefficients 
p  and  y  exceed  the  first  degree* 

Consider  ^  as  a  function  of  p,  x,  y,  z,  and  substitute  for 

--i-  and  -7S  in  the  equation  of  condition, 
ax        dz 

we  thus  get  a  partial  differential  equation  of  four  variables 
p,  X,  y,  Zy  which  being  integrated  will  furnish  us  with  a 
Talue  of /7,  and  therefore  of  q  in  terms  of  x^  y,  z,  and  an 
arbitrary  constant  a ;  substituting  these  values  of  p  and  q 
in  the  equation  dz  =zpdx  -{•  q  dy^  and  integrating^  we  shall 
find 

from  which  a  may  be  eliminated  by  the  ordinary  processes  of 
the  Differential  Calculus,  when  a  particular  value  of  <p  is 
assigned.    La^nge,  Mem*  de  Berlin.  1774. 

Other  methods  of  solution  have  been  given,  particularly 
by  Euler,  which  though  less  systematic  and  general  than  the 
preceding,  yet  frequendy  lead  to  the  results  in  a  more 
simple 'manner. 

(44).     Let  pq  ss  \, 

Making  -^  =  r/,  and  -r^  =  q',  the  equation  (S)  becomes 
dx  dy 

consequently,        dp  =  0,  and  p  =  a. 
Again,  since  dz  —  pdx  —  qdy  =  0, 
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we  have  dz  -^  adx ^sso, 

a 

and  2  —  ax  —  ^  =  /9  =  0  (a), 

a 

and      j:  —  ?L  +  0'  a  =s  0,    where   d>*a  =z^f^. 
Thus,  if  0  a  =  a,  we  find 

Eukr,  /*.  Art.  83. 

C45).     Let  j»'  -I-  g*  =  1. 
By  making  -y^  ^=  «',  we  get 

consequently  dp  =  0,  p  =  a,  and  the  integral  is  found  by 
eliminating  a  from  the  equations 

Z  —aX  —y\/0  —a*)  —  <l>a  sz  0, 

Euler,  /i.  Art.  90. 

(46).     Let  q  =  xp  -^p^'f 

.•.  ^'  —  (a?  -f-  Qp)p  --  p^n  =  p, 
we  hence  get  y  —  log/?  =  a, 

2  -  ^7;  -  |.  =  ipa=z  (p(y-  log/;) 
and  .1  H- ;;  4-  -  .  0'  (//  -  log  p)  =  0, 
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(47).    Let  q  :=ip^  z;  eliminate  a  from  the  equations 


—  —  -^  —  y  —  00  =  0,  I 


(48).     Let  q^zp^xy^z^ 
consequently 

from  which  we  get  the  equations 

2x2— £  +  (z  +  3/?x)djp  =  0, 

2dz  -- pdxz=.  0; 

putting  — —  for  p  in  the  second  member  of  the  first  equa- 
dx 

tion,  and  dividing  hy^xz,  we  get 

=  0; 


dp      dx       Sdz 


p        2x  z 

.ay. 
.3 


.*•  j9  d^  2*  s  a,  and  q  =  ~-|.  ^  substituting  for  p  and  g  in 

the  equation 

dz  '^pdx  —  qdyssO, 
and  integrating,  we  get 

4  2> 

2  ^  X  +  ^^  -f.  0'  a  =  0. 

The  same  method  of  solution  will  apply  to  any  equation 
of  the  form 


TTfO 

^  «  p»  2r  r  Z,  where  X,  r,  Z, 

are  functions  of  <r,  y,  z,  respectively. 

(49).     Let  z  =s  apq, 

we  hence  get  ag'  -{-  ^p'  +  ll,f/=z  i, 

P*  P 

z 
which  gives  .-  =  a, 

and  S  ^/z yr  —  ^tm  —  A  a  as  O3 

V^o  a 


2  a*      2  a  V« 
Thus^  if  ^  a  =  ^a,  we  get 

2  =  j7  +  il .         Euler,  lb.  Art.  136. 


(50).    Let  y  f  =  a?*/;% 
by  the  common  process,  we  find 

> 

z  •—  o.  log  ar— 2  a  ^/y  —  0  a  =  0, 
log  X  +  2  ^y 
or  2r  =/(logd7  +  Sy/j^). 

This  example  properly  belongs  to  those  given  in  Sect.  IV. 
p.  438. 


-  0  a  =  0,'i 


r.a*.4 


(51).     Let  9  =  ^  ; 


3 


x^ 


a' 


2/-  -  J/'  =  0'«. 
Euler,  76.  Art.  166. 
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(52).    Let  q=lf  +  i; 

y      P 


.'.  z  —  axy  —  -  log «  —  ^  o  =  0, i 

,  °  f 

xy  ^^logy  +tp'a  =0.        \ 


(53.)    Let  p  a:  +  ^^  =  /J  p  9  ; 

ap  -y       ap'-y 
consequendy  — —  yp=:a^ 

also  /  {  dz  ~- pdx  —  qdy  \  =  z  --  xp  -j-f^xdp  —qdy) 
s=z  —  xp,  since  xdp  —  qdy=iO\ 

.\   z  -  xp^<l>  (^  -  yp)  =  0, 

x+(ap^y)<p'QZ  -yp^  =0. 

Euler,  lb.  Art.  139. 

(54).     Let  pqxy=az\ 

.'.   dz  ^  pdx  +  dy ;  make -?— .  =  /• 

and  /  =  —  ; 

-                     ijrfy      udz       u^dx 
we  thus  get        — £  = ; 

.-.  A  \ogy=z^u^z  -  t/Mogx  -/dtt  {  2  V^—  Swlogj:  } 
Make  ^z  —  ti  log  j  =  0'  i/ ; 

3  L 
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•*•  « log  J/  =  2  w ^z  —  1^ .  log  jr  —  2  ^  tt, 

=  m'  log  ir  -f  2  M  ^*  w  —  2  ^  «/^ 
Eulcr,  lb.  Art.  218. 


On  the  Integration  of  Equations  of  Partial  Diffe- 
rentials of  the  Second  and  Higher  Orders. 

I.     Equations  of  the  form, 


dxdy  dx  •       rfx*  rfx 

where  P  and  Q  are  functions  of  x  and  j/. 

•'•   -j^  -fdy{x  +  y)  =  x^  +  L  -f  «'t, 

2  -^ 

where   ^  x  and   -^  y   are  arbitrary   functions    of   x  and   j/ 
respectively. 

(2).    Problem.    To  find  the  volume  of  a  cone  whose 
altitude  is  h  and  the  radius  of  whose  base  is  a. 

Let  z=  tn  ^{x^  -f  y»)  =r  ..  ^{x^  +  y),  be  the  equation 

of  the  cone ;  then  if  u  be  the  volume,  we  have  (Lacrcnx, 
Art.  246.) 

=  r  =  -  V  (x«  +  J/0 ; 


dxdy  a 
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••.  T-  :?A  >/(«   "  ^)  +  7T-  *^g  i ^^^=^^«' C  9 

as  ia  L  X  3 

integrating  between   the    limits    y  zz  ^  ^  {a^  --  x*)  and 
^  =—  ^(/j*—  x") ;   and 

If  =  f  the   integral   being    taken   between   the  limits 

3 

X  :^'{'  a  and  x  =  —  ^ . 

(S}«    Prob.    To  find  the  volume  of  an  ellipsoid,  whose 
equation  is 

rt»        A»        c»  * 

"  d7Ty~    V   V      a'       b*S  ' 
du  _ir  cb  /     _  x*\ 

('■»"■!= V(-S)'»l=-\/(-S)' 

("from-  =+  1  to  f  =:-lV 
\  a  a  / 


2w  a  ic 
u  = 

S 


and  for  the  whole  ellipsoid,  on  both  sides  of  the  plane  of  xy, 
we  have 


^           4t  w  a  be 
Q,  a  zz 


(4).  Prob.  The  axes  of  two  equal  cylinders  intersect 
at  right  angles  ;  to  find  the  volume  of  the  portion  which  is 
common  to  both. 

Let  as*  +  y*  =  a\  and  j*  +  y*  =  tf",  be  the  equations  of 
the  cylinders ; 


d  xdy 
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3 

and  the  whole  volume 

16  a 


3 


(5).  Pbob.  With  the  data  as  above,  to  find  the  sur- 
face of  one  cylinder  which  ii  intercepted  by  the  other. 

If  u  be  the  surface  required,  we  have   ■ 
dxdy      V   t         dl?      dyy       VCo'-y*)* 

7^-^"' r--v/(a»-r)>' 

2«  =  8a% {y=;!;*}- 

(6).  Prob.  Two  paraboloids  of  revolution  have  their  axes 
coincident,  but  the  vertex  of  one  of  them  is  upon  the  base 
of  the  other ;  to  find  the  volume  of  the  portion  which  is 
common  to  both. 

Let  x^  +  y  =  J  2,  be  the  equation  of  the  first  paraboloid^ 
then  a;*  +  J/*  =  a!  (b  —  z),  is  the  equation  of  the  second  ; 

dxdy  a 

du_  (4 x"  +  2  c')    ,     _  f  +  V(^'  -  x')7 

Tx- — Si      ^^'     *^'  l^--v/(^'-x«)i 

,  ^        iaabl 

where  ^   =   -J ;  V 

La  +  a  y 


u  zz 


2  (a  +  aj 


\'--*-:]- 


453 

(7).  Prob.  The  axis  of  a  given  cylinder  passes  through 
the  centre  of  a  given  sphere ;  to  find  the  volume  of  the 
portion  common  to  both. 

Let  a*  +  2/'-l-2i"=^i*  and  x*+j/*=i%  be  the  equations  of 
the  sphere  and  cylinder  respectively  ; 

•••  -^  =  v(^*-^*-A 

dxdy 
ax 

8in~'  \/  < J-  + — tan     '.  ^ ) .. -^ 

.-L__lsm     •-, 

(8).  Prob.  The  axis  of  a  cylinder  bisects  the  radius 
of  a  sphere  at  right  angles,  its  radius  being  one-half  that  of 
the  sphere ;  to  find  the  surface  of  the  sphere  included  within 
the  cylinder. 

If  x^-\-  y*  4-  2^*  =  a%  is  the  equation  of  the  sphere)  then 
;if'  +  ^*  =  c  d?  is  the  equation  of  the  cylinder ; 


d 
d 


«=  ^fl^-2fl^ \x^  ^^J 
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If  similar  portions  be  cut  out  from  all  the  four  quadrants 
of  the  sphere^  the  whole  remainder  will  be  equal  to  twice 
the  square  of  the  diameter  of  the  sphere. 

(9).  Prob.  With  thesame  data  as  above,  to  find  the 
volume  common  to  the  sphere  and  the  cylinder. 

•=  x/(a*  -  a:»  -  f). 


•  • 


dxdy 

d 
d 


-  =  {a-x)^{ax)  +  (a*-.*»)  sin-'  \/— ^  , 
X  V    a  +  J? 


_  4^  w       4  fl'      5     —  4-  a  7 
^^    3     4  ""T"'    i^  ■"  -  a>  ' 

consequently  the  portion  of  the  hemisphere  which   is  not 
included  in  the  cylinder  is  an  algebraical  quantity  and  eqiial 

to  -  of  the  cube  of  the  diameter  of  the  sphere. 

9  '^ 

(10).    Prob.    With  the  same  data  as  above,  to  find  the 
surface  of  the  cylinder,  which  is  included  within  the  sphere. 

Let  $  =  arc  of  the  Jbase  of  the  cylinder 

^dx 

,                           .     ,         a    /*\/(^'  -  ax)dx 
and  u'^.fzds  ^-    I  5iLl- --. 

=^»- {'=r.1. 

or  the  whole  cyliridrical  surface  enveloped  by  the  hemisphere 
is  equal  to  the  square  of  the  diameter  of  the  sphere. 

/t ,  X      T  rf*^         71  dz   ,   m  y      dz  J 

(11.)      Let    - — 7-=-  -3 ^  *^y    niake  ---.=:  v,  and 

dxdy      y  dx       x  dx 

integrate  considering  x  as  constant  ; 
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dz 


dx      (rt—  l)x       ^  ^    ^ 
integrate  again,  considering  y  as  constant 

.-.    Z  =  ——.ylogx-^y''^x+yl/y. 

Euler,  Calc.  Integ.  Tom*  III.  Art.  299. 


(12).     Let^=:^,l^.i£  + 


a 


dxdy      x^'  +  y^'dx      J?* +y' 

i7 


Euler,  a.  Art.  280. 


(13).    Let  ^^  ^^ 


ax 
z  =ilaxs^(x*+y^)  +  ^/3^2/"  l«>g  •  J  ^  -♦-  V(*'  +  9")  i 

Euler,  lb.  Art.  23 1 . 


/i>i\     T   J.  ^z      n    dz         y     dz 
(14).    Let  -r—  =-.---,  make  -—  =  v, 

aar      a:*    oj?  ax 


/.    V  =  a:*  0  j^ 


x"-+-' 


Euler,  lb.  Art.  258. 
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(15).     Let  -y-^  =  «  .  ^^  +  — ; 
dx^       X    dx      xy 

ax       x"  + ' 

2:  =  — 


Euler,  lb.  Art.  259. 


=  —  —  + <Py  -^  i^y- 


(16).     Let  ^  =  .  11  +  _  ; 

ax*      x*  +  y*    ax      ay 


Euler.  3,  Art.  260. 


•    (11).     Partial  differential  equations  ofthe  form 

^  4.  p    ^'^     4.  0—=  iC 

or   r  +  Ps  -\-  Qt  zz  R, 

where   r  =:  - — ,   s  =  -, — ?-  .   /  =  -^ .   and  where  P,  Q, 

i?   are  functions  of  x,  ^,  2,  jp,  q. 

The  following  process  of  solution,  first  given  by  Monge, 
is  of  very  general  application  :  Form  the  two  systems  of 
equations, 

d  y  —  k  dx  =  0 

kdp  +  Qdq  —  Rkdx  =  Oy 

dy  —  k'  dx  =  0 

k  dp-\-  Q^dq-  Rh'dx  =0, 
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wKere  i  and  V  are  the  roots  of  the  equation 

*•  -  Pi  +  2=0:        (7). 

if  from  either  of  the  two  systemB  (a)  or  (^)  we  can  deducB 
either  separately  or  by  adding  any  multiple  of  one  to  any 
multiple  of  the  other,  two  primitive  equations  M^a  and 
Nssb,  then  N=:<p{M),  will  be  a  first  integral  of  the  proposed 
equation ;  the  integral  of  this  equation  of  the  first  order, 
determined  by  the  ordinary  processes,  will  be  the  second  or 
complete  Integral  required. 

This  determination,  however,  of  the  second  integral  from 
the  first,  frequently  presents  great  difficulties,  in  consequence 
t>f  its  involving  an  arbitrary  function  of  the  integral  of  the 
first  equation  in  the  systems  (a)  or  (J3)-,  it  is  generally 
therefore  more  convenient,  to  determine,  when  possible, 
another  first  integral  JV'  =  0^  (M^)*  from  the  second  of  the' 
two  systems  (a)  or  (/3) ;  we  shall  thus  be  enabled  to  eliminate 
pot  q  from  the  tw:o  equations  N=  ^ {M\  and  N'  =  0, {M,') 
and  the  resulting  equation  involving  only  one  differential 
coefficient,  may  be  integrated  in  the  same  manner  as  the 
Examples  given  in  the  last  Section. 

(17).     Let  — ^=r*-r-'^,  or  r  — r^/=t). 

The  system  of  equations  (a)  and  (/9),  become 
d  y  "  €  d  X  zz^ 


::) 


dp  —  cdq 


-f-  cdx  =  0^ 
-^  cdq  =iO) 


dy  -f-  cdx  =  0 
dp 


From  system  (a),  we  get  y  —  ex  zza  and  p  —  cq  zzb^ 
,%  /?  —  <rgr  =  fp{y  -  c x\  (1). 


5  M 
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From  system  (/3),  we  get  y  +  ex  =  </,  zndp  +  eq  =  h', 

.-.  p  ■¥  cq  =:  yj^iy  -\-  c  x)  (2). 

Eliminating  q  from  (1)  and  (€),  we  get 

.•.    2  =  0j  (y  —  ^a:)  4-  v^iCv  +  ex). 

*         •     •  • 

This  differential  equation  is  that  which  occurs  in  th^ 
solution  of  the  problem  of  vibrating  chords,  and  was  first 
integrated  by  D'Alembert  in  the  Berlin  Acts  for  174-7,  by 
a  process  extremely  different  from  the  preceding,  but  very 
simple  and  elegant-  The  same  equation  was  afterwards  inte- 
grated in  a  different  manner  by  Euler,  who  maintained  that 
the  arbitrary  functions  which  it  involves,  might  be  dis- 
cohtimxous  ;  contrary  to  the  opinion  of  D'Alembert':  this 
circumstance  gave  rise  to  a '  controversy  between  these  two 
illustrious  analysts,  which  was  finally  decided  by  Lagrange 
in  favour  of  the  opinion  of  Euler,  in  a  masterly  discussion  of 
the  problem  in  the  Mtmoires  de  Turin  for  1759. 


(18>     Let  r  —  c^t  =i  xy. 
From  system  (o)  jt?— ^  5-  -  -  a:'  i/  +  -  r  x*=  0  (j/— ^  x\ 

'for       fR  dx  •=./  xy  dxzz  -  x^y /x'^dy 

^  -it 

Also,  by  system  (/?), 


(1). 
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11  1  ' 

and  ;?  =  2 a'j/  +  0»  (j^  —  ^ x)  +  ^^liy  -^  c  x). 


(19).     Let  r  +  (a -i- b)s  +  abt  := — —t 

'^        (l+tf)(l+*)(.2  *      "'       *^        * 

-  <^±i±i^  .£}  +  — f_ .  ('xj,-  li!^  log  (i±y) 

+  01 0/  -*  tf  x)  +  >^.  (y  -  *  X). 


2  a  /I* 

(20).     Let  r  -  I— J  +  --  f  =  0. 


In  this  case  4  =  -  -7  =  ^'  ^^<1  ^^^  ^^o  systems  (a)  and  (/S) 
become  identical :   they  are 

d 


.'•    bp-^aq=i(p{aX'\-by). 

This  equation  must  be  solved  by  the  process  in  Sect.  V. 
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p.  438.  as  we  have  no  means  of  deducing  a  lecond  equation 
of  the  first  order,  as  in  the  last  examples ;  consequently 

adx  +  hdy  zz  0,  and  dx<p(ax  -f-  by)  —  bdz  =  0^ 

.*.  ax  +  ty  =^  a  and  dxtpa  -  bd%  =sO, 

or  X ip a  — *d;z:=:>^a, 

or  z  ^  X  <p^(a X  +  ^ y)  +  >^» (a x  ^  bi/). 
Monge,   Application^ ....  p.  64. 


(21).     Let  r  +  ^s  +'?Le  =0; 

•         X  x^ 

}.  dy  ^tdx  ss:  0 

X 
dp  J^tdq  «  0 


(«X 


and 


.•.  f  =  tf,  and  /  -f  a  ^  =/  +  2^j  =  ^  T^JI  ^ 
and  in  the  same  manner  as  in  Example  20^  we  find 

Monge,  Jpplicaiiotij  p.  75.    Lagrange,  Jliifiw.  rf^f  Berlin.  17T4» 
p.  273. 

(22).     Let  r  —  ?f  J"  -f  ?-  ^  =  O. 


.'.    //?/  -f  -rfx  =  0,  or  rfr  =  0^  and  .'.  a  =  ar, 

dp  —S dq  ss:  Oy  or  -  =  0(2), 
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and  98  in  Example  2 1^  we  find 

«  =  >/r  {  X  0  (jk)  +  1/  }     OT  y  =  yly,(z)  -^-Xip,  (z). 

(23).     Let   r  ^  /  +  JLL^  =  0, 

.%   dy  —  rfx  =  0  'J 

dp  -  J^  +  — il  Jj:  =  OA 
^       A-  +  y  3 

Jy  4-  Jot  =  0 


J/7 


OS). 


consequently^  y-^x^a  and  the  second  equation  of  sjrstem  (a) 
becomes 

,          ,      ,    4pdx        - 
dp  '^  aq  -}-  — 1- =  0, 

from  which  subtracting 

we  get 

(2^  —  tf)  (dp  —  Jy)  +  (2/;  —  2^)Jy  +  2dz=:0, 

«,d   ...p-,  +  -ll.  =  *(»Ill),  (1). 

'^'^^.y  X  +  y 

From  this  equation  we  get 

iy^-dx^  0,  and  dz  -  ('i?_=Li(|LZ^>)  rf v  =  0, 

or  ^  +  jr  =  *,  . 

and  therefore      dz ^--^  =  -^^  (2  y  -  ^), 

ft  b 
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and  z  =  i'^[yl.{b)^  ^^^/r'^dy<l>{2y^b)] 

where  b  zz  x  +  y. 

If  we  had  proceeded  with  the  system  (/?),  we  should  have 
got  X  +  ^r  =  ^ 

and  dp  •{-  do  -     ^    ^  =  0, 

b 

which  cannot  be  integrated. 

The  differential  equation  in  this  Example  admits  but  of 
one  first  integral^  a  circumstance  of  frequent  occurrence  and 
which  may  have  been  reniarked  in  Example  21.;  it  arises 
from  the  form  of  the  primitive  equation  which  admits  of  the 
elimination  of  one  of  the  arbitrary  functions  only,  by  com- 
bining it  with  the  derivative  equations  involving  differential 
coefficients  of  the  first  order ;  thus  the  process  in  question 
will  enable  us  to  eliminate  \/^  {Jc  -f ^)  from  the  complete  inte^ 
gral  of  the  preceding  equation,  but  not  the  other  arbitrary 
function  ^  (i/  —  x). 

In  some  cases,  indeed,  we  can  eliminate  neither  of  the 
arbitrary  functions,  without  proceeding  to  derivative  equations 
involving  differential  coefficients  of  higher  orders  than  the 
first  and  therefore  the  partial  differential  equation  of  the 
second  order,  will  admit  of  no  first  integral  whatever ;  an 
example  of  this  may  be  seen  in  ^he  equation 

whose  complete  integral  is 

.    Z  =Z<l>{lJ   ■{-  X)   -h   ^kiI/  -  ^0  -  ^^^  {  0'  (1/  +  ^«0   -    V^'  0/  —  ^i)  }   . 

See  Paoli,  Elementi  d'Alg.  Tom.  II.  p.  293. 

(24).     Let  S'\'ap'\'Oq+abz:^  F,  where  F  =^J\x,  ij). 


463 

dz 
Make  -r—  +  a  z  =  u,  which  gives 

dy 

dv  ^     d*  z      ,^^2_ 
dx       dxdy        dx 

and  Y-  bv  ss  F; 

dx 

by  the  method  in  p.  329,  we  get 

V  =  t—^'  ft^'  Vd X  =  —  •\i  az\ 

dy 

and  repeating  the  same  process^  we  get 

z  3=  t—'^<px  4-  i""*'>^y  +  t-""^-^' f  e^ dy  f  t^'  V dx. 
Euler,  i».  Art.  292. 

(25).     Let/+ep  +  ^y  +  fi,  =  r, 
where  T  =/(x,  y). 
Make  —Arlz^v, 

^y    y 

which  gives  —  +     v  :=.  V  \ 

dx       X 

consequently 

z  =  j?~*2/-*  {  0jr  +  >^t/  •\-fy''dyfx^Vdx  \  . 
Euler.  /A.  Art.  293. 

The  same  method  is  obviously  applicable  to  the  equation* 

and       ^  +  P;'  +  e?  +  rPQ  +  ^)z  =  r, 
where  P,  Q  a"<l  ^  >re  functions  of  x  and  i/. 
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Laplace  in  the  Mitnoires  dc  PAcadetnie  for    l77S,  ha« 
shewn  how  to  reduce  other  cases  of  the  equation 

s-^  Pp^  dq-^Rz^V,  (2). 

in  which  R  is  not  =  P<2  +  ^,  or  PQ  +  fi,  to  sinular 
equations,  in  which  that  condition  is  satisfied ;  the  method 
consists  in  assuming  —  +  P  :2  =  v,  when  the  equation  (2) 

becomes 

^4rQi^^<^t^r.  (3). 

From  this  we  get  values  of  %  and  of  «;^ ,  which  substituted 

dy 

dz 
in  the  equation  ---  +  P  z  =  t?,  give  us  the  equation 

dy 
d^v      .    Tk  dv  .    ^dv 


+  p-"  +  QZl  +  R,F^F„ 


dx  dy  dx  dy 

d  P 
which  if  U,  =  Pj  Q  4-  -r-^  >  may  be  integrated  in  the  same 

dx 

0 

manner  as  the  two  last  examples ;  if  not,  the  same  process 
must  be  repeated,  and  if  the  equation  be  integrable,  we  shall 
finally  get  an  equation  in  which  this  essential  condition  is 
satisfied.  We  shall  thus  get  a  value  of  v  involving  two 
arbitrary  functions:  the  value  of  z  is  easily  derived  from 
equation  (3),  at  least  when  the  condition  is  satisfied  after  the 
second  operation ;  the  method  of  determining  z  will  easily 
suggest  itself  when  a  greater  number  of  operations  arc 
required. 

(26).     Let  s  -f p  + q  +  ^ .- z^O- 
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Make  -j-  + »  v,  and  we  get 

ay      x  +  y 

il  +  J^  +  (•LlJJZ^iz  =  0; 
dx      X  ^  y  (x  -^  yy 

...   ^«fiill)\^  +  *i^«,  where  4  =  a  +  «  -  *, 
A        dx  A 

dy  ^      A       dxdy  A      '  dx  A     *  dy      A* 

dz . 
consequently  substituting  these  values  of  z  and  ^    In 

^  ^   .     ^  «    ^  n  «.,j  j:„:j:^«  u,,  ('^  +  y)'     -„.  find 


we 


-1—  +  •  as  0,  and  dividing  by  - — ^ 

dy       x  +  y  ^    ^       A 

dxdy       x+j/'31r      ^+y*dy  {x  +  yf 

Make  ^%  (iLll^  =  «, 
rfjf        j:  +  3 

and  we  get  -7-  + ^  =  0 ; 

ax       1^+y 

/     .     V-.*  I  rfv  ,     fl  4-2) 

andz=<^±y^,.ll  +  *JL±iJ. 
tf  +  2— *    dx      a+2— 6 

a  +  2—  ^ 
which  becomes,  when  a  =  ^ 

*  =  ^^-±|lr_:  {  F'{x)  +0'^  {  -  (x  +  y)— »(i^j:  +  f  y5r. 

3  N 
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The  equation 

Rr+Ss  +  Tt  +  Pp-hQ^q  +  Nz^^F, 

where  iJ,  5,  T,  P,  g*  ^f  ^^^  ^>  ^^^  functions  of  x  and  y, 
may  always  be  reduced  to  the  form 

by  considering  x  and  y  as  functions  of  two  new  yariable$| 
u  and  Vi  to  be  determined  from  general  or  particular  integrals 
of  the  equations^ 

du  =  -=-  (c?3/  +  hdx\  and  dv  =  -j-idy  +  V  dx), 
dy  dy 

where  k  and  A:'  are  toots  of  the  equation 

Ep  +  si  +  r  =  o. 

In  determining  particular  values  of  u  and  Vy  we  must 

du         d  7) 
consider  —  and  -—  as  the  most  simple  multipliers  necessary 

to  render  dy  -h  kdx  and  dy  +  k' dx  complete  differentials; 
thus^  if  k  or  k'  be  constant  quantities  or  functions  of  x  alone, 

-—  and  •-—  are  each  equal  to  unity  ;  if  A;  =  ^  and  i'=  —  -?[, 
dy         dy  .  x  x 

then  --—  =  X  and  —  =  -  ,  and  so  on  for  other  cases. 
dy  dy       X 

As  this  transformation  is  of  great  and  frequent  use,  it 
may  be  convenient  to  observe,  that  if 


d^z 
du' 

d*z 
dudv 

= 

s', 

d'z 
dv"" 

=  ^ 

dz 
du 

=>', 

dt 
dv 

~ 

4> 

d  u 
dy 

dv 

= 

n\ 

du 

— .  _       • 

d  X 

=  w, 

and 

dv  _ 
dx 

m; 

we  have 
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p  =:  !«//  +  mqy 
q-^np'  +  nf  q'i 

ax  dx 

szzimnr'  ^-imW  Arnin)J  -^  m' ti  t'  ^  ^-^  p'  +4^'?', 

dy  ^         dy 

dy^         dy 
(27).     Let  r  —  a^t  +  2abp  ^  9,aPq  =  0. 

In  this  case,  i  =  /i,  and  4'=  —  ^  :   making  -=—  =  1  as  -—-  , 

we  have 

du  :=:  dy  ^  adx,  and  dv  =  c/y  ^  ad x, 
particular  integrals  of  which  are 

u  ^y  -h  ax,  and  v  =  y  —  ax; 
••.  r  zza*/  ^  2aW  +  a*  f 

t  =  r  +2/  -¥  i 
p  znap'  —  aq\  and  q  kz  p'  •{•  q  ^ 

consequently  the  equation  becomes 

-  4flV  +  ^a^hp  =6, 

or  ^ — -—  =  0, 

dudv        du 

* 

du 
and  2  =  €*^  {  >/^  «  +  0  u  { 


~  c*(y-«') 


\  ^  iy  +  a  x)  +  ^(y  ^  a  x)  ]  . 


Euler,  iJ.  Art.  316. 


a  .   fl* 


(28).     Let  r  -  fl"  /  +  -  .  r  H-  -  .  y  =  0. 

2/  !/ 
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By  the  same  process  we  find 

d^  z  1        dt 


=  0, 


dudv      f/  +  V    du 
/.  z  m  {u  -i-  v)yy  u  —  >/r  m  -f  0v 

Euler,  Ih.  Art-  317. 


(£9).     Letr-^./  =  0. 


In  this  case  il  =  l( ,  ifiz—U^ 

X  X 


.•.   u  ^  xy,  and  v  =  ?i; 

^  X*  X*  «' 

«  rr  x'  r'  H-  2  /  +  ^  .  <', 


consequently 


d*  z    _    1     ^_  Q 


du  dv      2  u   dv 


.-.   ;2=:  V(xy)0  0)  -f  >/^(xy). 


Euler,  Jb.  Art.  307. 

(30).     Let   r  -^^t  +  -  .  p .5^=0. 
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In  the  same  manner  as  in  the  last  Example,  we  find 

Euler^  lb.  Art.  318. 

(31).     To  integrate  the  equation 

d^Z      ^       a       dz    ^       a       dz    .        b  Z  ^ 

— -      ^      I  ■!  J"        '  I'  «         »      -r-  I  ^J2    Ob 

dxdy       X  +  y  dx       x  +  ^  dy      (x -f  y)* 

by  a  series^  and  to  assign  the  values  of  b  which  make  that 
series  terminate. 

It  is  evident,  that  x  and  ^  must  be  similarly  involved  in 
the  integral,  the  form  of  which  may  be  conjectured  from  the 
result  given  in  Eic.  26  :  we  may  assume,  therefore, 

t  =  il(jr  +  yf(/x  +  Fy)'\'  B{x  +  y)''^^ifx  +  F'y) 

+  C{x  +  y)''^^(f[x  -h  F"y)  +  &c. 

or,  for  greater  simplicity,  omitting  the  functions  of  y  in  this 
assumption  and  replacing  them  after  the  determination  of 
A,  B,  Cf  D,  &c.  we  have 

X  X   i  1  X    I  ^ 

z  =  ^(jr+j/)  /^  +  B(x-|-j/)      f'X'^C(X'\-y)     /'x  +  ficc.; 

and  substituting  for  z,  — ,  — ,  -^ — —  in  the  equation, 
we  get 

0=*^(j?  +  y)  /j+^5(^+y)      fx-bbCix+y)     fx  +  Bcc 
-f2aA^  -fa^  -fflJB 

4-A(x-l)^       +2fl(x  +  l)if       +Stf(x+2)C 

+  A.rf  4.(A  +  l)jB 

+  (A  -f  1)  A  B  +  (A  +  2)(A  -h  1)  C, 
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we  from  hence  get 

2(a+\)  2    ' 

3  (2  tf +  2\+2)       2«  .  2  .  3  (2  i-  1)  ' 

4  (2  a  +2  X  +  3)      2' .  2  .  3 .  4 .  (2  I  - 1 )  (2  I  -  3)  ' 

p  ^  ^(.>  +  x+4)Z)  ^  -  (i~3)(i-4y^  . 

5(2fl  +  2x  +  4)      2*.3.4.5.(2/-l)(2/-3) 

The  series  must  terminate  whenever  a+x.  +  iias«  —  f, 
is  a  whole  number^  n  being  the  denomination  of  the  last 
term  but  one  in  the  series  ;  the  constant  A  may  be  included 
in  the  arbitrary  functions  of  x  and  y. 

Thus  let  X  =  —  a;  it  is  evident  from  the  formation  of  the 
series,  that  J?  =  0,  C=  0,  &c. 

Let  X  =  —  flf  —  2,  and  therefore  ^  =  (^  +  2)  (^j  —  3) ;   then 

m 

The  series  will  terminate,  whenever 
If  ^  =  0,  the  equation  becomes 

S     -f    ; p     -f     q    =    0, 
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and  we  must  have  a=—i,  or  a  =  i  +  I,  or  any  positive  or 
negative  whole  number,  and  therefore,  \=0,  or  A  =  —  2«—  1 : 
in  the  first  case  the  integral  is 

z  =/(*)  +  Fiy)  -l(x  +  y){f'x  +  F'y) 

and  in  the  second  we  have  (x  +  yf*  "** '  ^  equal  to  the  same 
series.    Euler,  lb.  Art.  322. 

(S2).     Let  ^  -  ^^  .  ;^  +  2Ji.^  =  0. 
dx^       b^    dy*         X     dx 

If  we  transform  this  equation  by  the  method  given  in 
page  466»  we  shall  find 

i«  =  -  a:  +  — i ,  and  v  =  -  a;  —  — ^^ ,  so  that  w  +  r  =r  x : 

the  transformed  equation  is 

d!^z      .      m       dz          tn       dz_ 
-f-  — . —  ,  — •  -f-  — . —  • {j^ 


dudv      u  +  V   du      w  4- V   dv 

< 

which  may  be  integrated  whenever  m  is  an  integer. 
Thus,  if  w  =  —  1,  we  have ' 

If  ms5  2,  we  have 

Euler,  3.  Art.  343. 
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(33).     Let^  =  ^.a.    — ^-^. 

Transforming  the  equation^  as  In  the  last  Example^  we 
shall  find 

1  --i—  by 

u  zz-^  X     Swi-l  + i , 

2  2(2w— l)a 


and  '      v  =.  -  J?    2m  — 1  — 


1       -5-i-F  *2/ 

^   in        Q  MI  — .  1    __^ ^  ^ 


«  2(2i«-l)a 


> 


$0  that  u  +  V  =^  X    ««-i;  the  original  equation  becomes 

d^ z      .       m       dz   .      m       dz      ^ 

-\ : —  •  -, r  .  -T—  ss  0. 


dudv      w  +  v    du      u '\- V    dv 
If  m=0,  we  have  «/  =  -  x ^  ,  and*  «  =  -,«-*-  ~ , 

and  «  =/(tf *  -f  *2/)  +  Fiax  —  by). 

If  m  =  —  1 ,  we  have  m  =  -  xi  —  --^ , 

2  6a 

and  "^  =  ::  -^^  +'  tt-  * 

2  Ofl 

If  m  =  3,  we  have  «  =  -  x ""  i  H ^  • 

'  2  10  a 

V  =  -  x~~ i  —  — ^ ,  and 
2  10a 

*   .-.    z  =z  x(fu  -f  iJ'v)  -  ?  x^(/'i*  +  Fv) 

+  JL.,x*(/"f/  +  f  r). 
4.3  ^^ 
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This  equation  is  evidently  analogous  to  that  of  Riccati, 
and  integrable  under  the  same  circumstances.  Euler,  3. 
Art.  345. 

(34.).     Let  „  =  fl*  _:  +  ^^^  • 
^  dl?  df         !/• 

Make  wny-k-  ax^  vszy  —  aTf  and  the  equation  becomes 

d*z  bz 


dudv      (w  +  t?y 


=  0, 


this  becomes  a  case  of  the  equation  in  Ex.  SI,  when  a  zzO^ 
and  is  integrable  in  finite  terms^  whenever 

6=~i(i  +  l). 
Thus  let'  i  =  1,  and  therefore  ^  =:  —  2  ;  then 

2=^  \f(y  +  «JP)  +  F(y  -ax)  I 
Euler,  lb.  Art.  333. 

«        •      • 

d^z  .   " 

(35).     Let  - — -—  =:  a  z  I  2,  particular  integral  of  this 

a  xdy 
equation  may  be  found,  by  making 

z^%    r, 

d^  Z  a  xd±  ax  V 

^  s=  a  I      — - —  =  iJ  I        /, 


dxdy  dy 

/.    ..^—ssady,     z  =  •**,  and  2  =  i         «, 
or  more  generally 

jr  =  -4i         «  4-  ^«         ^  +  Cr        >   +  &c. 

3  o 
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where  A^  a,  Bf  /5,  C,  7s  &c.  are  arbitrary  constants.    Or  if 
mn  s  tfj  mf  n*  :=  a,  &€»  we  have  also 

z  zs  Asin  (mx  —  ny)  +  B sin  (m'«  -  n'y) 

+  Csin(iw"x  -  W'y)  +  &c. 

z  ts  Acos(mx  -  « y)  +  Bcos(/»^x  --  n  y) 

+  C  coa(fli"*  -  n"y)  +  &c. 
Euler^  lb.  Art.  282. 

(36).    Let  ^^  =  «?;?.     MAe^=:kzi 
ax'  ax     * 

,    d*  z       ,    dz       ,-  , 

•   d?='^Ts  =  ^''^        r.k=a,ot-a, 

and  z  =  c^^y  +  e"-*'>/ry, 

rfjT*  dx*dy  dxdy*  dy* 

where  w^>  B,  C>  D  are  constant  quantities. 

If  i,  k^,  k^j  are  roots  of  the  equation 

Ai?  +  C*»  +  C*  +  D  =  0, 
then 

z  =  0(3/  +  *x)  +  0.(y  +  ft|.t)  +  0.(y  +  *^*). 
Euler,  lb.  Art.  42 1 . 

(38).     Let  ^- («.»  +  *)    ^"^ 


dx*  dx^dy 

dxdy^  atf 

In  this  case^  k^  :=:  b,  k  zz  ii  ::z  a, 

.•.  z  =i  yf^  (tf  +  fl  jr)  +  T  >/^i  (y  -f  a  r)  +  0  (y  +  ^ 2). 
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(S9).    ^«tTT3""^^X-T-7-+ ^* 'T~T-i""^S-3=^• 
Therefore  i  =  A,  ==  i,  =  <i, 
and       z  =i  y}/  (y+ax)  +  x  ^i (y  +  jt)  +  x*  \l/^(y  +  a  x). 

(40).     I^t  —:=a^z^        Make  4-^  «  i  z  ; 
flf  2*  dx 

consequently  it  =a,   ^^ a,     -LI ia^ 

and 

Euler.  lb.  Art.  395. 

(41).    Let— -,+*-——- 2/1^ -/ii_+a*;r=:0, 
ax'         dxdy  dx  dy 

Make  «  =  €*'  v ;  after  the  proper  substitutions  and  dividing 
by  «•%  we  get 

d^v       ,    d*v    _ 
d  x^  dxdy 

,'.    z  -  €"  \<f>(y^ax)  -^  yfry  I . 
Euler,  lb.  Art.  403. 

(42).     Let(a-f  2i)a^r2a+3ft)i^  +  r.^Lf  +tf^ 

dx  dy         dx* 

d*z      ,    id^z    ,  d*z 

—  2tf  .T — y—  •♦-  ^  J--  +  c   ,      ■■■  . 
dxdy         dxr  dx*ay 

Make  z  ss  €*  v^  and  proceeding  as  in  the  last  Examplei  we 
get 
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Making  --^  =  u^  and  integrating,  we  get 


c 


9 


u  ss  €  <fl'  {c  X  -^  b  y)y 


y 


and  z=z€'{€  <l>(cx -^by)  +  x<p^y -k- 4>^y\ 

Euler,  3.  Art.  404. 


>,   or  r  /  —  /•  =  0  j 


(43).    Let  -—  .  - —  —  I  z — T~  1=0 

let  -  =  -  =  V,  or  r  =  v  /•  x  =  v  / ; 

.\   dp^rdx'^sdy=v(sdx'^tdy)=svdqi 

.-.  /7  =  0(^); 

and  the  complete  integral  is  found  by  eliminating  a  from  the 
equations. 


X  —  \l^azz(z  —  fl)\fr'tf  ) 


This  is  the  equation  of  all  curve  surfaces,  which  admit  of 
developement,  or  which  can  be  spread  flat  upon  a  plane 
without  tearing  or  doubling  ;  of  this  kind  are  all  cylindrical 
and  conical  surfaces.     Monge,  Application. .  .  .p.  82. 

(44).     Let  r'  -  <'  =  r  /  -  A 

M2Lke  q:=:<p(p),     s  iz  r  <l>\p\    t=s  <t>' (p)-r  \  ^' (p)  \''y 
...    r^  -.  ^'  =  r*  J  1  _  ^'pf  }  =  0  ; 

by  last  Example 

/.    <p' p  =z  \^    and   q  =sp  -\-  c, 

where  c  is  an  arbitrary  constant ;  the  integral  of  this  equation 
gives 

Z    -    C  X    =   v//  (l    +    7/j, 
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a  jMtrticuldr  integral  of  the  original  equation,  inVolTing  only 
one  arbitrary  function. 

This  method  of  solution  applies  to  all  equations  of  the  form 

P=(r/-/«)»(2, 

where  P  is  a  function  ofp^  q,  r,  s,  ty  homogeneous  with  respect 
to  r,  Sy  and  / ;  n  any  positive  number,  whole  or  fractional,  and 
Q  any  function  whatever  of  x,  y,  z,p,  q,  r,  /,  /,  &c.  which 
does  not  become  infinite  when  r  /  —  x*  =  0 ;  it  was  given  by 
Poisson  in  the  Correspondance  sur  TEcole  Polytichnique.  Vol.  11. 
p.  410* 

(45).     Let  t'\'9.ps  +  (p^--a^)  r=0;    in  this  case  <2=0. 

or  d q^  +  2p d pd q '\-(p' ^a") d p^szO, 
/.    dq  =  — (pzta) dp, 

and  therefore  j'  +  5  P*  ±  fl/?  =  o 

consequently  by  the  method  given  in  p.  445,  we  find 

z  -px-^(c±ap—^p')y  +  yifp 

0  =  x±ay-py  +  ylr' p, 

which  is  a  particular  integral  of  the  equation.  This  equation 
expresses  accurately  the  law  of  the  propagation  of  sound  in 
an  horizontal  cylindrical  canal,  when  the  vibrations  of  the  air 
are  not  considered  as  infinitely  small  and  when  the  tempera- 
ture is  constant.     Poisson,  lb. 

(46).     Let  (1  4-9')r-.  2/;5r/  +  (l  4.;,»)^  =  0; 
in  the  same  manner,  we  get 
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and  therefore 

which  is  z  particular  solution.  Lagrange^  Metimres  de  Berlin* 
1774.  p.  199.     Calcul  des  Fonciions.  Ligon  14. 

(2).    Take  ^'  «  sin  (2  y  +  c\  the  complete  integral  of 
xdx 


dy^ 


dU  ,^  v^  ^.  ir3«r 

—  =  cos  (2y  +  tf)  =  0,  or  2  J/  +  tf  as  g  or  — 


the  first  gives  1  —  ^*=:  0,  and  the  second  1  +  x*=:  6^  both  of 
which  zxe  particular  solutions. 

(3).    Take  Ex.  67.  p.  345,  whose  complete  integral  is 
>/ jr  ±  >/  y  =  (^  —  y)  v^(C  +  u)y  where 
u  =ze(x  +  y)  +f{x  +  y)». 
Exterminating  the  radicals,  we  find 

J  jr 

and  therefore  —--  = —  2  C  —  2  m  =  0,  or  C  =  —  u, 

a  C 

consequently  JT—  y  =  0,  is  z particular  solution.  W^must 
except  the  case,  when  ^  =  0,  andy*=0,  as  in  Ex.  68.  p.  347, 
when  the  integral  appears  under  a  di£Ferent  form,  but  of 
which  X  —  y  =  0  is  a  particular  solution,  where  C  = 
—  2  ft  (a:  +  y)  —  r  (j:  +  J/)" :  and  also  that  in  which  two  pairs  of 
roots,  or  the  four  roots  of  JST  z=  0,  and  7"  =  0,  are  equal  to 
each  other  as  in  Ex.  7 1.  of  which  the  integral  involves  no 
radical,  and  only  the  first  power  of  C,  and  consequently  admits 
not  of  a  particular  solution.  Lagrange,  Menmres  de  Berlin, 
1773.  p. 206. 
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(4).     Let  V  —  /sr  r  -  i  a*  {c  -  of  -^  ^  {c  -  aY  zz  0, 

be  the  complete  integral  of 

1  '  b^ 

y  -  fl  X  -  -  a:  (p  -  a)  +  ^-^.  (p  —  a)»  =  0, 

4^  =  -  i:»(r  -  fl)  +  *•(.:  -  a)»=  0, 
ac 

an   equation   which   is  satisfied  by   making   r  -  /i  =r  0,   or 

the  first  gives  z  particular  integral, 

y  —  a  X  zz  0  ; 
the  second  gives  a  particular  solution,  which  is 

X* 

II  ^  ax z=  O. 

(5).    Let  /?•  -\-b^-\-bx-\'-a  i*— ^=0z=J7,  be  the  com- 
plete  integral  of  the  equation  of  the  second  order  and  degree 

*         rfx       2      dx*       \dx         dx*/         dx* 
or  y  —  xp  -\'  "  X*  q  --  {p  —  x  q)^  —  q^  zi  0. 

Let  if  U  denote  the  differential  of  U,  considering  a  and  b 
as  varitible,  and  ^  as  a  function  of  a  ;  then  we  have 


^  -(ax+  ft)-jt^=0, 
ax 


da        Q  da 

-j-zzx  4-_  =0,  or  — =  -  ar, 
dxda  da  da 

3  P  • 


^—^ ■ =  ax  s/i  I  +  ^) 
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a  variable  quantity ;  eliminating  a,  /?,  and  -—  from  equations 

da 

Tl         r.      dU         ^      d'U         ^  ,     diU         ^ 

U  =  0,    -T-  =  0,   -J-  =  0,  and  — -^  =  0, 
dx  da  dficaa 

we  get 

by  solving  this  equation  (a),  with  respect  to  --2. ,  we  shall 

d  X 

readily  reduce  it  to  the  form, 
4  d 

and 

.-.  -v/(16i/-f4j?»+j;*)=j:V(l+a:*)  +  log{a^  +  V(l+J?'')}+C, 

z  particular  solution  of  the  differential  equation  of  the  second 
order,  involving  only  one  arbitrary  constant.  Lagrangei 
Calcul  des  FonctionSy  Legon  1 4? . 

(6).     Let^  {jp~(T-l)/>  l^  +  pi'-— -  j/==0  =  ^fl) 
and 

be  the  two  first  integrals  of  the  equation 

y   -  pX  +  tJ.-    {^_(jj^l)yp  =  0. 

In  the  first  place,  taking  equation  (1),  we  find 

and  eliminating  ^  from   U  =  0,  and  - —  =  0,  we  get 

d  b 

{x--  lyy  +  ~^ll{x  ^  1)  {X  -  2)=:0  : 
•         16         2 


> 
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if  this  be   reduced  to  the  form 

,         9,y(T  —  l)dx^ x^  d  x 

-  ^  x{x  "  2)"^  ""  8(j:-l)(.r  — 2) 

and  integrated  (see  p.  320.)  we  get 

a  particular  solution  of  the  given  equation. 

If  we  proceed  with  the  second  equation  (2),  we  find 

da        9.         ^       X''  x"  ' 

and  substituting  the  value  of  a  deduced  from  hence  in  equa- 
tion (£)  or  i7j  =  0,  we  get 

(jP  -  xy-^  +  fl  -  P^ix  -  1)  (1^  ^  2)  =  0, 
^        1()        2  ^  ^ 

the  same  result^  as  deduced  from  the  first  equation;  this 
confirms  the  remark  of  Lagrange *j  that  it  is  indifferent  from 
which  of  the  two  first  integrals  of  an  equation  of  the  second 
order,  the  particular  solution  is  derived,  as  it  is  in  both  cases 
the  same. 

II.  Given  the  differential  equation,  to  find  its  particular 
solutions,  if  any  exist,  without  the  intervention  of  the  com- 
plete integral. 

If  «  =  -P-  and  -^  =  -—,  where  M  and  N-  are  in  their 
^       dx         dij      N 

lowest  terms,  then  all  the  factors  of  N  made  equal  to  nothihg,^ 
which  satisfy  the  differential  equation,  are  particular  solutions 
of  it. 

There  may  however  exist  particular  solutions  which  this 
process  alone  will  not  ascertain ;  as,  for  instance,  in  the  case 

where /7=/(x)  :  it  is  only  necessary  to  make  »,==  -f  and  -£i 

ay         dx 


*  Calcid  dcs  Fonctions^  Lcgon  1  i. 
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M 
=  —^  and  proceed  as  before^  in  order  to  derive  all  those 

solutions  which  a're  not  determined  by  the  other  trial. 

If  U  =f{x^  y,  p)  =  0,  where  the  equation  is  not  solved 
"with  respect  to  p^  then  we  have 

dU  dJJ 

dp  ^  ^  dy         dpi  _       d  X 

\    dy^    7V^^  Jx'^'^dJr 

dp  dp^ 

the  particular  solutions  are  determined  by  eliminating  p  from 

- —  =  0  and  U  =  0,  provided  always  that  these  solutions  do 

fl  IT 
not  make =  0 ;  they  may  likewise  be  similarly  derived 

by  eliminating  p^  from  - —  =  O,  and  t/  =  0. 

dpi 

Lagrange  remarked  that  particular  solutions  render  -^  or 

—^  =  - ,  a  test  which  is  a  necessary  consequence  of  the 
preceding,  since 

(  dx  +  dy  I       • 

d     =  ^  =  -  ^^ rfy      ^>^ 

^  '^  dx  -  dU  ' 

dp 

of  which  the  numerator  and  denominator  must  be  equal  to 
nothing  respectively,  in  virtue  of  the  equations 

—  dx  +  -- — dy  +  - — dp  =  0,  and  — —-  =  0. 
dx  dy  dp  dp 

It  is  amongst  equations  of  a  degree  exceeding  the  first, 
that  we  must  look  iox particular  solutions;  for  if  the  first  power 

J  rr 

of  p  alone  enters  into  [7=0,  it  will  not  appear  in  -j —  =  0, 

dp 

which  will  not  therefore  enable  us  to  eliminate/;  from  i7=0, 
upon  which    the   determijiation   of   the    particulat   solution 
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depends ;  the  same  remark  extends  to  equations  which  are 
linear  with  respect  to  p,  but  which  involve  radicals,  for  we 
can  only  consider  such  equations^  as  factors  made  equal  to 
zero  of  equations  of  higher  degrees^  depending  upon  the 
number  and  nature  of  the  radicals  involved.  Corresponding 
processes  for  determining  the  particular  solutions  of  equations 
of  higher  orders,  will  enable  us  to  extend  these  remarks  to 
such  equations  y  and  we  may  assert  generally,  that  no  linear 
equation,  properly  so  called,  whatever  be  its  order,  admits  of 
a  particular  solution. 

* 
(7).     Let  dy  =  dx  ^(y  —  a)  ;  in  this  case  we  have 

P  =  v/(y  -  «)  and  -^  =  — =  c», ' 

dy       ^s/iy-a) 

when  y  =  ay  which  is  therefore  a  particular  solution. 

The  complete  integral  is  .r=:2  \/(y — a)  +  r,  which  giyes 
the  particular  solution,  by  making  r=:  j^,  a  variable  quantity. 

.-.    U-x'^p^-  1  +  ^*  =0; 

,'.   _ —  =  2  j;*  o,  =  0,  and  -; —  =  9,p^  j:  +  4  x*. 
dp^  ax 

If  p^  =  0,  we  have   1  —  jt*  =  0,  which  does  not  make 

.- —  =  0 ;  it  is  therefore  a  particular  solution,  since  we  have 
d  X 

-2-  =  - ,  and  therefore  v  must  be   variable,  otherwise  -J? 

dx    0  ^  ar» 

would  in  this  case  =  -  .     If  j:  s  0,  we  have  also s  0 : 

0  '  dx  ' 

also  in  this  case  rfi/  =  0,  or  y=^c  a  constant  quantity;  .r=0, 
is  not  therefore  a  solution  of  the  equation. 
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(9).    Let  yds  —  X ^(d x^  +  dy")  =  0, 
or  1/  =  J/'—  j:*  -  x^p^  =  0, 

fl =  —  2  J?*  p  =  0. 

If  p=:0,  we  have  j/*  —  a?*  =  0 ;  but  since  jt;  =  0,  we  must 
have  tf  and  therefore  in  this  case  Xy  a  constant  quantity :  it  is 
not  therefore  a  solution  of  the  equation. 

If  x^Of  we  have  also  ^=0,  to  which  the  same  remark 
applies.  / 

The  complete  integral  of  this  equation  is 
{y+^/^(y--x-)P  ^  1  ,^g  J  y-^s/iU'-^x^)  \  ~  |log  ^=:C. 

Euler,  Calc.  Integ,  Tom.  L  Art.  681/ 

,  (10).  "  Let  y'p''  —  2xyp+ax  +  iy  =  0=sU; 

the  elimination  of  p  from  these  equations,  gives  us  ax  + 
b  y  —  X'  =  Oy  which  does  not  satisfy  the  differential  equa- 
tion :  it  is  therefore  absolutely  necessary  to  examine  in  all 
cases,  whether  the  equation  which  is  the  result  of  the  elimi- 
nation of  jp,  be  a  solution  of  the  original  equation  or  not. . 

(11).     Let  y  -  xp  -  a{\  +  j^')  =  0  =  t/^; 

and  4f  ay  —  4  a'^  -f-  i""  =  0, 

is  2i particular  solution. 

Or  thus,  p=-f-±  v/6rr+4ay-4a') 
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and  ^P^^ L 


rr  oo, 


when  **  4-  4?  0  J/  —  4  /?•  =  0. 

Euler,  /*.  Art.  701. 

(J2).     Let  (;v  -pYix^-Qxyp  +  tt^  =  O  =  t7; 

dp  I 

If  p  =  a;,  we  get 

(x  —  a?)'x*  +  /I*  -  2  **  1/)  =  0  ; 

from  the  first  factor  (x  —  j?)*  =  0,  nothing  can  be  inferred  : 

the  second  factor  a:*  +  a*  —  2  j?'  y  =  0,  is  no  solution  of  the 
equation. 

If  we  wish  to  extend  this  method  to  equations  of  the 
second  order,  we  must  consider  two  cases ;  1st,  when  it  is 
proposed  to  determine  a  particular  solution  of  the  equation 
which  involves  p,  «•,  and  y  only,  or  whose  integral  involves 
one  arbitrary  constant,  or  2dly,  when  the  particular  solution  is 
a  function  of  x  and  y  only,  and  involves  no  arbitrary  constant 
whatever. 

In  the  first  case,  if  ar  =  ^-^ ,  we  must  eliminate  g  from 

* 

17=0,  and =  0  ;   in  the  second  case,  we  must  eliminate 

dq 

p  and  q  from  1/  =  0, =  0  and  ^ —  =  0,    and    in    both 

dp  dq 

cases,,  we  must  try  whether  the  equation  which  is  result  of 

elimination,  satisfies  the  original  equation  or  not. 


x^ 
(13).     Let  y  —  xp  -h— J— p7+x^*=0=  U  \ 
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dU       1 

eliminating  from  these  equations,  we  get 

4x1/  ^  3  p  j:^*  -  p«  —  ^  =  0.         (a). 

4 

z  particular  solution,  since  it  satisfies  the  original  equation. 

This  equation  admits  of  no  particular  solution   of  the 
second  kind,  or  which  is  a  function  of  x  and  y  only,  without 

an  arbitrary  constant,  since  the  equation  - —  =  0,  does  not 

involve  p,  and  therefore  does  not  enable  us  to  eliminate  it ; 
but  2/  H s=  0,  is  z  particular  solution  of  the  fix^t  particular 

solution  (a\  but  which  does  not  satisfy  the  original  equation 
(7  s=  0 ;  an  important  remark  the  truth  of  which  has  been 
demonstrated  generally  by  Lagrange,  Calcul  des  Fonctiom 
Legon  14. 

The  complete  integral  of  the  equation  17=0,  is 
ab  •\-  b  X  +-aar'— y=0. 


x^ 


(14).     Let  y  ■—  xp  +  —q  —  ;)*-f(2  x  —  \)p  q 

~(j^*-j:  +  1)^^  =  0=  17;        - 
fj  jj       -I 

dq         2  ^r  \  /  :f 

Eliminating  q  we  get 

(^  -^+0^+  ---_£.  +  — -^-T/?-  -f-=o,       («). 

16  2  4  4 

a  particular  solution  of  the  first  order, 

By  eliminating  p  and  q  between  the  equations  U  =  0, 

d  U      ^    dU      ^ 
dp  a  q 
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x* 


we  get  y  H-  --  .(jr«-.2  ar  +  4)  =  0, 

which  is  no  solution  of  the  original  equation. 
The  complete  integral  of  the  equation  is 

a*  -f  a  *  +  b*  +  bx  +  i  a  *•  —  y  =  0, 


(15).    Lety—xp  +  ^-^-p*  +  2pqx-i*x'~ 

4 
where  r  =  --Ji . 

Eliminating  r  from  the  equations  I7=0>  and  — -  =sOj  we  get 

2  p  X       X^Q         X*        ^ 
^         3  6         36         ' 

2  particular  solution,  being  a  linear  equation  of  the  second 
order  only,  whose  integral  is 

y  =  <:j'  +  r,  **  -  -(1  +  log  j:). 

o 

The  differential  equation  admits  not  of  a  particular  solutions 

whose  order  is  lower  than  the  second;  for  the  equations  ~ —  s  O, 

dq 

and  -^ —  =  0,  are  inconsistent  with  each  other,  and  with 
dp 

— —-  =  6,  and   therefore   cannot  exist  simultaneously ;   the 
dr 

reason  of  this  is  evident  from  the  complete  integral  of  the 
equation,  which  is 

,  bx*      ex*        .      ^ 
3q 
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III.  Given  a  solution  of  a  differential  equation^  to  find 
whether  it  is  included  in  the  complete  integral  or  not. 

Let  y=:jr,he  the  given  solution ;  in  the  equation  reduced 
to  the  form  dyzzpdx^  substitute  X+A  for  j/ ;  if  the  expan- 
sion involve  a  power  of  A,  whose  exponent  is  a  proper  frac- 
tion, then  the  solution  in  question  is  a  particular  solution; 
otherwise  not. 

If  the  given  solution,  involve .  x  alone,  we  must  reduce 
the  equation  to  the  form  dx  =  p,  dyy  and  substitute  a  ±h 
for  Xy  where  a  is  the  value  of  x  deduced  from  the  solution 
X  =  0 ;   the  test  is  the  same  as  before. , 

From  the  principles  explained  in  Note  Fy  it  is  obvious 
that  when  the  solution  y  ^  Xy  answers  the  preceding  con- 
ditions, it  must  also  make  ^-^  =  oo  in  one  case,  or  — i-1  =  oo 

dy  dx 

in  the  other ;  or  if  17=0,  be  the  given  equation  and  a  rational 
function  of  Xy  yy  and  jp,  then  if  the  solution  ^  =  X,  makes 

-- —  =  0,  and  not  - —  =  0,  it  is  a  particular  solution ;  other- 
dp  dy 

wise  not. 

In  equations  of  the  second  order ;  if  /;  =  JT,  be  a 
solution,  which  involves  x  or  i/  or  both :   for  q  substitute 

Jl.  -\-  hy  or  JT  -b  hy  in  the  equation :  if  the  result  involves 
d  X  ^ 

no  power  of  h  whose  exponent  is  a  proper  fraction,  p  ss  X 

is  a  particular  solution,  otherwise  not :   or  more  simply  thus ; 

p  =:  JTy  is  a  particular  solution   when  it  makes  U  zz  0  and 

dU 

dp 


=  0. 


If  the  solution  does  not    involve  p,    it   is   a  particular 

solution,  when  it  makes  [7=0,  -- —  =  0,  and  - —  =  0. 

dp  dq 

It  would  perhaps  have  been  more  natural  to  have  made 
the  problems  considered  in  this  section  precede  those  given 
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in  the  last^  such  at  least  being  the  order  which  they  occupy 
in  the  works  in  which  they  are  investigated,  and  the  proposi- 
tions are  obviously  the  converse  of  each  other ;  in  the  exem- 
plification of  them^  however,  it  does  not  seem  to  be  a  matter 
of  great  consequence  to  adhere  to  the  precise  order  in  which 
they  are  deduced,  as  the  student  must  be  in  possession  of  the 
theory,  of  both  the  propositions  before  he  can  proceed  to 
apply  either  one  or  the  other. 

* 

(16).     Let    a^dy  +  y^dx:=a*dx -h  xydXf  which  is 
satisfied  by  making  j/=<r. 

In  this  case  p  =z  I  +  ^^""^  j  for  y  put  J?  +  A ; 

xh       A'    ' 
.*.  />'  =  1 ;; -* ,  in  which  no  power  of  h  is  involved, 

whose  exponent  is  a  proper  fraction ;  y  =  x  is  therefore  a 
particular  integral^  as  is  evident  from  other  considerations. 

In  order  to  find  the  complete  integral,  make 


a* 


this  gives  v  =  €27{r+/c     ^a*dx\^ 

and  j/asa:-h  —  =^  + -» —  Xy 

\cArfr^dx\ 

when  r  =  00.     Euler,  Calc,  Integ.  Tom.  I.  Art,  544. 

(17).    Let  y  =  x^ .  --^  ,    which  is  satisfied  by 

making  y  =  x^; 
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.-.   U  =  y-xp+  lp«=  0, 

4 

-5 — ^Z'-^x  +  -p  =  0,  and  — r-  =1 ; 
dp  2^         ^  dy 

by  making  ^  =  x%  we  satisfy  the  equation  ^—  =  0 ;  it  is 
therefore  a  particular  solution. 

(18).    Let  dy  =    ^^^     ,  which  is  satisfied  by  making 
1  -  X*  =  0. 

•v  />,  =  ^^  "" — I ;  make  x=a— A,  where  a  is  one  of  the 


X 


roots  of  1  —  a:*  fi=  0 :  we  hence  get 

a  —  A 

=  ^  ai^A  +  &c.f; 
consequently  1— a:^  =  0,  is  tl  particular  solution. 

(19).    Let  ady-adx^dx ^(y"  —  x'),  which  is  satisfied 
by  making  y  =^  x. 

.\    y=  (a;;- tf)V2/*+.'«'=0, 

J  TT 

- —  =5  a*  (p— 1)=:0 ;  which  is  satisfied  by  making 
dp 

2/  =  JT,  which  is  therefore  a  particular  solution. 

(20).  Let{xy-^l){2xf^q-'yp-\-xpy^xy(y  +  xpy:=0, 
which  is  satisfied  by  xy—lssO, 

^2(xt/  ^  \)(9,xp^y){2xyq  •- yp  +  xp^)      ^ 
—  ^x^i/{y  +  xp)  zzO 
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and  both  these  equations  are  satisfied  by  making  xy^\  =0^ 
which  is  therefore  tl  particular  solution. 

IV.  Every  particular  solution  must  render  infinite  a  muU 
tiplier  of  a  differential  equation;  but  the  converse  of  this 
proposition,  that  every  solution  of  a  differential  equation 
which  renders  a  multiplier  infinite,  is  2l  particular  solution,  is 
not  generally  true*. 

(21).    Take  Ex.  p.  479,  of  which         ^ ^ -,is  a 

multiplier,  which  the  particular  solution  .i?*  +  j/*  -  a^  =s  0, 
renders  infinite. 

(22).    Take  the  equation 

Q,xudx     ,       ,  ^     ,         _ 

.    ^ +  xdx  —  Sudy  Tz  Oy 

^(1  +x^)  ^    ^ 

whose  integral  is 

in  this  case  y  =  -  \/(l  +  ar*),  which  renders  the  multiplier 
-7 ~ —-7-  infinite,  is  a  particular  integral  correspond- 

ing  to  c  =—  00. 

(23).  Take  the  equation  in  Ex.  62.  p.  343,  whose  mul- 
tiplier 


(X  -a«)  V(2/'  +  2ay  +  x) 


*  Laplace^  Menmres  de  I* Acad,  des  Sciences,  1772. 
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becomes  infinite  by  making  « — a*=0,  or  if*+2ay+xzzO; 
both  of  these  solutions  are  particular  integrals,  one  corre- 
sponding to  r  =  CO,  and  the  other  to  f  =  0. 

(£*).    Take  Ex.  17.  p.  357,  of  which  the  multiplier 


becomes  infinite  by  making  x^-^  y^— a^=  0,  or  a:*— fl'=0; 
the  first  is  a  particular  solution ;  the  second  does  not  satisfy 
the  original  equation,  and  is  therefore  no  solution  whatever. 

Legendre"*^  has  shewn  that  every  differential  equation 
admitting  a  particular  solution^  may  be  so  modified  that  the 
particular  solution  may  become  a  factor  ofit\  and  Poissonf  has 
shewn  that  any  given  particular  solution  may  be  introduced  into 
a  differential  equation^  by  multiplying  it  by  a  factor  con- 
taining that  solution,  and  subsequently  effecting  a  change  of 
the  variables  ;  though  these  problems  are  extremely  interest- 
ing in  the  theory  of  particular  solutions,  yet  as  they  are  of 
little  use  in  the  practical  parts  of  analysis,  we  shall  not 
exemplify  them ;  we  shall  conclude  with  a  few  remarks  on 
the  particular  solutions  of  partial  differential  equations. 

V.  Given  a  solution  of  a  partial  differential  equation, 
to  find  whether  it  is  included  in  the  general  solution  or  not. 

If  C7  =  /  {Xy  2/,  2,  p,  q)  r=  0,  be  an  equation  of  the  first 
order,  then  the  solution  2  =  F(jr,  1/),  is  a  particular  solution, 

if  it  makes  -j —  =  0,  and =  0  ;  otherwise  not. 

dp  dq 


^  Memoires  de  V Academic  des  Sciences,  1790. 

f  Journal  de  VEcole  Polytechniquc,  Cah.  XIII.  p.  73. 
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If  V  zzf{Xi  y,  Zj  Pj  qy  r,  j,  0  =  0,  be  an  equation  of  the 
second  order,  then  die  solution  z  =:  F(x,  y\  is  a  particular 
solution,  if  it  makes 

dp  dq  dr  as  dt 

or  if  z  =z  F  {Zi  y,  py  q\  be  an  equation  of  the  first  order  and 
a  solution  of  (7=0,  then  it  is  a  particular  solution,  if  it  also 
makes 

dr         ^     ds  dt 

The  mode  of  extending  this  rule  to  partial  differential 
equations  of  all  orders  is  obvious. 

The  solution  of  this  problem,  immediately  suggests  the 
solution  of  its  converse  ;  namely,  to  find  the  particular  solu- 
tions which  a  partial  differential  equation  admits,,  without 
knowing  its  general  solution ;  thus,  in  the  case  of  equations  of 
the  first  order,  if  F=c  0,  be  the  result  of  the  elimination  of  p 

and  q  from  the  equations  17=0,  - —  =  0,  and  -^5 —  =  0  j  the 

dp  dq 

factors  of  ^==0,  which  satisfy  these  equations,  are  particular 

solutions  %  2l  similar  method  is  applicable  to  equations  of 

higher  orders. 

(25).  Let  z^px  -{- qy  -^pq^  which  is  satisfied  by 
making  x  s^—  xy, 

.'.    U  ^  Z  "px  —  qy  '-pq  =  0, 

dU  ^    .. 

ss:—  d?  —  jr=:0,    it   Z  ss  —  Xff 


dp 

dU 


=  --J/— P  =  ^>  if  z  =—  xtf; 


dq 

the  requisite  equations  are  therefore  satisfied,  and  Zss-^xy 
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is  2i  particular  solution^  not  included  in  the  general  solutiooi 
which  is  the  result  of  the  elimination  of/?  from  the  equations 

z  =px  +  y(t>p  +  p(l>p  ) 

0=s    op  +  y(t}p-\'     0p+p^'p. ) 

(26).  Prob.  To  find  the  nature  of  the  curve  surface, 
so  that  the  perpendiculars  drawn  from  a  given  point  upon  its 
tangent  planes  may  be  always  of  the  same  length. 

Let  the  given  point  be  the  origin  of  the  co-ordinateS| 
A-',  j/,  z,  the  co-ordinates  of  the  tangent  plane,  and  .r,  y,  z, 
the  co-ordinates  of  the  surface ;  the  equation  of  the  plane  is 

z*  ss  a  +  bx^  -^  cy'f 

and  at  the  point  of  contact,  we  have 

z'  zzz,  sf  =:x,  y'  -  y, 

and  therefore  its  equation  for  that  point  becomes 

z  =  a  +px  +  qif, 
ora=zz—px  —  y^. 

Again^  if  u  be  the  distance  of  the  given  point  and  the 
point  of  contact,  we  have 

u^  =  x'^  +  2/'»  +  z'\ 

and  since  this  line  is  perpendicular  to  the  given  plane,  it  is 
a  minimutn,  and  ^  w  =:  0  ;   consequently 

udu  t=.  x' dx  +  j/'^y  +  z'^2  ==  0, 
but  dz  z=.  h  dx'  -\-  c  di/  -^ 

therefore        \x'  4-  b  z')dx'  +  {y'  +  cz)dy'  ^  0, 
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or  x'  -{-b  2'=0,  and  i/'  +  ^z'  =  0, 

or  X  =1  —  bz,      and  y  ss^cz 

at  the  point  of  contact : 

.-.  z  s=  a'-b^z  —  c^z,     or  z  =z — rj 

J  1  a  z  —  xp  -  yq 

ana  i/  =:  /i  =:  — ; — -.^-j  =s  — r — ....  ^    .  .."^  ■•'^^  - 

or       z  —  xp  -yq--h  y/(l  +  p«  +  j^*)  =r  0  =  I/, 
- :3  —  a^  — IS- sE  0, 

dq  ^       V(l  +?*  +  ?•)        * 

and  the  elimination  of/?  and  ^9  gives  us 

^*  +  J/*  +  z'  =  A'* 

which  is  the  equation  of  a  sphere,  and  z  particular  solution  of 
the  differential  equation. 

The  general  solution  is  derived  from  the  equations 
zzzbx  +  y<t>b  +A  V  {  1  +  6*  +  (*6)M  (!)• 

If  in  equation  (1.)  we  make  <l>b=z  c,vre  get   . 

z  =i  bx  +  cy  +  h  V(l  +  **  +  <:*),  (3). 

the  equation  of  a  plane,  involving  two  arbitrary  constants  and 
which  is  evidently  a  solution. of  the  differential  equation,  as 
it  gives 

dz  ,        J  dz 

T-  zzp  :=:b,  and  ~_  =  at  =  ^. 

dx  ax 

3  R 


The  surface  given  by  the  particular  solution,  always 
touches  this  plane,  whatever  be  the  value  of  the  constants 
b  and  c.    See  the  remarks  in  p.  358,  359- 

Lagrange  has  denominated  the  equation  (3),  the  compUti 
toluiion  of  the  diHerential  equation,  to  distinguish  it  from  the 
general  solution,  which  involves  an  arbitrary  function  ;  under 
this  form  alone  the  theory  exemplified  in  p.  479,  by  which 
the  pariicrilar  solutions  are  deduced  from  the  complete  inte- 
grals, admits  of  application  in  the  case  of  partial  differentia! 
equations. 

The  connection  between  the  complete  salutieii  and  the 
general  solution  is  very  simple  in  the  case  of  partial  differential 
equations  of  the  first  order,  and  the  second  may  be  always 
deduced  from  the  first,  by  making  c  =  ipi;  thus 

Z  =ax  +  6^  +  a'  +  4* 
is  the  complete  solution  of 

If  we  make  i  —  i}ia,we  get 

z  =  ax  +  y<pa 

and  X  +  y  0' «  + 

a  system  of  equations  from  which  the  getteral  solutten  k 
determined. 

For  equations  of  the  second  order,  the  complete  joltitku 
U=  0,  will^  involve ^wf  arbitrary  constants,  the  eltminatioa  of 
which  from  the  equations 

[,  =  „.^  =  o,l^  =  o.ii^  =  o,££=o.ie  =  o. 

dx  a  If  dx^  dxdy  ay' 

will  give  the  original  equation  ;  but  in  this  case  the  passage 
from  the  complete  solution  to  the  general  solution  involves  con- 
siderable difEculties,  even  in  the  most  simple  cases ;  it  is  on 
this  account,  that  we  can  derive  very  little  advantage  in  the 


I  +  a-'  +  ii,  af         \ 
a  +2tpaip'a:=  0,/ 
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^^termination  of  the  general  solutions  of  equations  of  the 
second  and  higher  orders,  from  a  knowledge  of  their  comr 
plete  solutions  J  which  in  some  cases  can  be  determined  very 
xeadily.  For  further  information  on  this  subject^  the  reader 
may  consult  a  Memoir  of  Lagrange  in  the  Berlin  Acts  for 
1774,  p.  266. 

<27).    Let.-^2r,(p-^) 


dU 


ft  TT 
eliminating  r  from  1/  =  0,  and  --—  =  0,  we  find  . 

ar 

'•(''-TTj)'-K''-f^)='" 

and  since  the  factor        p  —  * =  0, 

'^       1  +x 

makes  r  = (p  —  — j  :::0, 

1  +  «  V*^       I  +x^^ 

it  satisfies  both  the  equations,  and  is  therefore  a  particular 
solution,  its  integral  being 

z  =  (1  +  i')0y. 

Foisson,  Journal  de  PEcole  Poll/technique,  Cah.  XIII*  p.  1 15. 

(28).    Let  r*- ^i» +  (5-2^2:  -a:- J/)  =  0=  If; 
dU^^^      dU__  dU^z^x^y 

J         "^  Tbr,  J       —  —  X  t,       -r — -  ...  — — — — — 

ar  at  dp  ^    x 

J  dU      z  —  x  —  y 

5ind  — -  = ^; 

dq  z 
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* 

and  all  these  quantities  vanish  by  making  z  rzx  -hy ;  it  is 
therefore  a  particular  solution  involving  no  arbitrary  functioot 

(29).  To  find  whether  j=:— r^p*-hrp  +  fl,  which  is 
a  solution  of 

t  +  9,ps  +  (p*  -  c*)  r  =  0  =  t/, 
is  a  particular  solution^  or  a  particular  integral : 

^    dU        ^       .     dU      ^        dU       , 
.-.— -=!>•- ^,     --^=:2p,     -T~=l, 
ar  as  dt 

which  the  solution  in  question  does  not  render  severally 
equal  to  nothing ;  it  is  therefore  ^  particular  integral-  See 
Ex.  45.  p.  477, 

There  are  many  circumstances  in  which  the  analogy 
between  the  arbitrary  functions  whiqh  enter  into  the  integrals 
of  partial  differential  equations^  and  the  arbitrary  constants 
which  enter  into  the  integrals  of  differential  equations  of  two 
variables^  is  not  maintained^  soqfie  of  which  have  been  already 
noticed  (p.  462.) :  one  of  the  most  remarkable  of  these  ano- 
malies, occurs  in  a  class  of  equations,  whose  integrals  ex- 
hibited in  a  series  by  means  of  the  theorem  of  Taylor,  involve 
a  number  of  arbitrary  functions  less  than  the  order  of  the 

equation ;   thus  in  the  equation  -—  =  -— ,  not  integrable 

CL  %j        ax 

under  a  finite  form  by  the  ordinary  methods,  if  we  assume 


1.2'        1.2.3 


z  =  Zo  +  j:2.+  — .Z,  +  -4_Z3  +&C. 


where  Z^,  Zj,  Z^    &c,  are  the  values  of  2,  --^,  — i&c. 

dx     dx^ 

when  JT  =  0,  we  shall  find 

.^Fy^-x^.^  +  -.-^  +&C. :         (a.) 
which  involves  only  one  arbitrary  function. 
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But  if  Zo,  Z„  Z^  &c.  are  the  values  of  z,  -— ,  ---  &c. 

dy    dy" 

when  1/  =  O9  by  proceeding  as  before  we  shall  find 

•^        ^  \  .%      dx         1.2.3      £/a:*  ^  ' 

which  involves  two  arbitrary  functions. 

But  this  solution  (6)  is  not  more  complete  than  the  first 
(  a)^  as  the  arbitrary  functions  may  be  reduced  into  one^  and 
the  solutions  made  to  coincide  with  each  other;  thus^  assume 


Cx^        Dx^ 
2       1.2.S 


/a:  =  -rf  4-  JBdf  4-  rA  +  .^^"  ^  4-  &c. 
•^  1 . 


*  "1.21.2.31.2.3.4. 


+ 


V  "^        1.2       1.2.3/ 


*      x* 


1.2 


(C  +  C^  +  &c.)  +  &c. 


which  is  identical  with  the  first  solution. 

And  whenever  the  difierential  coefiicient  relative  to  one 
of  the  variables,  is  of  a  higher  order  than  it  is  relative  to  the 
other,  the  number  of  arbitrary  functions  which  enter  into  the 
integral  of  the  equation,  exhibited  in  a  series,  is  equal  to  the 
exponent  of  the  lowest  order,  or  they  may  be  always  reduced 
to  that  number,  even  when  the  integral  in  the  first  instance 
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involves  a  number  of  arbitrary  functions  equal  to  the  ex- 
ponent of  the  highest  order  *. 

A  question  may  naturally  be  asked,  whether  such  inte- 
grals are  particular  solutions^  or  not ;  in  one  sense  they  might 
be  considered  as  such)  though  |n  reality  the  most  general 
solutions  which  the  equations  admit  of ;  they  more  properly, 
therefore^  constitute  an  exception  to  a  proposition  which  is 
generally  true,  that  the  number  of  arbitrary  functions,  which 
enter  into  the  integral  of  a  partial  differential  equation^  is 
equal  to  the  exponent  of  the  order  of  the  equation. 


I 


*  Poisson^  Journal  de  VEcole  Pofytechnigue,  Cafa.  XIII.  p«  109 f 


ADDITIONS  AND  CORRECTIONS. 


PART  I. 
Page       line 
2.       S    from  bottom^   for  dw  sa    read  —  = 

£].  \^.  This  theorem,  though  usually  attributed  to  Mac* 
laurin,.  is  certainly  due  to  Stirling,  who  gave  it  in 
page' 32  of  his  Linea  Tertii  OrdinU  Newtoniana^ 
•  published  in  1717,  two  years  afl^t  the  appearance 
of  the  Methodus  Increfnentorum  of  Brook  Taylor : 
he  has  given  several  applications  of  it,  including 
the  Binomial  theorem  and  the  series  for  an  arc  in 
terms  of  its  cosine. 

67.       8.  This  theorem  is  deduced  as  follows  :   if 

tan  a=  -,  tan  ^s=  -,  tan  ^,  =  —  ,  tan  /?,=  •-  ,  See* 

thjen  since 

a  ^{a  —  b)  -^  b^ 

b  =:(b  -  b^)  +  *i,  &c. 
it  is  obvious  that 

:r  _  1 

tan-*  -  =  tan-»  2 1  +  tan-"»  i 

^  1+1. 

=^tan-»l^-:^+tan-'i, 
ey  +  X  e 

1  _  1 

tan-'i  =^t;an-'-f fi  +  tan-'i 

1  +-1 

=  tan-'-^-T-L  -h  tan-»  1, 
3  s 
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Page       line 


tan-»i  =  tan-"  -^ — 5l  +  tan-*i 

^^:=iV  +  tan-^- 


ss  tan-* -2 i-  +  tan 


and  substituting  successively  for  tW^ *-  ^  tan— ^^^ 

tan — *^,  tie.  Aeir  values  ^ven  in  each  succeeding 
equation,  we  shall  get  the  expression  in  the  text. 

gO»  5  i^Sfrom  hntom.    We  cannot  consider  these  equations 
as  arithmetical^  true  in  all  cases ;  this  is  obviouSj  if 

MB 

we  make  ^=  >- ,  in  the  fiist  of  the  eteiies  to  which 

we  refer :  the  reader  wUl  find ,  an  explanation  of 
this  partubx^  which  has  long,  been  a  source  of  em- 
barrassment to  Analysts,  in  some  series  of  this 
kindj  in  a  Paper  by  Mr.  Babbage  in  the  Philoso- 
phical Transactions  for  1819. 

108.       4.  for  Ms— 27,  read  «=— 26. 
123.     18.  for   4^ .,  read  ^^ 


—  19.  for    X  =  -  •  read  a?  =  -  . 

c  9. 

—  last  line,     for  u  =,  read  3  m  =.  ' 

127.       5  from  bottom,   for  Prop.  16.  read  Theorem  l6. 

m.    io.f«..lv/(|i),«,a.=|v/(jii^). 

132.    21.  for  CjM,  read  CM'. 


142. 


11.  for  1^  ^-^^^  read  y  =-  —a:  +^1^' 
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Page       line  > 

148.     17,  18.     Instead  of  the  expressions  in  the  text,  read 

152.  19.  for  2/=  ±  \/(~)  '  '^^^  2/=  =*=  \/ (tt)  ' 

168.  15.  for  w  =  a  cos  2  6,  read  w*  =  «•  cos2  ^. 

175.  17.  for  TM,  read  Tm. 

176.  20,  21.    for  MH  read  M T,  and  for  iljread  A  Y. 
183.       2.  y^r  in  both  these  cases,  read  in  the  two  first  cases. 
186.  20.  for  A  EM,  rezd  J EQ. 

188.       5.  for    .^^     ,  read      ^^     . 

^^^"^  2tan^ 

190.       5.  Where  a  is  the  radius  of  the  generating  circle, 
and  b  the  distance  of  the  describing  point. 

210.     14?.  for r---,  read  ——_--. 

"2/  "2/ 

262.    20^  yor  equal  to   the  square  of  the  diameter,    read 
equal  to  twice  the  square  upon  the  diameter. 
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PART  II. 


Page  267*  Ex.  3.  It  ought  to  be  remarked  of  thi5 
integral  and  of  many-  others^  which  are  contained  in  diis 
collection^  that  its  form  is  modified  by  the  addition  or 
subtraction  of  some  constant  quantity,  in  order  to  render  it 
more  simple :  thus  the  ordinary  process  of  integration,  would 
give  us 

(a  -k-  bpcf      b{fl  -^r  h  x)       V-        I?      ^ 

A  and  by  subtracting  -~  from  this  result,  we  get  the  expres- 

t         sion  in  the  text ;  a  similar  process  is  followed  in  Examples  4> 
7,  &.C. 

In  Ex.  56.  p.  276>  the  constant  quantity  added  is 

IT 

COS  - 
2     .      TT  _^  3 

-smg.tan       . --: 

*  sm- 

» 

similar  additions  are  made  in  Ex.  57»  58,  59>  62,  64,  and  65. 

We  have  been  prevented  by  the  short  time  which  has 
elapsed,  between  the  printing  and  the  publication  of  the 
latter  part  of  this  Work,  and  other  occupations,  from  giving 
a  sufficiently  minute  examination  of  it  to  form  a  list  of 
errors,  of  which  it  is  very  probable  that  the  number  is  con- 
siderable \  we  hope,  however,  that  they  are  not  so  numerous, 
i  *  or  of  such  a  kind,  as  to  cause  much  embarrassment  to  the 

student.     - 
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